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Preface

During the last two decades the theory of abstract Volterra equations has under-
gone rapid development. To a large extent this was due to the applications of this
theory to problems in mathematical physics, such as viscoelasticity, heat conduc-
tion in materials with memory, electrodynamics with memory, and to the need of
tools to tackle the problems arising in these fields. Many interesting phenomena
not found with differential equations but observed in specific examples of Volterra
type stimulated research and improved our understanding and knowledge. Al-
though this process is still going on, in particular concerning nonlinear problems,
the linear theory has reached a state of maturity.

In recent years several good books on Volterra equations have appeared. How-
ever, none of them accounts for linear problems in infinite dimensions, and there-
fore this part of the theory has been available only through the — meanwhile enor-
mous — original literature, so far. The present monograph intends to close this
gap. Its aim is a coherent exposition of the state of the art in the linear theory. It
brings together and unifies most of the relevant results available at present, and
should ease the way through the original literature for anyone intending to work
on abstract Volterra equations and its applications. And it exhibits many prob-
lems in the linear theory which have not been solved or even not been considered,
so far. Even if one is interested in nonlinear problems only, it is useful to know
the linear part of the theory; therefore this book offers something to ‘nonlinear’
people, too.

A word explaining the title of this monograph seems to be necessary. The equa-
tions to be studied are termed ‘abstract Volterra integral equations’ or ‘abstract
Volterra integrodifferential equations’ in the literature, depending on their actual
form and on the taste of the authors. These terms are somewhat misleading since
they refer also to equations containing an abstract Volterra operator, a different
notion. The title of this book, however, refers to the evolutionary character of the
equations which describe the evolution in time of certain quantities called state
of the system. And it refers to the memory present in the equations of state,
expressed by certain integrals over a time interval in the past. For these reasons
the term ‘evolutionary integral equation’ seems to be more accurate, although
‘Volterra equation’ is used also throughout this book.

The ‘Introduction’ contains the formulation of the problems to be studied,
some motivating applications, and an outline of the ideas and methods employed
in this monograph. There follows a section on notation and on some background
material which has been included for the convenience of the reader. The main
text consists of 13 sections which are grouped in three chapters. The last section
of each chapter contains applications of the developed results to specific equations
which are motivated by mathematical physics. The last paragraph of each section
is devoted to bibliographical comments and further discussions.

A word of caution is necessary concerning the list of references. We have not
tried to present a complete bibliography for the subject of this book, but instead
to have a representative one, restricting it to the more important contributions.

iX
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Since it depends very much on personal views and taste what is considered to
be essential or important, the selection of the bibliography should by no means
expected to be impartial.

The numbering of equations, theorems, etc. is evident; for example Theorem
8.2 means Theorem 2 in Section 8, and (10.5) refers to Equation 5 in Section 10.
References are indicated by names followed by numbers in square brackets which
are found in the bibliography. The number following an item in the ‘Index’ refers
to the page where it first appears in the text.

Finally, this book would have never been completed without the help of other
people. I would like to thank many colleagues for discussions and suggestions, for
enduring my smoking habits, and for sending me re- and preprints. Dr. H.J. War-
necke and his crew deserve credit for laser-printing the manuscript several times
and for preparing the pictures. Prof. W. Desch, Dr. J. Escher, Dr. R. Schlott read
parts of the book, I am very much indebted to them. It is a great pleasure to
thank the ‘Heisenberg Referat’ of the ‘Deutsche Forschungsgemeinschaft’, Bonn,
for continuous financial support. It is not enough to have an idea for a book but
there must also be a publisher; in this respect I would like to thank the editors
of this series, in particular Prof. H. Amann for his continuous interest and sup-
port, but also Dr. T. Hintermann, Birkhauser Verlag, and collaborators. Most of
the credit, however, goes to my family. My wife Bettina TEX-typed the whole
manuscript with enthusiasm and carried out the unavoidably many changes and
corrections without grumbling. She and also our children Séren and Saskia gave
me a lot of encouragement and confidence, and did not complain during the long
period of writing this book.

Paderborn, September 1992 Jan Priiss



Introduction

This book is devoted to the study of a class of abstract linear integral equations
describing the evolution in time of the state of a system, and to applications of
the developed theory to problems in mathematical physics. We begin with the
description of the class of equations under consideration.

1. Evolutionary Integral Equations
Let X and Y be Banach spaces such that Y is densely embedded into X, in symbols

y L4 x , and let B(Y, X) denote the space of bounded linear operators from Y
to X, B(X) = B(X, X) for short. Suppose A : Ry — B(Y, X) is measurable and
integrable over each compact interval J C Ry = [0,00). Then we consider the
equations

uu%:A,MﬂMbwwh+f@,teR% (1)

on the halfline R, and

Mﬂ:AmA@MU—ﬂM+gm,teR, @)

on the line R. Here the functions f and g are given, and we are looking for
solutions u(t) of (1) and v(t) of (2) in a sense to be specified later.

The family {A(t)}1>0 of in general unbounded linear operators in the state
space X with domain D(A(t)) =Y should be thought of as representing a physical
system, u(t) € X resp. v(t) € X as the state of the system at time ¢, f(t) resp.
g(t) as given forces, and (1) resp. (2) as the equations governing the state of the
system. In applications, the space X will typically be a space of functions living
on a domain 2 C R™, A(t) an elliptic differential operator and Y the domain of
A(t) which may incorporate certain boundary conditions; see 2. below.

Apparently, the principle of causality is valid for (1) and (2), since the present
state of the system is determined by its history and the present force, but does not
depend on the future. Therefore (1) and (2) are evolutionary in character, which
explains the term ‘evolutionary integral equations’ for (1) and (2).

A second main features of these equations are their time invariance. This
means that (1) and (2) do not change their form when a time shift is applied to
the solutions. In fact, if u(¢) is a solution of (1), then us(t) = u(t + s), s > 0, is
again a solution of (1), where f(t) is replaced by

fs@)=f(t+s)+ /OS At + m)u(s —1)dr, t>0.

Equation (2) even has the stronger property of translation invariance, i.e. if v(t) is
a solution of (2) then the translated function v,(t) = v(t+s), s € R, is a solution of
(2) with the translate g(t) = g(t + s) instead of ¢g(¢). These invariance properties
mean physically that the system under consideration does not change with time.
Mathematically, this makes the powerful tools of transform theory available for

Xi



xii Introduction

the study of (1), and (2); more precisely, Laplace transform techniques can be
applied to (1) and (2) is amenable to Fourier transform methods.

In the finite dimensional case dim X < oo (which implies Y = X)), (1) and (2)
reduce to the well understood ‘linear Volterra integral equations’ on the halfline
resp. on the line. This notion has been employed in the literature also for the gen-
eral unbounded case Y # X; we follow this ‘tradition’ and use the term ‘Volterra
equation’ for (1) and (2) everywhere in this book, for the sake of brevity. We are
neither concerned here with dim X < co nor with the somewhat more general, but
still simple case Y = X, dim X = co. However, since they are needed as a tool, in
Sections 0.3 and 0.4 the main results for Y = X are reproduced, namely the unique
solvability of (1) on each compact interval J = [0, 7] in any of the usual function
spaces, and the Paley-Wiener lemma on global solvability of (1) and (2). For an
account of the theory of Volterra equations in finite dimensions -linear and also
nonlinear- we refer to the recent monograph of Gripenberg, Londen and Staffans
[156].

It is time now to present some model problems to explain what kind of concrete
equations we have in mind. These problems are described in much greater detail
in the sections containing applications, i.e. Sections 5, 9, and 13, where physical
interpretations and some background information as well as detailed mathematical
treatments can be found.

2. Model Problems

A rich source of problems leading to the Volterra equations (1) and (2) is provided
by the theory of viscoelastic material behaviour. We begin with some typical
examples from this field.

(i) Simple Shear

The following initial-boundary value problem is a typical example of one-dimen-
sional problems in viscoelasticity, like simple shearing motions, torsion of a rod,
simple tension; see Section 5.4.

w(t,x) = /t da(T) g, (t — 1,2) + h(t,z), t>0, z€]0,1],
0
u(t,0) = w(t,1)=0, t>0, (3)
u(0,2) = wug(z), z€][0,1].

Here a : Ry — R is a function of bounded variation on each compact interval
J = [0,T] with a(0) = 0, and the subscripts ¢ or x mean partial differentiation
w.r.t. the corresponding variable.

To obtain a formulation as an abstract evolutionary integral equation (1),
choose a function space, say X = Cy[0, 1], define an operator Ay by means of
Agw(x) = wyy(x) with domain ¥ = D(4g) = {w € X : wy, € X}, and let
A(t) = a(t)Ap. If X and Y are equipped with their natural norms, after an
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integration w.r.t. time ¢, (3) becomes (1) with force

/ h(r t>0,
and state u(t) = u(t, ).
This way, boundary conditions other than those of Dirichlet type can be
treated, as well, and of course there are other choices for the state space X. O

(i) Viscoelastic Fluids

A model for the dynamic behaviour of the velocity field u(¢, z) of a ‘linear’ homo-
geneous isotropic incompressible viscoelastic fluid confined to a domain Q C R3
and subject to an external force h(t, z) is the boundary value problem (see Section
5.6)

u(t,z) = / da(T)Au(t — 7,2) — Vp(t,z) + h(t,x), teR, x € Q,
0
divu(t,z) = 0, teR, z€Q, (4)
u(t,z) = 0, teR, e,

where p(t,z) denotes the also unknown pressure and the scalar function a(t) is
of bounded variation on R;. Observe that for a(t) = ag > 0, (4) reduces to the
linear Navier-Stokes equation for a Newtonian fluid.

Let P, denote the Helmholtz projection in L?() to the subspace L4(f) of
divergence-free Li-vector fields, and A; = P,A the Stokes operator; see Section
5.6 for more details. Let Y = D(A4,) be equipped with the graph norm of 4, and
define A(t) = a(t)A,. The application of P, to (4) yields (2) in differentiated form,
ie.

u(t) = /0OO dA(T)u(t—7)+g(t), teR, (5)

where g(t) = P,h(t,-), and the dot -as always in this book- indicates differentiation
w.r.t. timet. O

(iil) Viscoelastic Beams
The viscoelastic version of the Timoshenko beam model, where one end of the
beam is clamped while the other is free, reads as follows (cp. Section 9.1).

wult, ) = /0 da(r) [ Wi (t — 7,2) + dra(t — 7, 2)] + fo(t,7),
bu(tz) — /0 de(7)braa(t — 7 2)

—7/ da(7)[we(t — 7, 2) + ¢ (t — 7, 2)] + fo(t, x), (6)
0

w(t,0) = G(t,0) = du(t,1) = walt, 1) + ¢(t, 1) = 0,
(ngj) wO(z)v ¢(07I) = ¢0($),
wy(0,2) = wi(x), G(0,2) = Pr(2),

g
I
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where t > 0, z € [0, 1], and fs, fb, wo, w1, ¢o, ¢1 are given. The functions a(t), e(t)
are real valued and of bounded variation on each compact interval J = [0,T], and
v > 0 is a constant; see Section 9.1 for the physical interpretation of the variables

w and ¢, of a and e, as well as of the dynamic equations.
Choose X = L?(0,1) x L?*(0,1) and define the operator family {A(t)};>0 by

a(t)92, a(t)Oy

a0 = (o, 0o —a ) ™
where D(A(t)) = Y = {(w,¢) € W22(0,1) : w(0) = ¢(0) = ¢.(1) = w,(1) +
¢(1) = 0}. After two integrations w.r.t. time, (6) then takes on the form (1). O

The classes of evolutionary integral equations studied in this book typically arise
in mathematical physics by some constitutive laws of the memory type when com-
bined with the usual conservation laws. The next examples illustrate this point.

(iv) Heat Conduction with Memory

Let e(t, z) denote the density of internal energy, 0(t, x) the temperature, q(t, x) the
heat flux vector field in a rigid body Q C R3, and let r(t,2) be the external heat
supply. Balance of energy then reads as

ee(t,z) +divg(t,x) =r(t,z), teR, ze€Q, (8)

and boundary conditions are either prescribed temperature or prescribed heat flux
through the boundary, i.e.

O(t,x) = Op(t,z) on 10“1,, —q(t, z)n(z) = qr(x) on f‘f, (9)
where n(z) denotes the outer normal of Q at x € 9Q; I'y, I'y C 00 are closed,

Iy NTf=0,Tp =T Ty =Ty, and I, UT; = 9. For isotropic and homogeneous
bodies the general linear time invariant constitutive laws are given by

c(ta) — /0 T dm(r)0(t — 7,2) + £, (10)

q(t,x) —/ de(T)VO(t —7,z), teR, x e
0

the scalar-valued kernels m(t) and c(t) reflect the properties of the material, but are
at least of bounded variation on R;. Note that the case dm = mgdy, dc = codo, do
Dirac’s distribution, corresponds to the classical Fourier laws of heat conduction.
Thus combining (8), (9), and (10) we obtain the boundary value problem

/ dm(T)0,(t — 1,x) = / de(T)AO(t — 1,2) +r(t,z), teR, ze€Q,
0 0

o(t,z) = 6y(t,2), teR, xely, (11)

e 00 o
/ de(r)z—(t—1,2) = gqs(t,x), teR, xz€ly.
0 8n
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There are several ways to convert this problem into a Volterra equation (2) on
the line. For more background and a thorough mathematical study of (11) see
Sections 5.3, 5.5, and 13.2. O

(v) Electrodynamics with Memory
The situation is similar in linear electrodynamics with memory. The basic Maxwell
equations

Bi+curl £ =0, divB =0,
Di—curl H+J =0, divD =p, (12)
connecting electric field £, magnetic field H, magnetic induction B, electric induc-

tion D, free current J, and free charge p, have to be supplemented by constitutive
equations. For homogeneous and isotropic materials these are given by

B(t,x) = / dpu(rH(t —7.7), Dit,z) = / de()E(t — 7,7),
J(t,x) = do(T)E(t —T,2), z€Q, teR. (13)

0

The material functions pu(t), €(t), o(t) reflect the properties of the medium under
consideration; in the classical case these are simply constant, i.e. B = uH, D = &€,
J = o&. Electrodynamics with memory is discussed in Sections 9.5, 9.6, and 13.3.
O

3. Preliminary Discussions

In general, the form in which Volterra equations arise in applications is given by
Equation (2) on the line, as shown by the examples just given, and (1) arises from
(2) as a history value problem; by this we mean the following. Assume v(t) is
known for ¢ < 0; then v(¢) is a solution of (1), where the forcing term f(¢) in (1)
contains g(t) as well as the forcing effect of the history of v according to

f@) =gt + /000 A(t+1)v(—7)dr, t>0. (14)

In particular (2) reduces to (1) in case the system is wvirgin at ¢ = 0, i.e. g(t) =
v(t) = 0 for ¢ < 0; this means that up to time ¢ = 0, the system has been in
equilibrium and has not been subject to any forces.

It might be questioned whether it makes sense to consider (2) for all times
since every man-made material or system has been virgin at some time. However,
in this respect the history value problem is even more questionable since it is just
impossible to record the complete history of a system and to keep this memory
for all time. So in this line of arguments the only reasonable problem is that of
systems, virgin at ¢t = 0, in which case (1) and (2) coincide. But when considering
problems with periodic or almost periodic forcing, the equation to consider is (2),
since (1) is only time invariant but not translation invariant, only (2) enjoys the
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latter property. In this context the important question arises whether the solutions
u(t) of (1) and v(t) of (2) are asymptotic to each other, i.e. whether u(t)—v(t) — 0
as t — oo, whenever f(t) — g(t) — 0 as ¢ — co. Under reasonable assumptions
this turns out to be the case, and therefore the term limiting equation of (1) makes
sense for (2); the solution v(t) of (2) describes the limiting behaviour of the solution
u(t) of (1) as t — oo, provided f and ¢ are asymptotic to each other.

As the above examples show, in many situations the operator family {A(t)}:>0
turns out to be of the special form A(t) = a(t)A, where a € L}, (R) is a scalar-
valued kernel, A a closed linear densely defined operator in X, and Y = D(A)
equipped with the graph norm of A. In this case (1) and (2) are said to be of
scalar type. The theory is considerably simplified for such problems, also much
more complete. It contains two important special cases which are obtained as

follows.

(i) Choose a(t) = 1; differentiation of (1) yields the abstract Cauchy problem (of
first order)
u(t) = Au(t) + h(t), teRy, u(0) = uo, (15)

where ug = f(0), h(t) = f(t), and the ‘dot’ indicates differentiation w.r.t. time ¢.
Initial value problem (15) has been studied extensively through the last 60 years,
and there are many monographs on the subject semigroup theory dealing with such
abstract Cauchy problems.

(ii) Choose a(t) = t; differentiating (1) twice results in the second order problem
U(t) = Au(t) + h(t), te R4, u(0) =up, u(0) =us, (16)

where ug = f(0), u1 = f(0), and h(t) = f(t). To some extent it is possible to
rewrite (16) as a first order Cauchy problem, i.e. (16) is subsumed by semigroup
theory, but there is also an independent theory for (16) which leads to the concept
of a cosine family.

Similar to the case of second order Cauchy problems (16) attempts have been made
to reformulate (1) (and also (2)) as an abstract Cauchy problem (15) in certain
spaces of history or forcing functions. In finite dimensions this approach works
quite well, although it has the disadvantage of transforming a finite-dimensional
problem into an infinite dimensional one. In the infinite dimensional unbounded
case, i.e. Y # X, however, it does not work so well and is problematic in several
aspects, some of which have been discussed above. The advantage of this approach
is of course that the well established theory of semigroups can be employed; this
way Volterra equations become a chapter of semigroup theory.

But this is not the whole story. Already when reformulating (16) as a first
order problem there arises the question of the proper phase space where (u,)
should live in. This question can only be resolved after (16) has been studied
independently: u(t) € X, u(t) € X, where X; denotes the set of all x € X such
that Co(-)z is a C*-function; here Co(t) means the cosine family corresponding to
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(16). For Volterra equations (1) or (2) this problem becomes much worse; even
after an independent study of (1) resp. (2) there is no unique or natural choice of a
phase space e.g. of history or forcing functions such that (1) resp. (2) reduce to an
abstract Cauchy problem (15). Moreover, such reformulations in general change
the nature of the original problem; although (1) resp. (2) may be of parabolic type,
the resulting reformulation will always be of hyperbolic type.

For these reasons, we study (1) and (2) as they stand. The theory developed
thus forms an extension of semigroup theory, and when specialized to the case
A(t) = A, reduces to well-known results on semigroups; similarly, for A(t) = tA
results on cosine families will be recovered. On the other hand, (1) and (2) are
treated very much in the spirit of semigroup theory, and it will be helpful but not
neccessary for the reader to be familiar with its basics. Concerning the theory
of Cp-semigroups we refer to the monographs of Hille and Phillips [180], Krein
[200], Tanabe [319], Davies [77], Fattorini [113], Pazy [267], Goldstein [133], Nagel
[255], and Clément, Heijmans, Angenent, van Duijn, de Pagter [47]. Nevertheless,
we discuss semigroup methods briefly in Section 13 and give a list of references
which is far from being complete. There our point of view is underlined, we show
how semigroups in certain phase spaces may be constructed after the underlying
Volterra equation has been solved.

Nonautonomous problems are also of interest in theory as well as in practice;
they occur e.g. as linearizations of nonlinear equations at nonconstant solutions,
and arise in the theory of aging of materials with memory. However, due to
space considerations and since no ideas other than those presented in this book
are known for their treatment (essentially perturbation arguments), the emphasis
is put here on autonomous problems for which the theory is much richer. The
nonautonomous case is only discussed in some of the comment sections.

For understanding this book, only moderate knowledge in Real and Complex
Analysis, Functional Analysis, Differential and Integral Equations, and Harmonic
Analysis, especially Transform Theory is needed. For convenience of the reader we
have included the preliminary Section 0 which contains several results, scattered
in the literature, on the vector-valued Laplace transform, on Volterra equations
(1) and (2) in the bounded case, and on spectral theory of vector-valued functions.

4. Equations of Scalar Type

Having said something about the problems to be studied and being motivated by
examples from Mathematical Physics, we want to present now some details on the
ideas, methods, and contents of this book. Let us begin with equations of the form
(1) which are of scalar type A(t) = a(t)A, i.e. consider

u(t) = /0 a(r)Ault — T)dr + f(t), teR,, (17)

where A is a closed linear, densely defined operator in X, and a € L}, .(R}) a
scalar kernel. The study of this class of Volterra equations is the main theme of
Chapter 1. A continuous function v : Ry — X is called a strong solution of (17) if
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u(t) € D(A) for all t € Ry, Au(t) is continuous, and (17) holds on Ry ; w is called
a mild solution of (17) if the convolution

(a*xu)(t) = /0 a(t)u(t —7)dr, te Ry,

belongs to D(A) for allt € Ry, and u(t) = A(axu)(t)+ f(t) holds on R;. The basic
concept concerning (17) is that of well-posedness which is the direct extension of
the corresponding notion usually employed for the abstract Cauchy problem (15).
In Section 1 it is shown that well-posedness is equivalent to the existence of a
resolvent {S(t) }+>0 C B(X) for (17), i.e. a strongly continuous family of bounded
linear operators in X which commutes with A and satisfies the resolvent equation

S(t)r =z + /Ot a(t —7)AS(T)xdr, te Ry, z € D(A). (18)

The resolvent is the central object to be studied in the theory of Volterra equa-
tions; it corresponds to the semigroup in the special case a(t) = 1, i.e. for (15),
respectively to the cosine family for a(t) = ¢, i.e. for (16). The importance of
the resolvent S(t) is shown by the variation of parameters formula valid for mild
solutions u(t) of (17).

u(t) = %/0 S(t—7)f(r)dr, teR,. (19)

This formula is a generalization of the usual variation of parameters formulae for
Cauchy problems of first and second order.

Section 1 contains the basic theory of Volterra equations of scalar type. The
equivalence between well-posedness of (17) and existence of the resolvent is es-
tablished, the variation of parameters formula (19) is derived and its elementary
properties are studied. It is then used to obtain some simple perturbation results.
Elementary spectral theory yields conditions necessary for existence of resolvents
which in the case of a normal operator A in a Hilbert space are also sufficient. In
particular, we obtain a very useful existence theorem for resolvents.

Due to the time invariance of (17), Laplace transform methods can be em-
ployed. Formally the solution of (17) is represented in the frequency domain by

a(A) = (I —a(N)A) ") (20)
and the Laplace transform H(X) = S(\) of the resolvent by

H\) = ~(I—aNA)™L. (21)
This formula leads to a characterization of Hille-Yosida type for existence of an at

most exponentially growing resolvent for (17) in terms of properties of the holomor-
phic operator family H(A). This result plays a crucial role in later developments.
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In Section 2 we take up the study of analytic resolvents, i.e. resolvents S(t)
which admit analytic continuation to some sector 3(0, §) with vertex 0 and opening
angle 26. Such resolvents can be easily characterized in terms of boundedness
properties of H(A), but require very smooth kernels a(t). It is shown that in
analogy to analytic semigroups, AS(t) is bounded for each ¢t > 0, and optimal
bounds are derived. However, if A2S5(t) is bounded, say on an interval (to—e, to+¢),
e > 0, then a(t) = ap and S(t) is already an analytic semigroup. Interpreting A as
an elliptic differential operator, this rather striking property of Volterra equations
means that there is no infinite spatial smoothing, which is in sharp contrast to
partial differential equations of parabolic type.

Equations (17) which admit an analytic resolvent are special cases of parabolic
Volterra equations, which are studied in Section 3. Parabolicity of (17) is defined
in terms of existence and boundedness of AH(A) in the open right halfplane, a
condition easy to check in applications. Together with a certain regularity of the
involved kernel a(t), called k-regularity, it leads to very simple sufficient conditions
for existence and time-regularity of the resolvent. Similar to parabolic partial dif-
ferential equations, parabolic Volterra equations allow for improved perturbation
results and enjoy the property of maximal regularity of type C®, which means
that (17) admits a mild solution v € C*(R4; X), whenever f € C*(R;X); here
a € (0,1).

Section 4 is devoted to a thorough study of the so-called subordination principle
for Volterra equations. This principle is useful for parabolic as well as for hyper-
bolic problems and has many applications. To explain it briefly, let b € L}OC(R+)
be Laplace transformable and suppose there is an at most exponentially growing
resolvent Sy (t) for (17) with a(t) replaced by b(t). Assume that ¢(t) is a completely
positive function, i.e. a function ¢ € Lj, (R4 ) such that k(t), defined by

k() =1/X%¢(\), A >0, (22)

is a creep function, i.e. nonnegative, nondecreasing, and concave. Then there is
a € L} (R;) such that

a\) = b(1/e(\), A > w, (23)

where w is sufficiently large. By the subordination principle, (17) admits a resol-
vent S, (t) as well, which is given by the formula

Sa(t) = — /OOO Sp(T)drw(t;T), t>0. (24)

Here w(t;7) is a function of two variables defined only in terms of ¢(t), called
the propagation function, and it admits for nice physical interpretations in special
applications. By the structure of w(t; ), (24) yields

t/K
Su(t) = Sy(t/r)e—"t"% + /0 Sy(r)o(tT)dr, >0, (25)

where x = lim; o4 k(t) and o = —lim;_.q4 k(t). Note that (25) is a decomposi-
tion of the resolvent S, () of the subordinated equation into one part which is the
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original resolvent Sp propagated with ‘speed’ 1/x and exponentially damped with
‘attenuation’ «, plus another part which also propagates with speed 1/k but due
to the presence of the integral is more smooth. Thinking of S,(t) being a cosine
family or a hyperbolic semigroup, (25) with £ > 0, & = oo allows for the inter-
esting phenomenon of coexistence of a finite propagation speed and smoothing,
i.e. absence of wavefronts. This phenomenon is not observed in linear differential
equations, it is a memory effect.

The first three subsections of Section 5 deal with the formulation of the basic
equations of viscoelasticity, heat conduction in materials with memory, and ther-
moviscoelasticity. It is shown that in this connection completely positive functions
as well as creep functions occur naturally. The remaining subsections are then de-
voted to special problems which lead to Volterra equations (17) of scalar type, and
the theory developed so far is applied.

5. Nonscalar Problems

In Chapter 2 we study (1) for operator-valued kernels A € L}, (Ry;B(Y, X)), a
situation which is much more complicated than the scalar case. One reason for
this is the lack of a ‘natural’ relation between the spaces Y and X, in contrast to
the scalar case where Y = X4, the domain D(A) of A equipped with the graph
norm of A, is the only reasonable choice.

The notion of a strong solution of (1) extends to this setting in an obvious
way; a continuous function v : Ry — Y is called a strong solution for (1) with
f e C(Ry; X) if (1) holds on R;. But already ‘mild solution” must be defined
differently; u : R4 — X continuous is called a mild solution of (1) if it is the limit,
uniformly on compact intervals, of strong solutions w,, of (1) with f replaced by
fn,and f, — f, uniformly on compact intervals. The concepts well-posedness and
resolvent admit natural extensions to the general setting, with the main difference
that we have to consider two resolvent equations now, namely

Styy=y+ /ot At —7)S(r)ydr, t>0,yeY, (26)

and .
Sty=y +/ St —71)A(T)ydr, t>0,yecY. (27)
0

Mild solutions are again represented by the variation of parameters formula (19)
whenever there is a weak resolvent S(t) for (1), i.e. {S(¢)}i>0 C B(X) is strongly
continuous and the second resolvent equation (27) holds.

However, in contrast to the case of problems of scalar type, uniqueness of strong
solutions does not seem to imply uniqueness of mild solutions, and therefore ‘well-
posedness’ is not equivalent to existence of a resolvent. Also, time regularity of
f(t) alone in general does not imply existence of strong solutions, as simple ex-
amples show. Another problem arises with the Hille-Yosida type characterization
of resolvents of at most exponential growth, which is only valid in spaces with
the Radon-Nikodym property. These imperfections require further notions like
pseudo-resolvent and a-reqularity of a weak resolvent.
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Section 6 deals with the general theory for (1). The basic definitions are in-
troduced, the relations between them are discussed, and the variation of param-
eters formula is studied. The latter then yields in combination with results on
Volterra equations with bounded kernels a fairly general perturbation theorem.
The Hille-Yosida type characterization of pseudo-resolvents is proved as well as a
convergence theorem for (pseudo-)resolvents of the Trotter-Kato type. This basic
theory simplifies considerably if A(t) has a main part, i.e. is of the form

A(t) = a(t) A + / “alt—7)AB(r), 30, (28)

where A is a closed linear operator in X with dense domain D(A), YV = X4,
a € L}, (R}), and B € BVjoe(Ry; B(X 4, X)), B(0) = B(0+) = 0, where B(0+) =
lithOJ’» B(t)

If X and Y are Hilbert spaces and A € BVj,.(Ry; B(Y, X)) is such that —dA

is of positive type, i.e.

T
Re / / (dA(T)u(t — 7),u(t))xdt <0 for each u € C(Ry;Y), T >0, (29)
o Jo

is satisfied, then the energy inequality
t
ut)lx < |FOLs + [ 1f)lxdr, >0, (30)
0

holds for each mild solution u(t) of (1), where f € Wzicl (R4; X). This inequality
then leads to existence of a weak resolvent for (1), even of a resolvent in case
A(t) has a main part. Results of this type are important in applications since
the abstract energy inequality (30) corresponds to the real energy inequality e.g.
in viscoelasticity. It generalizes in a natural way the well-known facts, that m-
accretive operators are the negative generators of semigroups of contractions, and
that negative semidefinite selfadjoint operators in a Hilbert space generate uni-
formly bounded cosine families.

The energy inequality (30) can be considerably strengthened if (1) is of vari-
ational form in the following sense. Let V and H be Hilbert spaces such that

v < H, and let ((+,)) resp. (-,-) denote the inner products in V resp. H, || - ||
resp. |- | the corresponding norms in V resp. H. Identifying the antidual H of
d —x* —x%
H with H, we obtain H — V by duality, and the antiduality < -,- > of V, V' is
related to the inner product of H via < v,h >= (v,h) for all v € V, h € H. Let

a: Ry xV xV — C be such that a(t,-,-) is a bounded sesquilinear form on V'
for each ¢ > 0, and consider the problem of variational type

(w, u(t)) +/O alt — 7w u(r))dr =< w, f(t) >, teRy, weV,  (31)

where f € C(Ry; V). Representing the forms a(t, -, -) by bounded linear operators
—A(t) € B(V,V") it is obvious that (31) can be written as (1) in X = V", with
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Y = V. Now, if the form « is coercive in the sense that there is a constant v > 0
with

T t T
2Re/0 [/0 da(T,u(t),u(t—T)]dtZ'yH/o w(r)dr|l?, (32)

for all u € C(Ry;V) and T > 0, then (30) improves to

lu(t)? +’)’H/O u(T)dr||* < |f(0)]* +2 Re /0 <u(t), f(r) > dr. (33)

Based on this strong energy inequality and some regularity of the form a w.r.t.
t > 0, existence of a resolvent can be proved, along with several uniform estimates
and regularity properties. This result is shown to cover nonisotropic hyperbolic
viscoelasticity in Section 9, and also applies to thermoviscoelasticity and several
other problems.

In Section 7 we extend the results of Sections 2 and 3 on analytic resolvents and
parabolic equations to the nonscalar case. This is straightforward and does not
lead to further complications; maximal regularity of type C® carries over easily,
too. For equations in variational form, coercive estimates of parabolic type lead
to especially nice results, as one should expect. We then consider the perturbed
problem

u(t):/o A(t—T)u(T)dT+/O a(t—s)[/o dB(F)u(s—7)ds+ f(t), te Ry, (34)

where the unperturbed equation is parabolic, admits an a-regular resolvent with
some additional smoothness properties, and B € BV.(R4;B(Y, X)), B(0) =
B(04+) = 0. We show that (34) also enjoys the maximal regularity property
of type C and of type By? as well. This result, together with L*>-estimates for
(34) which are quite delicate to prove, yields a resolvent for the perturbed problem
(34).

A quite different approach to (1) is taken up in Section 8. In the scalar case
A(t) = a(t)A, (1) can be reformulated as

Au+ Bu =g, (35)
in spaces of functions on R;, where the operators A and B are defined by
(Au)(t) = —Au(t), teRy, (36)

and B formally via Laplace transforms

~

(Bu)(\) = (1/a(\)a()), Re A > 0. (37)

One can then apply the sum method to obtain ‘solutions’ of (35), without going
into details here. In case X belongs to the class H7 and the problem under
consideration is parabolic, this approach works quite well in LP-spaces and can even
be extended to equations of nonscalar type with main part. Since this approach
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is still very much under progress, we do not give all of the proofs required, but
only an exposition of the general method, as well as some of its implications for
(1) which are available at present.

Finally, in Section 9 the discussions of Section 5 are continued. A brief (heuris-
tical) derivation of some common viscoelastic beam models is presented, and the
preceding results are applied to study their well-posedness. Models for viscoelas-
tic plates are formulated according to the literature, i.e. the viscoelastic linear
Midlin-Timoshenko plate and the linear Kirchhoff model. Concerning three di-
mensional thermo-viscoelasticity two approaches are persued, one based on results
for equations of scalar type plus perturbations, requiring the material relations to
be ‘almost separable’, and the second following the variational approach, which
relies on Sections 6.7 and 7.3. The final Sections 9.5 and 9.6 deal with the formu-
lation of linear electrodynamics with memory and applications of several of the
results, obtained so far.

6. Equations on the Line

The third chapter is devoted to the study of the equation on the line (2) and its
relations to (1). This connection is particularly simple if (1) admits a resolvent
S(t) which is integrable, i.e.

IS(t)] < ¢(t) fora.a. t>0, p € L'(Ry)NCo(Ry). (38)

In fact, in this case the solution of (2) is given by
/ S(r)g(t —1)dr, teR. (39)

From this formula the solvability properties of (2) can easily be read off; moreover,
the variation of parameters formula for (1) yields

u(t) —v(t) = / S(r t —71)—g(t —7))dr (40)

/ S(m)g(t—7)dr, t>0,

hence u(t) — v(t) — 0 as t — oo, whenever ¢ € LP(R_; X) for some p € [1, 0],
and f(t) — g(t) — 0. This shows that the solutions u(t) of (1) and v(t) of (2) are
asymptotic to each other as ¢ — oo; this justifies the name limiting equation of (1)
for problem (2).

Thus the solvability behaviour of (1) and (2) is especially nice in the stable case,
when the resolvent for (1) is integrable. For this reason, but also since stability is
very important in applications, Section 10 is devoted to the study of integrability
of resolvents. The discussion begins with the derivation of necessary conditions
for the important special case of equations of scalar type. These conditions are
given in terms of the symbol H(\) of (17) defined by (21), and basically require
existence and boundedness of H()\) on the closed right halfplane A € C,. Un-
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fortunately, these conditions are in general not sufficient. However, for important
subclasses of equations (17) it is possible to obtain characterizations of integrability
of S(t). These classes contain those equations which admit an analytic resolvent,
and parabolic equations with 2-regular kernels, as well as subordinated resolvents.

To mention a result which is particularly striking, suppose A is the generator
of a uniformly bounded cosine family Co(t), and let a(t) be of the form

t
a(t) = ag + acot +/ ay(T)dr, t>0, (41)
0

where ag,a00 > 0, a1 > 0 nonincreasing and loga;(t) convex. This situation
arises naturally in viscoelasticity; see Section 5.4. Then by the subordination
principle the resolvent S(t) exists; it is integrable if and only if A is invertible and
a(t) Z asot. Observing that a(t) = ast corresponds to purely elastic materials,
this result yields the remarkable fact that the presence of a whatsoever small
viscoelasticity in the material stabilizes it strongly enough to obtain stability, i.e.
integrability of the resolvent; see Section 10.3. A similar phenomenon can also be
found in electrodynamics with memory; see Section 13.3.

For problems of nonscalar type which are hyperbolic, integrability of S(¢) is in
general a too strong concept. However, for equations of variational type (31) we
prove strong integrability, i.e. S(-)v* € L*(Ry;V*) for each v* € V*; cp. Section
10.4. This result applies to nonisotropic hyperbolic viscoelasticity. On the other
hand, in the stable case resolvents for parabolic problems can even be expected to
be uniformly integrable, i.e. S € L*(R4;B(X)) holds; Section 10.5 is devoted to
this question.

The general theory of (2) is presented in Sections 11 and 12. To be able
to exploit the property of translation invariance which (2) enjoys, we study the
solvability behaviour of (2) only in spaces of functions H(X) on the line which
are translation invariant in the sense that the group of translations is strongly
continuous and bounded in H(X). This leads to the concept of homogeneous
spaces.

For the convolution appearing in (2) to make sense, (2) is actually considered
in differentiated form

o(t) = /OOO Ao(T)o(t — 7)dT + /000 dA (Tt —T1)+g(t), teR, (42)

where A(t) = Ao(t) + Al(t)7 Ap € Ll(R+;B(Y7X)>, A € BV(R+,B(K X)) The
concept for (2) corresponding to the ‘well-posedness’ of (1) is that of b-admissibility
of a homogeneous space H(X), where b € L' (R) is a scalar function with nonva-
nishing Fourier transform b(p) # 0 on R, i.e. b € W(R), the Wiener class. This
means that for each function g = b* h, with h € H(X), there is a unique strong
solution u € H(X) of (42), and the solution operator G : g — wu is bounded in
H(X). Thus the scalar function b(t) measures the amount of time regularity of the
forcing function g(t) needed for (42) to admit a strong solution. The main problem
then consists in characterizing b-admissibility, and to obtain a representation of
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the solution operator G as a convolution, i.e.
/ G(n)g(t —7)dr, telR; (43)

recall G(t) = S(t) if the resolvent S(t) is integrable.
Formally the Fourier transform @(p) of the solution u(t) of (42) is given by

u(p) = H(ip)g(p), peR, (44)
where H()) again denotes the symbol of (1), (2), i.e.
H(\) = % (I—A). (45)

Let the (real) spectrum of (42) be defined by
Ao ={peR:ip—ipAy(ip) — dA;(ip) € B(Y,X) is not invertible};  (46)

then it is natural to expect that (42) admits a solution if @(p) = 0 on a neigh-
borhood of Ag. This leads to localization in the frequency domain, where the
spectrum o(f) of functions of subexponential growth becomes important; it is
studied in some detail in Sections 0.5 and 0.6. By means of b-admissibility of the
spaces

Ha(X) ={f e H(X) : o(f) C A}, (47)
where A C R is closed, and H(X) is homogeneous, the solvability behaviour of

(42) can be adequately described.
Necessary conditions for b-admissibility of Cypa(X) are easily seen to be

ANAy =0, sup {IH (ip)|(x) + |b(p)H (ip)|(x vy} < oo (48)
pe

However, these are not always sufficient, but they are if A is compact (see Section
11.3), and for several important classes of kernels A(t) for arbitrary A. Section
12 is devoted entirely to the sufficiency of (48) for b-admissibility of Hx(X) and
the construction of A-kernels, i.e. kernels G (t) representing the solution operator
G for Ha(X) by means of (43). The class of equations (42) for which this
works, includes parabolic ones, certain hyperbolic problems in Hilbert spaces, and
subordinated equations of scalar type.

b-admissibility of Cypa(X) alone yields nice solvability behaviour of (42) w.r.t.
periodic or almost periodic functions. For example, if A = (27/w)Z then for every
w-periodic function g there is a unique w-periodic mild solution u of (42) and the
Fourier coefficients u,, of u are determined by those of g according to

u, = H2win/w) fn, n€Z. (49)

Similar relations are also valid for almost periodic or asymptotically almost peri-
odic or weakly almost periodic functions on the line. If g € Cypa(X), 0 € A and
g(00) = lims—, o g(t) exists then wu(t) also admits a limit as t — oo and

u(o0) = H(0)g(o0). (50)
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There is also a satisfactory result on asymptotic equivalence of (42) and its version
on Ry, provided Ag = 0, lim|y|_.oo|H(A)| < 0o and the complex spectrum of (1),

Yo={AeCy: A= NA(\) € B(Y, X) is not invertible}, (51)

is compact. In fact, if (42) admits a A-kernel, with A = R, Cy(X) is b-admissible
and the resolvent S(t) exists, then the solution of (42) is asymptotic to the solution
of its local version on R, whenever the latter is bounded.

Finally, Section 13 contains several applications of the results of Chapter 3
to problems in viscoelasticity, heat conduction with memory and electrodynamics
with memory, which have been introduced and discussed before in Sections 5 and
9. The text is concluded with a discussion and a bibliography of several subjects
which are strongly related to the material presented in this book, but due to space
considerations have not been treated in detail, here. This discussion includes the
semigroup approach, and nonautonomous linear but also some nonlinear equations.
Readers with special interest for nonlinear problems in viscoelasticity are refered
to the recent monograph by Renardy, Hrusa and Nohel [289], which contains a
detailed treatment of nonlinear one-dimensional models.
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This section contains some of the notations used throughout this book and collects
some material scattered in the literature which is important for the theory to be
developed but is also of independent interest. It covers the basic inversion theorems
for the vector-valued Laplace transform. The Fourier-Carleman transform and
the spectrum of vector-valued functions of subexponential growth are discussed
in some detail. The study of Volterra equations in Banach spaces is begun with
some elementary but nevertheless important existence results for equations with
bounded kernels on finite intervals and is then continued with the Paley-Wiener
theorems for the line and the halfline in the vector-valued case.

0.1 Some Notation
Most notations used throughout this book are fairly standard in the modern math-
ematical literature. So N, Z, @, R, C denote the sets of natural numbers, integers,

rational numbers, real and complex numbers, respectively, and Ny = N U {0},
Ry =[0,00), C+ ={A € C:Re A >0}. If (M,d) is a metric space and N C M,

then Ji)] , N, ON designate the interior, closure, boundary of N, respectively, and
d(xz, N) denotes the distance of z to N, while B,(z¢) and B,(xg) are the open
resp. closed balls with center xy and radius r.

X,Y, Z will always be Banach spaces with norms || x, ||y, |*|z; the subscripts
will be dropped when there is no danger of confusion. B(X,Y") denotes the space
of all bounded linear operators from X to Y, B(X) = B(X,X) for short. The
dual space of X is X* = B(X,K), where K = R or K = C is the underlying
scalar field; < x,z* > designates the natural pairing between elements x € X and
z* e X*. If (z,) C X converges to z € X we write x,, — x or lim,,_, z, = z,
while z,, = x or w — lim,,_,oc T, = & mean weak convergence; similarly x; g
or w* — lim,_,o ) = z* stand for weak*-convergence of (z}) C X* to z* € X*.

If A is a linear operator in X, D(A), R(A), N(A) denote domain, range, null
space of A, respectively, while 0(A) and p(A) mean spectrum and resolvent set
of A. o(A) is further decomposed into o,(A), oc(A), 0,(A), the point spectrum,
continuous spectrum, and residual spectrum of A. The operator A* in X* denotes
the dual of A if it exists. If A is closed then D(A) equipped with the graph norm
of A, |z|a = |z| + |Az|, is a Banach space, for which the symbol X4 is employed.

For the concepts listed above as well as for general reference to operator theory
we refer to Dunford and Schwarz [103], Hille and Phillips [180], and Kato [193].

Some frequently used function spaces are the following.

If (M, d) is a metric space, and X a Banach space, then C(M; X) denotes the
space of all continuous functions f : M — X. Cy(M;X) resp. Cyup(M;X) des-
ignate the spaces of all bounded continuous resp. bounded uniformly continuous
functions f : M — X; these spaces become Banach spaces when normed by the
sup-norm

|flo = sup [f(t)]- (0.1)
teM
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The space of all functions f : M — X which are uniformly Lipschitz-continuous
is denoted by Lip(M; X), and

|flLip :iiI;If(t) — f(s)l/d(t;s). (0.2)

If (Q,%, 1) is a measure space then LP(Q, %, u; X), 1 < p < 00, denotes the space
of all Bochner-measurable functions f : Q@ — X such that |f(-)|" is integrable.
This space is also a well-known Banach space when normed by

o= / FOPdu(e) . (0.3)

and functions equal a.e. are identified. Similarly, L°°(, X, u; X) denotes the
space of (equivalence classes of ) Bochner-measurable essentially bounded functions
f:9Q — X, and the norm is defined according to

|floo = esssup [f(t)]. (0-4)
teQ

For Q@ C R™ open, ¥ the Lebesgue o—algebra, p the Lebesgue measure, we
abbreviate to LP(Q; X). In this case W"™P(Q; X) is the space of all functions
f Q@ — X having distributional derivatives D*f € LP(; X) of order |o| < m;
the norm in W™P(£; X) is

[flmp = (Y ID*fI)VP for 1<p < oo, (0.5)

la|<m

and
[flm.co = max |DYf| for p= o0,
la|<m

Also for © C R"™ open, C™(Q; X) denotes the space of all functions f : @ — X
which admit continuous partial derivatives 0%f in Q and 90“f has continuous
extension to (, for each |a| < m. The norm in its subspaces Cj"(%; X) and
C™(Q; X) is given by

Flmo = sup 0% flo. (0.6)

la|<m

For f € C(; X) the support of f is defined by

supp f={z € Q: f(z) # 0}.

A usual C5°(9Q; X) means the space of all functions f € ), ~; C™(Q; X) such that
supp f C  is compact. -

Another space of interest is the space BV (J; X) where J is a closed interval.
This space consists of all functions k : J — X of strongly bounded variation, i.e.

N
Var k|; =sup{>_[k(t;) = k(t; 1) i to <t1 <...<tn, t; € J} (0.7)

Jj=1
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is finite. If J = [0, 7] or J = R, elements of BV (.J; X) are normalized throughout
this book by the requirements k(0) = 0 and k(-) is left-continuous on J. Sometimes
it is convenient to think of BV (J;X) as a subspace of BV (R; X) by extending
functions k € BV(J;X) by 0 to all of R; the extension will be left-continuous
again. By BV9(J;X), J = [0,T] or J = R, we denote the subspace of all
functions k£ € BV (J; X) which are continuous at 0, i.e. which satisfy 0 = k(0) =

The subscript ‘loc’ assigned to any of the above function spaces means member-
ship to the corresponding space when restricted to compact subsets of its domain.
Usually if X = K is the underlying scalar field K = C or I = R, the image space
in the function space notation introduced above will be dropped. For example
Li,.(R) denotes the space of all measurable scalar-valued functions which are inte-
grable over each compact interval. Other function spaces will be introduced where
they are needed for the first time; cp. the index.

The Fourier transform of a function f € L'(R; X) is defined by

o0

for= [ i pem (0.8)

— 00

it is well-known that f : R — X is uniformly continuous and tends to 0 as |p| — oo,
by the Riemann-Lebesgue lemma. If X is a Hilbert space, by Parseval’s theorem
the Fourier transform extends to a unitary operator on L?(R; X). On the Schwartz
space S(R; X) of all functions f € C*°(R; X) such that each derivative of f decays
faster than any polynomial, the Fourier transform is an isomorphism, and the
inversion formula

F() =2nf(—t), teR, (0.9)

holds.
The Laplace transform of a function f € L} (R.;X) is denoted by

loc

Fo) = /OOO e Mf(t)dt, Re > w, (0.10)

whenever the integral is absolutely convergent for Re A > w; see Section 0.2 for
further discussions. The relation between the Laplace transform of f € L'(R; X),
f(t) =0 for t <0, and its Fourier transform is

flp) = flip), peR (0.11)

Observe that the symbol f (M) is also used for the Fourier-Carleman transform of
f € L}, .(R; X); see Section 0.5 for the definition of the latter.
As usual we employ the star *x for the convolution of functions defined on the

line but also on the halfline

(e = [ e-9s)ds. teR (0.12)
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e.g. for f,g € L*(R), and

(f*g)t /ft—s )ds, teR4, (0.13)

e.g. for f,g € L'(R;). Observe that (0.12) and (0.13) are equivalent for functions
which vanish for ¢t < 0; therefore there will be no danger of confusion.
For other symbols and notations the reader should consult the index.

0.2 Laplace Transform

Let u € BVjpe(R4; X), where X denotes a complex Banach space. du is said to
be of exponential growth or Laplace transformable, if there is w € R such that
Jo° e “*du(t)| < oo. In this case the Laplace transform of du,

(o)
du(X) = / e Mdu(t), Rel>w, (0.14)
0

is well-defined, it is uniformly continuous and bounded in the closed right halfplane
Re A > w, and holomorphic in its interior. Similarly, if v € Lj, (Ry;X) is of
exponential growth, i.e. [;° e “!u(t)|dt < oo for some w € R, we define

50\ = / e My(t)dt, Re A > w. (0.15)
0

Many of the properties of the scalar-valued Laplace transform are valid in the
vector-valued case as well, some of them will be mentioned without poof here.
The standard reference for the vector-valued Laplace transform is Chapter VI of
Hille and Phillips [180]; for the classical Laplace transform we refer to Widder
[339], [340] and Doetsch [100].

The function u(t) can be recovered from its Laplace transform via the complex
inversion formula

lim / T G2 2L u), t30,  (016)
im — — == .
Neo 2 Jo gy O VYN T R, b=

where v > w is arbitrary; here the normalization of u(t) by w(0) = 0 and left-
continuity is important. The limit in (0.16) is even uniform for ¢ in any finite
interval of continuity of w(t). Similarly v(¢) can be recovered a.e. from o(A) by
means of

N
lim i/ (1— M)e("J’i")t{}(a +ip)dp = v(t), fora.a. t >0, (0.17)
N—oo 2T _N N
and the limit in (0.17) exists also in L'(J; X), for every finite interval J C Ry;
here o > w is arbitrary.
By means of Cauchy’s theorem, the complex inversion formula (0.16) leads to a
simple characterization of functions which are holomorphic and bounded on each
sector |arg z| < 6, 0 < 6.
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Theorem 0.1 Let f : (0,00) — X and 0y € (0,7/2]. Then the following are
equivalent.

(i) There is a function v(z) holomorphic for |argz| < 6y and bounded on each
sector |arg z| < 0 < Oy such that f(\) = 0(N\) for each A > 0;

(it) f(X) admits holomorphic extension to the sector |arg A| < § + 6o, and Af(X)
is bounded on each sector |arg \| < T + 6, 6 < 6.

Proof: (=) Let v(z) be holomorphic on the sector |argz| < 6y < 7/2, bounded
on each subsector |argz| < 6 < 6y, and define f(A) = 0(A), A > 0. For |¢| <
6o consider the path yg = [0, R], Rexp(i[0,¢]), [R,0]e’?; by Cauchy’s theorem
S, v(2)e7**dz = 0, i.e. with R — oo we obtain

f)()\):/ v(t)e*)‘tdt:/ v(teid’)e*)‘teweid’dt, A>0.
0 0

This relation extends ©(\) holomorphically to the sector |arg z| < 6y + 7/2, and
gives the estimate

IANON)| = [v(-€")|oo/ cos(p + ¢),  for all p = arg A

satisfiying —m/2 — ¢ < p < /2 — ¢. Since ¢ € (—bp,0p) can be chosen arbitrarily,
there follows boundedness of A\i(\) on each sector |arg A| < 8+ 7/2, where 6 < 6.

(<) Suppose f(A) admits holomorphic extension to |arg A\| < 7/2 + 6y, such
that Af(XA) is bounded on each subsector |argA| < ¢ < m/2 + 6. Consider the
path T' consisting of the rays (0o, Rle™"?, [R, 00)e’® connected by the part of the
circle |A| = R contained in |arg A\| < ¢, and define

v(z) = L/F M f(N)dN,  |argz| < ¢ — /2.

T oW

Since this integral is absolutely convergent for |argz| < ¢ — 7/2, ¢ < 7/2 + Oy
is arbitrary and v(z) is independent of ¢ and R > 0, by Cauchy’s theorem, there
follows that v(z) is holomorphic on the sector |arg z| < 6. Choosing R = 1/|z|, a
simple estimate shows the boundedness of v(z) on each subsector | arg z| < 6 < 6.
Finally, for the Laplace transform of v(t) we obtain

1

)= | TG p)~rdN = f(p), n>R,

by Cauchy’s theorem again. O

Of interest here are also the real inversion formulae for the Laplace transform.
The following one is due to Phillips; cp. Hille and Phillips [180], Chapter VI.

X 1 \n(~24\n+1
lim e~ 7" Z %f&(”) (o) =wv(t), fora.a. t>0, (0.18)

n=



6 Preliminaries

and the limit exists also in L' (J; X), for every finite interval J C R, it is uniform
on any finite interval of continuity of v(¢). Similarly, for u(t) we have

. > Y (ot)2 —~(n) 1
lim e~ Z n+ 2 du” (o) = 5 (u(t) +u(t+), t>0, (0.19)

where the limit is uniform on every finite interval of continuity of u(t).

The real inversion formula (0.19) leads to the following extension of Widder’s
characterizations of scalar-valued L°°- and BV -functions in terms of their Laplace
transform; see Widder [339].

Theorem 0.2 Let f: (0,00) — X. The following are equivalent

(i) There is u € Lip(R4; X), u(0) = 0, such that f(A) = du( ) for all A > 0;
(ii) f € C*((0,00); X) and

sup{\" T FM )|/l s A >0, neNo} = mao(f) < 0.
If this is the case then |u|rip = Moo (f).

Theorem 0.3 Let f: (0,00) — X. The following are equivalent.
(i) There is u € BV (R4; X) such that f(A\) = du(\) for all X > 0;
(ii) f € C((0,00); X) and

OOA" M\ /n! =: .
ii%,; FM )] /0l = ma(f) < oo

If this is the case then Varul® = mqi(f).

For the proof of Theorem 0.2 the following lemma is useful.

Lemma 0.1 Suppose f, € C*(J; X) satisfies f, — f in C(J; X) and
|fnlo < M < oo, for all n € N, where J = [0,a].

Then f, — f in CY(J;X), f € Lip(J; X), and |f|Lip < M.

Proof: Let g € C%(J; X); by means of Taylor’s formula

h
gt +h)=g(t)+ hg(t) + / (h—s)j(t + s)ds,
0
we obtain the estimate
h] g0 < 2lglo + (h*/2)lilo, h >0,

which by the choice |h| = a/2(|glo 0)%/? yields the interpolation inequality

1/2

gl < c(a)lgly®|glss,  for all g € CZ(J; X), (0.20)
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with c(a) = (a/4+4/a). (0.20) applied to g = f,, — fo, implies f,, — f in C*(J; X),
and from

|fn(t)7fn(s)|§|fn|0|t*5‘SM(t*S)a taSEJ;

with n — oo the result follows. O
For the proof of Theorem 0.3 we take advantage of

Lemma 0.2 Let J = [0,a]; suppose f, € C?(J; X) satisfies fn, — f in C(J; X)
and |fn]1 < M < 0. _ . _
Then f(t) is absolutely continuous on J, f € BV (J;X), fo(t) — f(t) for a.a.

ted, fn— fin L'(J;X), and Var f,|; < M.

Proof: Let k,(t) = fg |fn(s)|ds, t € J, n € N; these functions are nondecreasing
and uniformly bounded by M. Helly’s selection theorem therefore provides a
subsequence (ny) such that k,, (t) — k(¢) pointwise; the limit function k(¢) is
nondecreasing and bounded by M as well. Let ¢t € J be a point of continuity of
k(t), and let D} denote the right difference operator D; g(t) = (g(t+h) —g(t))/h;
then

[fu(®) = fun (] < 1fu(t) = Dy fa(O)] + D5 (fa(t) = fn(t))]
+ |fm () = Dy fn (2)]
§ [kn(t + h) - kn(t)] + thllfn - fm|0 + [km(t + h) - km(t)}

Given € > 0 choose first h > 0 small enough such that k(t + h) — k(t) < &/8;
fix h > 0 and choose n,m so large that |f, — fi|o < €h/8, and finally enlarge
n = ng, m = n; such that |k, (s) —k(s)| <&/8, and |k, (s) —k(s)| <e/8, for s =1,
s =t + h. This gives

[fu(t) = fn(t)] < 2(k(t +h) — k(t)) +4-e/8 +2h " ch/8 < e,
i.e. fn,(t) — g(t) for each continuity point of k(t). Since for two such points
[fu(t) = fa($)] < En(t) = kn(s),

we obtain in the limit
l9(t) — g(s)] < k(t) — k(s),
i.e. g € BV(J;X). Finally, by Lebesgue’s theorem

Fu(8) = Fue (o) + / foe (8)ds — f(to) + / o(s)ds = £(),

to

hence f(t) is absolutely continuous on .J, and g(t) = f(t) a.e. Repeating these
arguments with an arbitrary subsequence we may conclude f, — f a.e. and in
LY(J;X). O
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The arguments in the proofs of Theorems 0.2 and 0.3 are quite similar, therefore
they are carried through simultaneously.

Proofs of Theorems 0.2 and 0.3: (i) = (ii) of Theorem 0.2. Let u € Lip(R4; X),
u(0) = 0, and define f(\) = Aa(\) = du()\); then

FM) = / oo(—t)”e’”du(t), A >0,

0

hence
‘f(n)()\)l :/ tnei)\tldu(t)‘ < |u‘Lip/ tnei)\tdt = |u|Lipn!)\_("+1)’
0 0

ie. Moo(f) < |ulLip < 0.
(i) = (ii) of Theorem 0.3. If u € BV(R,; X), u(0) = 0, we obtain similarly

S Ao < XX e = [T e au

n=0 =0

IN

/ \du(t)| = Var u[%,
0

hence my(f) < Var u|§° < occ.
(ii) = (i) in both theorems. Observe first that f(A) admits holomorphic ex-
tension to the open right halfplane C,, as the series expansion

oo

F2) =) _(z=N"f™(\)/nl, Rez>0, |[z— A <X

n=0

and the estimates

2 <Dz = AN/l < ma(f),
n=0
resp.

— —_—,
— |z = Al A7* "Rez
show. Define functions v,, by means of

S (th)k‘+1 (_1)k

then
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ie. |vnlo < moo(f), and
— R— k+1 n?k+? (k)
o € 3 e e ()] < (),
= 1k!
The Laplace transform of v,,(t) is easily computed to the result

nA
n—+ A

n
n—+ A

B (A) = ( )2 f ( ), ReA>0,

hence 0, (A) — f(\) as n — oo, uniformly on compact subsets of C;. Define w,,(t)
by

¢
wy(t) = /0 (t—s)vp(s)ds, t>0, neN;

then @, (\) = 9,(\)/A?, Re A > 0, hence by boundedness of f(\) on halfplanes
Re A > o > 0, the complex inversion formula for the Laplace transform yields

o+i00
wy(t) = (2m)—1/ o (N)eMdA/N, > 0.
o —100
Next Lebesgue’s theorem implies
o+i00
Wn () —noo w(t) = (2m‘)*1/ FNEMNAN/N, >0,

uniformly on bounded intervals J = [0,a] C Ry, where the boundedness of f(X)
on Re A > o > 0 was used again.

We are in position now to apply Lemma 0.1 resp. Lemma 0.2. In fact, if
Moo (f) < 00, Lemma 0.1 yields w, — w in CL _(R4;X), and w € Lip(Ry; X),
as well as |W|pip < Moo(f); In case mq(f) < oo, Lemma 0.2 implies w,, — w in
WENR,; X) and w € BV(Ry; X), Var w|3° < my(f). Setting u(t) = w(t), and
observing that w(0) = w(0) = 0, the assertions of Theorems 0.2 and 0.3 follow.
O

In case X has the Radon-Nikodym property, then a Lipschitz function has an
L°°-derivative a.e. In this case Theorem 0.2 becomes

Corollary 0.1 Suppose X has the Radon-Nikodym property, and let f : (0,00) —
X. Then the following are equivalent.

(i) There is v € L™ (Ry; X) such that f(\) =0(\) for all X > 0;

(i) f € C*((0,00); X) and moo (f) < co.

If this is the case then |v|oo = Moo (f).

Theorem 0.2 as well as Corollary 0.1 are due to Arendt [10].
In practice m1(f) as well as mqyo(f) are difficult to estimate, and so Theorems
0.2 and 0.3 are not easy to apply. However, quite often one encounters functions
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g(A), holomorphic in the right halfplane Re A > 0 and such that Ag()) is bounded
there. In general it is not true that this already implies mq.(f) < co as one might
expect; see Desch and Priiss [91]. However, the following result holds.

Propositon 0.1 Suppose g : Cy — X is holomorphic and satisfies
NGV + N2 (N)| <M forall Re) >0, (0.21)
Then meo(g) < 0.

Proof: To estimate g(™ () for n > 1, we use the Cauchy integral representation

e41i00
g\ = 1 / g\ =2)"dz, A>e.

21 S oo

Differentiating this formula (n — 1)-times yields

e+i0o
g™\ = (=) Y (n—1)1(2m) ! / g ()N =2)""dz, A>e.
By means of (0.21) we obtain

oo

(nfl)!(M/27r)/ le 4+ ip| 2|\ — & —ip| "dp

— 00

IN

9™ )

(n— DI(M/2m)(A — )" / (& + ) dp

— 00

(n — DIM/27) (A — )" (r /).

IN

IA

Choosing € = A/n the latter gives
19 (N)] < n!(M/2)A "D (1 —1/n)"" < nl(Me/2)A~ "+,
thereby proving me(g9) < co. O

If only Ag(A) is bounded we can prove the following weaker result which neverthe-
less is useful as well.

Proposition 0.2 Suppose g : C.. — X is holomorphic and satisfies
[Ag(N)| <M, ReX>0. (0.22)

Then there is u € C(Ry; X) with uw(0) = 0 such that g(A\) = Aa(N), Re A > 0;
moreover, there is a constant L > 0 such that

lu(t) —u(s)| < L(t — s)[1 +log(t/(t —s))] for allt > s >0. (0.23)
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Proof: We define

u(t) = (2mi) " / gOVEMAA/A, t >0, (0.24)

Te r

where T, denotes the contour & + i(—o0, —7), £ + re'l=™/27/21 ¢ 4 i(r, 00), with
g,r > 0. Observe that the integral is absolutely convergent, by virtue of (0.22).
Clearly, the definition of w(t) is independent of e,7 > 0, and contracting the
contour in the right halfplane it follows that u(0) = 0, by Cauchy’s theorem. Fix
t > s > 0 and estimate by means of (0.22) to the result

|mw—w@uxMﬂm/ X — M| [dAl/AR.

Ter

Letting € — 0 this yields

0 ] /2 i io
lu(t) —u(s)| < (M/F)[/ et — e'*|dp/p? +/O et — e do/r]
< Qami2 [ sin(ple = 9)/Dldp)? + € - )2
< M(t—s)r ! - sin7|dr /72 + €™ /2].
< M=o [l e
Choosing r = 2/t we obtain
lu(t) —u(s)] < M(t—s)[r! /OC |sin7|dr/72% 4 €%/2]
1—-s/t

< Lt —s)[1 +log(t/(t — s))],

what was to be proved.
Finally, we have by means of Cauchy’s theorem and Fubini’s theorem

Aa(N)

AAmf”wmu:@mrﬂﬁ AN — 1) du

e,

(%U*A 9(u) (1 + 1/ (5 — 1))dps/

e,r

i)™ [ a0 )

= g(\) forallRe A>r+e. O

Combining Propositions 0.1 and 0.2 with Theorem 0.2 we obtain the following
result on inversion of the vector-valued Laplace transform.

Theorem 0.4 Suppose g : C. — X is holomorphic and satisfies
NG (N < M, for ReA>0,0<n<k+]1, (0.25)
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where k > 0. Then there is a function u € C*((0,00); X) such that g(A) = a(\)
for Re A > 0. Moreover, there is a constant C > 0 such that

" u ™M () < C,  fort>0,0<n<k, (0.26)
and

[tF L) (1) — PR (s)| < Ot — s|[1 +log(t/(t— )], 0<s<t<oo. (0.27)

Proof: For n <k + 1 we define g,(\) = A"g(™ ()\); then for n < k, g,,(\) satisfies
the assumptions of Proposition 0.1, hence there are functions u,, € C(R.; X) with
1, (0) = 0 such that g, (\) = i, (\) and there is L > 0 such that

[un(t) —un(s)| < Ljt—s|, forallt,seRy, 0<n<k.

Proposition 0.2 yields ui+1 € C(R4; X) with ugy1(0) = 0 such that gry1(A) =
Mig11 () and

[t () — ugg1(8)| < L(t — s)[1 +log(t/(t — 8))], 0<s<t< 0.

Since
gn (V) =nA" g (A) + N gD (N) = (ngn () + gur1(N)/A

for all Re A > 0 and 0 < n < k, we obtain
Uy, (A) = ((n = D (N) + @ns1(N) /A,

which implies
t t
—tu,(t) = (n — 1)/ U (T)dT +/ Unt1(T)dT, t>0,0<n<k,
0 0

by uniqueness of the Laplace transform. This identity shows u, € C*((0,00); X)
and
—tul (t) = nuy () + up1(t), ¢>0,0<n<k.

Let u(t) = uf(t); then |u(t)] = |ui(t)]/t < L, hence
@A) = AMio(A) = go(A) = g(A),  ReA>0,

and u, (t) = (=1)"(t"u(t))™~V as is easily seen by induction. The assertion now
follows from the properties of u,(t). O

Propositions 0.1, 0.2 and Theorem 0.4 are taken from Priiss [278].

0.3 Volterra Equations with Bounded Kernels
Let X be a Banach space and consider the linear Volterra equation

u(t) = f(t) +/0 dK(T)u(t —T1), teJ, (0.28)
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where K € BV?(J;B(X)), f € C(J;X), and J = [0,T]. Along with (0.28) we
also consider the resolvent equations for (0.28) in B(X)

L(t) = K(t) + /Ot AK(T)L(t — 1), teJ, (0.29)

and .
L(t) = K(t) +/ Lt —7)dK(r), te.J (0.30)
0
The following result is basic.
Theorem 0.5 Suppose K € BVO(J;B(X)). Then there is a unique function

L € BVY(J;B(X)) such that (0.29) and (0.30) are satisfied. L(t) can be obtained
wa the Neumann series

L(t) = iKn(t), teJ, (0.31)
where
Ko(t) = K(t), Kp+1(t) = /75 dK(T)K,(t—71), teJ, neNy. (0.32)
0

Proof: (Uniqueness) Let Ly,Ly € L'(J;B(X)) be solutions of (0.29), (0.30), re-
spectively. Then

(Ly — K) % L1 = (Ly % dK) * Ly = Ly # (dK % Ly) = Ly % (Ly — K),

hence K « L1 = Ly x K, and consequently 1% Ly = 1 % Lo. This implies L1 = Lo
by differentiation, and so the solution L of (0.29), (0.30) is unique if it exists.

(Existence) Let k(t) =Var K|}j; then k € BVY(J) and by induction we obtain
that K,, defined by (0.32) belongs to BV?(J; B(X)), and Var K| < k,,(t) —k,(s),
where ko(t) = k(t), and kp41(t) = (dk % kp)(t). Let w > 0 be so large that
n= fOT e~ “'dk(t) < 1; such w certainly exists since k(0) = k(0+) = 0. Then by
induction fOT e “tdk,(t) < n"*1 n € Ny, and therefore

T
Var K, |8 < kn(t) < e“’T/ e “tdk, (t) < n"e*T, n e N.
0

This shows that the series defined by (0.31) converges absolutely in the norm of
BV(J;B(X)), and so L € BV°(.J; B(X)) exists. Since

L—K:L—KO:iKn:dK*iKn_l:dK*L

n=1 n=1
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and dK * K,, = K,, *dK for all n € Ny, L(t) satisfies the resolvent equations (0.29)
and (0.30). The proof is complete. O

The kernel L(t) is called the resolvent kernel associated with K (t). If u(t) is a
continuous solution of (0.28), convolving (0.28) with dL(t) and adding the result
to (0.28) we obtain the variation of parameters formula

t
u(t) = £(t) + / dL(F)f(t—7), ted (0.33)
0
Thus as a consequence of Theorem 0.5 we have

Corollary 0.2 Suppose K € BV?(J;B(X)) and let L € BV°(J;B(X)) denote
the resolvent kernel associated with K. Then for any f € C(J;X) with f(0) =0,
there is a unique solution v € C(J;X) of (0.28) which is given by the variation
of parameters formula (0.33). Moreover, the solution map f +— u preserves the
spaces LP(J;X), 1 <p < oo, and BV°(J; X) and the estimates

lulp < A+ UD)|flp, feLP(J;X), 1<p<oo, (0.34)
Varu|ll < (1+1(T))Var f|I, fe BV(J;X), (0.35)

hold, where 1(t) denotes the resolvent kernel of k(t), i.e. the solution of the scalar
equation | =k + dk = [.

Observe that the solution of (0.28) with f(¢) = « is # + L(t)z, which is in general
not continuous, but left-continuous only. (0.34) and (0.35) follow directly from
(0.33), observing that I(T') >Var L|{.

The resolvent kernel L(t) associated with K (t) is also useful in connection with
the operator-valued Volterra equations

Ut) = F(t) + /Ot AK(TU(t — 1), tel, (0.36)

and

V()= G(t) + /0 t V(t —7)dK(r), teJ. (0.37)

In fact, the solution of (0.36) is given by
t
Ut) = F(t) + / dL(r)F(t—7), teJ, (0.38)
0
while that of (0.37) is obtained via

V()= G(t) + /O t G(t —r)dL(7), te .. (0.39)
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Observe that by application to a vector z € X, (0.36) reduces to (0.28) and (0.38)
0 (0.33); however this is not the case for (0.37). This leads to a slightly different
behaviour of (0.36) and (0.37).

Corollary 0.3 Let Z denote another Banach space, K € BV°(J; B(X)) and let
L € BVY(J;B(X)) be the resolvent kernel associated with K. Then

(i) for every F € Cs(J;B(Z; X)), F € C(J;B(Z;X)), F € BV(J;B(Z; X)),
with F(0) = 0, there is a unique solution U € Cy(J;B(Z; X)), U € C(J; B(Z; X)),
U € BVY(J;B(Z; X)), of (0.56), respectively, and it is given by (0.38);

(ii) for every G € C(J;B(X;Z)) or G € BV(J;B(X;Z2)), with G(0) = 0
there is a unique solution V € C(J;B(X;Z)) or V. € BVY(J;B(X; Z)), of (0.37),
respectively, and it is given by (0.39).

Here, by Cs(J;B(Z; X)) we mean the space of all strongly continuous families
{F(t)}teq C B(Z; X), i.e. the functions F(-)z are continuous in X for each z € Z.

0.4 Convolution Equations with Bounded Kernels on the Line
Let X denote again a Banach space, and K € L*(R; B(X)). In this subsection, we
consider the convolution equation on the line

/ K(r)u(t —)dr, teR, (0.40)

where f € LP(R; X), 1 <p < c0.

Suppose (0.40) admits a unique solution v € Cyup(R; X) for each given f €
Cup(R; X). Then by the translation invariance of (0.40), the solution of (0.40)
for any 7-periodic continuous f must be 7-periodic. In particular, it must be
constant whenever f is constant. Now choose f(t) = e'y, p € R, y € X; then
v(t) = u(t)e " satisfies v = y + K, v, where K,(t) = e"""'K(t); hence v(t) = z
and so u(t) = ez, for some x € X; (0.40) then implies z = y + K(p)z. This
shows that [ — K (p) is invertible for every p € R. We state this necessary condition
as

Proposition 0.3 Let K € L*(R;B(X)), and suppose (0.40) admits a unique
solution u € Cyup(R; X)), for every f € Cup(R; X). Then I — K(p) is invertible for
each p € R.

Next consider the whole-line resolvent equations
—|—/ K(r)R(t—71), teR, (0.41)

and
—|—/ R(rK(t—71), teR. (0.42)
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Suppose (0.41) and (0.42) admit a solution R € L*(R; B(X)). Then R is necessarily
unique and the unique solution u of (0.40) is given by the variation of parameters
formula

/R ft—7)dr, teR. (0.43)

Tt is clear that (0.43) leaves invariant LP(R; X'), 1 < p < oo, as well as Cyp(R; X). Tt
turns out that the necessary condition obtained in Proposition 0.3 is also sufficient
for existence of R € L*(R; B(X)). This is the main result of this subsection; in
the case X = C it is due to Paley and Wiener [266], while the vector-valued case
was proved in Priiss [271] and Gripenberg [154]; for more general versions see
Gripenberg [155], and Gripenberg, Londen and Staffans [156].

Theorem 0.6 Let K € L'(R; B(X)). Then (0.41), (0.42) admit a unique solution
R € LY(R; B(X)) if and only if I — K(p) is invertible for each p € R.

Proof: (=) Let R € LY(R;B(X)) be a solution of (0.41), (0.42); then Fourier
transform yields

(I +R(p)I — K(p) = (I -~ K(p))(I +R(p)) =1, peR,

and so I — K(p) is invertible for each p € R.
(<) Let F € Cup(R; B(X)) be defined by

F(p) = R(p))(I - K(p)", pel. (0.44)

We are going to show that F(p) = R(p), p € R, for some R € L'(R; B(X)); once
this is known to be true it then follows easily that R solves (0.41), (0.42), by
uniqueness of the Fourier transform.

(i) Let ¢ € LY(R) be defined by o(t) = 2(7t?)~1sin(3t/2)sin(t/2), t € R; a
simple computation yields

1 for |p| <
¢p) =4 2—lpl for1<]p \
0 for |p\ >2

Define ¢.(t) = ep(et), t € R; then G.(p) = @(p/e), p € R, and with p, = 3ne,
[n| < N, we obtain the partition of unity

D> Gelp—pn)+Un(p) =1, pER, (0.45)
N
where
0 for |p] < (3N + 1)e,
on(p) =1 lpl/e—3N—1 for BN + e < [p| < (3N +2)z,

1 for |p| > (3N + 2)e.
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By means of this partition of unity we obtain the decomposition

N
F(p) = é:(p—p)F(p) +Un(p)F(p), pER,
_N

and it is sufficient to show that each term of the right hand side is the Fourier-
transform of an L (R; B(X))-function.
(ii) Define K, (t) by

K (t) = [((p2ee™) % K)() — g2 (1) K (pu)](I = K(pn)) ™!, tER

then

N

K, < M / | / K(r)(pa(t — 1) — ae (£))ei# 0= dir|dt

IN

i [ T IE@N / T lonet — ) — oe(t)di)dr
- T RGN / T llt — 2e7) — olt)|dt)dr

< 2M|glu( / K (r)|dr) + MIK] - sup |l — h) — o1,
IT|>1/Ve |h|<2v/F

where M = sup{|(I — K(p))~*| : p € R} < oo by assumption and since |K(p)| — 0
as |p| — oo, by the Riemann-Lebesgue lemma. Choosing € > 0 small enough we
obtain |K,|1 < 1/2 for each |n| < N. The Fourier transform of K, (t) is easily
evaluated to the result

K. (p) = P2c(p— pn)(f((p) - f((pn))(j - f((pn))_la p €R,

hence

Fu(p) = @e(p=pn) K (p) 1=K (p) ™" = = (p=pu) K (p) [~ K (pn)) " (I=Kn(p)) ",
with Pa:(p) = 1 on supp @.. Since |K,|1 < 1/2, F,,(p) is the Fourier transform of
R, € L}(R; B(X)) given by
Ry = e« K (I — K(pn)) ™" Y K.
1=0

(iil) Let x(t) = 2(wt?) "' sin?(t/2) denote Fejer’s kernel, define dilations of them
by xn(t) =3Nex(3Net), and let Ky = xny * K. Then Ky — K in L'(R; B(X))
as N — oo, € > 0 fixed, and

[ (1= pl/3NE)K (p) for |p| < 3Ne,
En(p) _{ 0 otherwise.
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In particular Ky (p) = 0 on supp 'y, and therefore
Fn(p) = on(pK(p)I - K(p)™

= (K(p) =Y _ @=(p—pn)K(p))(I = (K(p) — Kn(p))~"

is the Fourier transform of a function Ry € L'(R; B(X)) as at the end of step
(ii), provided N is chosen so large that |[K — K| < 1 holds. The proof is now
complete. O

As indicated in front of Theorem 0.6, we obtain the following result on solvability
properties of (0.40) as a consequence of this result.

Corollary 0.4 Let K € L'(R; B(X)) be such that I — K (p) is invertible for p € R.
Then for every f € LP(R; X) there is a unique solution v € LP(R; X) of (0.40),
where 1 < p < oo. If R € LY(R; B(X)) denotes the whole-line resolvent of (0.40)
the solution u of (0.40) is given by (0.43). Moreover, the spaces Cyup(R; X) and
Cy(R; X)) are also invariant under the solution map f — u.

In the Volterra case we have supp K C R;; this does not necessarily imply
supp R C Ry, in case R € L'(R; B(X)) exists. In fact, R € L'(R,; B(X)) yields

(I—KM\)I—=R\)=I-RN)I-KMX =1, ReA>0,

i.e. I — K(X) must necessarily be invertible for all Re A > 0, not only on the
imaginary axis. It turns out that this condition is also sufficient; this is the Paley-
Wiener lemma on the halfline. The argument used in the proof is a straightforward
adaption of the original idea of Paley and Wiener [266]; see also Gripenberg,
Londen, and Staffans [156].

Theorem 0.7 Let K € L'(Ry;B(X)), and extend K(t) to all of R by 0. Then
(0.41), (0.42) admit a unique solution R € L'(Ry;B(X)) (R(t) =0 fort < 0) if
and only if I — K(X) is invertible for each Re X > 0.

Proof: Extend K(t) by 0 to all of R. Since I — K (ip) = I — K(p) is invertible for
all p € R, by Theorem 0.6 there is a solution R € L*(R; B(X)) of (0.41), (0.42).
Let Ry(t) = R(t)eo(t), R—(t) = R(—t) — Ry(—t), t € R, where e(t) denotes
the Heaviside function. Then R, and R_ vanish for ¢ < 0, hence their Laplace
transforms are well-defined, analytic for Re A > 0, bounded and continuous on
C,, and tend to zero as |\| — co. Define

KNI -KWN) ™ =Ry()), ReA>0
G = { R_(=)), : Re \ < 0;

then G(ip +0) = R(p) — Ry (p) = R_(p) = G(ip — 0), p € R, i.e. G()) is entire
by Morera’s theorem, (cp. eg. Conway [59]), bounded and G(\) — 0 as |A| — oo.
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Liouville’s theorem yields G(A) = 0, hence Ry (\) = K(A\) (I —K(X))™!, Re A > 0,
i.e. R = Ry by uniqueness of the Fourier transform. O

0.5 The Spectrum of Functions of Subexponential Growth
Let f € L} _(R;X) be of subexponential growth, where X denotes a complex

loc
Banach space; by this we mean

/ e*5|t||f(t)|dt < oo, for eache > 0.

The Fourier-Carleman transform f of f is defined by

s ) ST e M, Re A >0
F) = { —Ojf’oo e Mf(t)dt,  Re A< 0.

Obviously, f(A) is holomorphic in C\ ¢ R. Define
p(f) ={p e R: f(\) is analytically extendable to some B.(ip)}; (0.46)

then o(f) = R\ p(f) is called the spectrum of f. The Fourier-Carleman transform
and this approach of defining the spectrum of functions in the scalar case are due
to Carleman [37]; see also Katznelson [194].

Example 0.1 (i) Suppose f € Llloc(lR; X) is T-periodic. Then an easy computation

yields

fO)=(1- e*“)*/ e Mf(t)dt, Re\#0, (0.47)
0

ie. f (M) extends to a meromorphic function with simple poles at most at A,, =
2min/7, n € Z. The residuum at A = A, is given by

. 1 [ .
Resf(A\)acx, = fn = = / =2t (N dt, e Z,
0

-
the nt" Fourier coefficient of f. Therefore we have
o(f)y={2mn/T:neZ, f,#0}C (2n/7)Z. (0.48)

(ii) Let f € L'(R; X) and let f(p) denote its Fourier transform

o0

flp) = [ ft)e tdt, peR. (0.49)
Then
Jim (Fip+0) = flip - ) = tim [~ fe e Mar = fip)

oc—0+
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for every p € R; therefore py & o(f) implies f (p) = 0 in a neighborhood of pg,
and so pg € supp f. Conversely, if po & supp f then f (A ) is continuous on a ball
B.(ipy), hence by Morera’s theorem (cp. Conway [59]), f(A) is holomorphic there,
i.e. po € o(f). This implies the relation

o(f) =suppf, forall fe L'(R;X). O (0.50)

Below we will show that (0.50) holds for all f € L}, .(R; X) of polynomial growth
provided the Fourier transform of f is understood in the sense of vector-valued
distributions.

Next we summarize some of the properties of the spectrum of functions of
subexponential growth.

Proposition 0.4 Let f,g € Lj,.(R; X) be of subexponential growth, o € C\ {0},
K € BV(R; B(X; Z)) with suppdK compact. Then

(i) o(f) is closed; (it) o(af) = o(f);
(i) o(f(- + h)) = o(f); () o(f) C a(f);
(v) o(f+9) Calf)Uoalg); (vi) o(dK * f) Co(f);

(vii) o(dK f) C o(f) — suppdK.

Proof: (i) and (ii) are trivial by the definition of o (f).
(iii) follows from the identity

FE+h)N) =eMfN) - /Oh A F()dt,  Re A #0, (0.51)

since the second term on the right is an entire function.
(iv) If f € L} (R; X) is of subexponential growth, then

~

J) =Af(A) = f£(0),  Re A#0;
this implies (iv).
(v) If p & o(f) Ua(g) then f(A) and §(\) admit analytic extension to a ball

Be(ip())v hence P € J(f + g) .
(vi) Since supp dK is compact, i.e. K(t) is constant for ¢ > N, ¢t < —N, say,

dK x f is well-defined and
N [e%S)
[ @i e ol
—-N —00

/m e SdK « fldt
- N iy [ el
d elT —e|t d
(/w' K(7)le )[we | f(t)|dt,

hence dK * f is again of subexponential growth. A simple computation yields for
Re A#0

(dK * f)A(/\) = (/OO dK (7)e ) f(\) + /jo dK (1) /OT f(t—7)e Mdt, (0.52)

— 00

IN

IN

and so (vi) follows since the coefficient of f(\) and the second term are entire.
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(vii) We have for Re A > 0

(dK . f)A()\) _ /O‘X’ Cﬂ'/{(t)f(t)ei)\tdt _ /OO dK(p) AOO f(t)e,(,\Jrip)tdtds

— 00

/OO dK (p) f (X +ip)dp, (0.53)

—o0
and similarly for Re A < 0. This formula defines an analytic extension to all

A = ipo, such that pg + p &€ o(f), for p € supp dK i.e. (vii) holds. O

The spectrum of a function also enjoys a certain continuity property which turns
out to be very useful.

Theorem 0.8 Let f,, f € L}, .(R; X) be of subezponential growth and such that

loc
(i) [ e =M fu(t) — fF(t)|dt — 0 as n — oo, for each e > 0;
(i) there are ¢ > 0 and k € Ny such that

[Fa(N)| < c|Re A|™F, 0 < |Re A <36, neN.
Then o(f,) C A for all n € N implies o(f) C A; equivalently
o(f) C Nmz1Unzmo(fn). (0.54)
Proof: (i) implies 7;()\) — f(\) uniformly on compact subsets of C\ i R. Let

A C R be closed and such that o(f,) C A for all n € N. Choose pg ¢ A, and let
r <dist(po, A)/4, r < 6/2. We want to prove that f()\) admits analytic extension

to Be(ipg); for this it sufficient to prove
Fa(N| <M forallneN, |A—ipy| <r, (0.55)

by Montel’s theorem (cp. Conway [59]). For this purpose observe that ﬁ()\) is
holomorphic on B (ipg), hence Cauchy’s theorem yields with

— ipn)2
h) = [~ ipo)(1 + A0 e
the relation
AR =g [ HERE) T e B, ne .
z—ipo|=2r

Since for |z — ipg| = 2r we have |h(2)| = 2¥| Re z|¥, (ii) yields

e c _k_ldz| k+1
B Ta V)] < —/ 2% Re 2|t - | Re 2| F %L < okt
27 |z—ipo|=2T |Z - >‘|
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for all A € B, (ipg), n € N, and so

— — 1
wp B = s RO < sp |
A€EB:(ipo) [A—ipo|=r [A—ipo|=r (\)
< 2k+1c(§)kr_k =M,

independently of n € N, i.e. (0.55) follows and the proof is complete. O
Observe that (i) of Theorem 0.8 is implied by

Iful <g ae., fn— fae. (0.56)

where g € L}, .(R) is of subexponential growth, while (ii) follows if g is growing

polynomially, i.e.

/ l[g(t)|(1 4 [t])"™dt < 00 for some m > 0.

— 00

In fact, then

|?;()\)| < /OOO g(t)e_ReMdt < (/OOO g(t)(l + t)_mdt) . 328[(1 + t)me—Re/\t]
(/Oo gL+t (o) T, 0 <Red <1,
0 €

IA

and similarly for 0 > Re A > —1.

0.6 The Spectrum of Functions Growing Polynomially

We have seen in Example 0.1, (ii) that o(f) = supp/f holds for f € L'(R). This
characterization of the spectrum allows for a considerable extension if the Fourier
transform is understood in the sense of distributions. For this purpose let f €
Li,.(R; X) be of polynomial growth; the tempered distribution D¢ corresponding
to f is then defined according to

Dol = [ T Hetyd, pe S, (0.57)

where S denotes the Schwartz space of all C*°-functions on R with each of its
derivatives decaying faster than any polynomial. The Fourier transform of Dy is
defined by .

[Dy, ¢l =Dy, @], ¢€S. (0.58)
Recall also the definition of supp Dy. A number p € R belongs to supp Dy if for
every ¢ > 0 there is ¢ € S such that supp ¢ C B:(p) and [Dy, ¢] # 0.

Proposition 0.5 Let f € L}, (R; X) be of polynomial growth. Then
(i) o(f) = suppDy;
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(it) o(f) =0 <= f=0;

(iii) o(f) ={p1,- .-, pn} <= f(t) = Y 1_, pe(t)ePrt, for some polynomials py(t).
(iv) o(f) compact <= f admits extension to an entire function of exponential
growth.

Proof: (i) If po & o(f) then f(\) admits holomorphic extension to some ball
B.(ipy). Let ¢ € S be such that supp ¢ C B:(pg); then

|- dn-apetore = [ ([ e ang(oyp
= [ swetawa

/f dt—hm/ F(e MG (t)at

Jim [ (f(erU) — fip—a))p(p)dp =0,

implies with ¢ — 0+

Dy, ¢]

ie. po & supplA)}. This shows the inclusion suppﬁ} C oa(f).

To prove the converse inclusion we use Theorem 0.8. For this purpose let
1 € C§°(R) be such that supp ¢ C (—1,1) , ¢ > 0, and ffooo Y(p)dp = 1; define
n(p) = np(np). Then Yn — 1 asn — oo, uniformly for bounded ¢, and 12; €S.
Since f is polynomially growing, f, = ;/1; f belongs to L' (R; X), f,, — f uniformly
for bounded ¢, and |f,| < |f| = g. Thus (0.56) holds, which implies (i) and (ii) of
Theorem 0.8 since f is growing polynomially. Example 0.1, (ii) yields

o(fn) = suppf, C Bg(suppbvf) for n > n(e).

In fact, if ¢ € S is such that supp ¢ C B./2(po), then
| R = [ nwsd= [ roioaod

/_ T 0 p(0)dt = Dy, o+

with supp (¢, * ¢) C supp ¢ + supp ¥, C B.2(po) + (—1/n,1/n) we conclude
[ITf,wn x ] = 0 if dist (po, suppbv]c) > e and /2 > 1/n. Therefore, by Theorem
0.8 we obtain o(f) C B:(supp l’)\}) for every € > 0, i.e. o(f) C supplf)vf.

(ii) o(f) = 0 implies 5} =0 by (i), hence Dy =0, and so f = 0.

(iii) Consider first the special case o(f) = {0}; we then have to show that f is
a polynomial. For this purpose consider the Laurent expansion of f (M atA=0

) = iam, xeC\ {0}
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The coefficients a,, are given by

ap, = =— f()z""" Yz, neZ,

27 |z|=r

where r > 0 is arbitrary. Since f is of polynomial growth by assumption, there
follows the estimate

IFN)] < cRe A%, 0<|Re A <1, (0.59)

for some k € Ng. This implies

1 2 s
—/ P G Z—Q)kf(z)dz| <2k, forallme Z, r >0,
210 J = r
hence

k

Z _ 2 k\ _
rin > | < ) 27TZ /l Zn-‘rk 1+2lf(z)dz| _ | § : (l>,r 2lafnfk72l|~
Zl=r =0

Multiplying with 72* and letting » — 0 then implies a_,,_, = 0 for all n > 1, i.e.
A =0 is a pole of order at most k of f(\). Let fo(t) = Zf:o a_;_1t'/1! ; obviously
fo(N) = Z:i ax""and so f(A) — fo(A) is entire, i.e. o(f — fo) = 0, hence f = fo.
The general case can now easily be reduced to this special case.

(iv) Suppose o(f) is compact; we then define

/f Ner¥d\, zeC,
2m

where I" denotes any closed rectifiable simple contour surrounding o(f) clockwise.
Tt is easy to verify that for any |Re )\| > max,er |Re | the identity

Fo(\ =5 / fu

holds. Thus it remains to show that the rlght hand side of this equation equals
f(A). For this purpose let R > 0 be sufficiently large, i.e. R > |\|, and R >
max{|p| : p € o(f)}. Then Cauchy’s theorem yields the identity

. 1 TR dp

1+ =) f(\) = — 1+ 5 f(p) —— 0.60
(g 0 =5 [ B ) (0.60)
where ' =T~ U, T =T UT} (cp. Fig. 0.1) and k from (0.59). Similarly to
the estimate in step (iii) of this proof, we obtain

L / (1+ s ) F(w) du | < 2FR7F sup L 0 asR—
— — _— — — 00,
2mi R? W= =g = Al

hence with R — oo, (0.60) implies ﬁ)( A) = f(A) for all Re X # 0. By uniqueness

of the Laplace transform this yields fo = f. The converse follows from the Taylor
series of entire functions. O
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o(f)
R 0 R

Figure 0.1: Integration path for (0.60)
The characterization o(f) = supp B} allows for some further useful properties.

Proposition 0.6 Let f € L}, .(R; X) be of polynomial growth, and let ¢ € S, the
Schwartz space. Then B

(i) o(¥ * f) C o(f) Nsupp¢; B

(it) o(f = f) Co(f) Nsupp(l —v);

(iii) Y x f = f if ¥ = 1 on a neighbourhood of o(f);

(i) o(f) N supp ) = 0 implies P * f = 0.

Proof: Observe first that i x f is well-defined and of polynomial growth again
when f is of this class and ¥ belongs to §. The principal property which leads to
Proposition 0.6 is the identity

[Dyes,¢) = [Df, 0g], @ €S. (0.61)

To prove (i), suppose p € o(f); then o(f) N B.(p) =  for some ¢ > 0. Let ¢ €
C5°(R) such that supp ¢ C B.(p); with (0.61) we obtain [Dy.f, ¢] = [lf)\;, Y] =0,
since supp ¥y C B.(p), by the definition of supp bvf Therefore (¢ * f) C o(f).

On the other hand, suppose p & supp ’t/NJ; then supp z/NJ N B.(p) = 0 for some
e > 0. Let p € C°(R), supp ¢ C Be(p); (0.61) yields this time [ﬁd,*f,go] =
[bvf,zl;cp] = 0, since supp ¢y = supp ¢¥N supp ¢ = 0, i.e. ¥p = 0. Therefore
o(¢ * f) C supp ¥ follows.

To prove (ii) observe that (i) and Proposition 0.4 already imply o(f —1* f) C
o(f)Ua(* f) C o(f). Solet p & supp (1 — 1), and choose € > 0 such that
supp (1 — %) N Bs(p) = 0. Then for ¢ € C°(R), with supp ¢ C Be(p); we have

[Df—w*f7‘Pl = [Dy, (1 — )g] = 0, since (1 —1b)p = 0. Therefore o(f — ) * f) C

supp (1 — ), and (ii) follows.
The remaining assertions are direct consequences of (i) and (ii). O
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The last result of this subsection is useful in detecting the spectrum of bounded
functions, in particular of almost periodic and asymptotically almost periodic func-
tions.

Proposition 0.7 Let f € L®(R; X) and p € o(f). Then there is a constant
M(p) > 0 such that

¢
|/ e P f(s)ds| < M(p), for allt > 0.
0

In particular
N .
alp, f) == Nlim N_l/ e P f(s)ds =0 for all p & o(f).

Proof: Replacing f(t) by e~%!f(t) if necessary, we may assume p = 0. If 0 ¢
o(f) then f(\) is holomorphic and bounded on some ball By,.(0). Let ', denote
the circle |\| = r oriented counterclockwise and I}, I'; its parts located in the
right resp. left halfplane. Define g;(\) = fot e~ f(s)ds, where t > 0 is fixed but
arbitrary otherwise; ¢g;() is an entire function, hence Cauchy’s theorem yields

1 A2 d
9:(0) = i )i ge(N)e (1 + 2 )T
Similarly
i L[ A dA
= — 1 P _
FO =5 [ Feras 5T

by holomorphy of f()) in Bs,(0). Subtracting and collecting terms we obtain
t
[ s = 00 =F0) = [ Fmix
0 ry

+ [ @)= Fonmar+ [ a(max

r r

where
he(N) = (2mid) "Le M (1 + \2/r?).

Since f(\) is bounded on T, say by M, and hy()\) is so on I';, the first integral
is bounded by M. For the second one we have

l9:(X) = fFVI < /too £ (7)|exp(=Re AT)d7 < [f|oo - exp(—Re At)/ Re A,

for all Re A > 0, and

|he(N)| < (27r) "t exp(Re At)(2Re \)/r,
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therfore the second integral is estimated by |f|o/r. For the last one we obtain
similarly

(27r) " exp(Re At)(2|Re A|)/r - /0 |f(T)] exp(—Re A7)dr

| floo /772,

hence the integral is dominated also by |f|so/r. Summing up there follows

|96 (M) he (V)]

IN

IN

t
| / F)dr] < 2M + |floo/r). t >0,
0

hence the result is proved. O



Chapter I

Equations of Scalar Type



1 Resolvents

The concept of the resolvent which is central for the theory of linear Volterra
equations is introduced and discussed. It is applied to the inhomogeneous equa-
tion to derive various variation of parameters formulas. The main tools for prov-
ing existence theorems for the resolvent are described in detail; these methods
are the operational calculus in Hilbert spaces, perturbation arguments, and the
Laplace-transform method. The generation theorem, the analog of the Hille-Yosida
theorem of semigroup theory for Volterra equations, proved in Section 1.5, is of
fundamental importance in later chapters. The theory is completed with several
counterexamples, and with a discussion of the integral resolvent.

1.1 Well-posedness and Resolvents

Let X be a complex Banach space, A a closed linear unbounded operator in X
with dense domain D(A), and a € L}, .(R;) a scalar kernel # 0. We consider the
Volterra equation

u(t) = f(t) + /0 a(t — $)Au(s)ds, € J, (1.1)

where f € C(J; X), J =1[0,T]. In the sequel we denote by X4 the domain of A
equipped with the graph norm |- |4 of A, i.e. |z|a = |z] + |Az|; X4 is a Banach
space since A is closed, and it is continuously and densely embedded into X. We
shall use the abbreviation

(ax F)(t) = / alt — )f(s)ds, teJ,

for the convolution.
The following notions of solutions of (1.1) are natural.

Definition 1.1 A function u € C(J; X) is called

(a) strong solution of (1.1) on J if u € C(J; X4) and (1.1) holds on J;

(b) mild solution of (1.1) on J if axu € C(J; X4) and u(t) = f(t) + A(a*u)(t)
on J;

(c) weak solution of (1.1) on J if

<u(t),z” >=< f(t), 2" >+ < (a*u)(t), A"z >

on J, for each x* € D(A*).

Obviously, every strong solution of (1.1) is a mild solution, and each mild solution
is a weak one. If in addition, the resolvent set p(A4) of A is nonempty, then every
weak solution is also a mild one; see Proposition 1.4 in Section 1.2. However, in
general not every mild solution is a strong solution.

Note that in case a(t) =1 and f € C1(J; X), (1.1) is equivalent to the Cauchy
problem

u(t) = f(t) + Au(t), w(0) = f(0). (1.2)

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_1, 30
© Springer Basel 1993
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A moment of reflection shows that our solution concepts coincide with those which
are usually employed with (1.2). Similarly, if a(t) = ¢ and f € C%(J; X), (1.1) is
equivalent to

i(t) = f(t) + Ault), u(0) = f(0), @(0) = f(0), (1.3)

and our solution concepts for (1.1) become those for second order problems (1.3).

There are two natural transformations associated with (1.1). The first one
consists of an exponential shift which results from multiplication of (1.1) with
e @ Then uy,(t) = u(t)e " will be again a solution of (1.1) with f(t) replaced
by f.(t) = f(t)e™**, and a(t) by a,(t) = a(t)e”“!. This way the kernel can be
made integrable whenever a(t) is of exponential growth.

The second transformation concerns the operator A. Adding wa * u to both
sides of (1.1) and defining v = u + wa * u, (1.1) transforms into an equation of
the same form, but with A replaced by A + w and u by v, and a by the resolvent
kernel 7, i.e. the solution of r + wa * r = a. This way one can assume 0 € p(A)
whenever p(A) # 0.

These transformations can always be carried out when considering (1.1) locally
on Ry, however, they change asymptotic behaviour.

The following definition of well-posedness is a direct extension of well-posed
Cauchy problems (1.2).

Definition 1.2 FEquation (1.1) is called well-posed if for each x € D(A) there
is a unique strong solution u(t;x) on Ry of

u(t) =x + (ax Au)(t), t>0, (1.4)

and (z,,) C D(A),z, — 0 imply u(t;z,) — 0 in X, uniformly on compact inter-
vals.

Suppose (1.1) is well-posed; we then may introduce the solution operator S(t) for
(1.1).
S(t)x =u(t;z), x€D(A), t>0. (1.5)

By uniqueness, S(t) is unambigously defined and linear for each ¢ > 0, S(0)z = =
holds on D(A), and S(t)x is continuous on R, for each x € D(A). We show that
S(t) is also uniformly bounded on compact intervals. To see this, assume on the
contrary there are sequences (t,) C [0,7] and (y,) C D(A), |yn| = 1, such that
|S(tn)yn| > n for each n € N; then x,, = y,/n € D(A4), z, — 0, hence from
Definition 1.2 we obtain the contradiction

1< |S(tn)xn| = [ultn;zn)] — 0 as n— oo.

Thus S(t) is bounded and therefore admits extension to all of X, S(t)x is con-
tinuous for each = € X. By definition of strong solutions it is further clear that
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the solution operator maps D(A) into itself, AS(t)z is continuous on R, for each
x € D(A) and
Stlx=xz+axAS(t)r =x + Aax S(t)x

holds on R;. Since S(t) is bounded we obtain further R(a * S(t)) C D(A) and
Aax S(t) = S(t) — I is strongly continuous on R4 ; in other words u(t; z) = S(t)z
is a mild solution of (1.4) for each z € X. Next we observe that also the mild
solutions of (1.4) are unique. In fact, if u = Aa % u then v = a * u is a strong
solution of (1.4) with z = 0, hence v = 0 by uniqueness of the strong solutions;
Titchmarsh’s theorem (cp. e.g. Yosida [347], p. 166) then implies v = 0. Finally,
we see that A commutes with S(¢); in fact, for € D(A), both u(t; Azx) and
Au(t; x) are mild solutions of (1.4) with = replaced by Az, hence

S(t)Az = u(t; Az) = Au(t;z) = AS(t)z  for all z € D(A), t > 0.
These considerations give rise to the following

Definition 1.3 A family {S(t)}:>0 C B(X) of bounded linear operators in X
is called a resolvent for (1.1) [or solution operator for (1.1)] if the following
conditions are satisfied.

(S1) S(t) is strongly continuous on Ry and S(0) =1;

(S2) S(t) commutes with A, which means that S(t)D(A) C D(A) and AS(t)x =
S(t)Ax for all x € D(A) and t > 0;

(S3) the resolvent equation holds

St)r =z + /Ot a(t — s)AS(s)xds  for all x € D(A), t > 0. (1.6)

We have proved so far that a well-posed problem (1.1) admits a resolvent; the
converse is also true.

Proposition 1.1 (1.1) is well-posed iff (1.1) admits a resolvent S(t). If this is
the case we have in addition R(a x S(t)) C D(A) for allt > 0 and

t
St)r =z + A/ a(t —s)S(s)xds  forall z € X, t>0. (1.7)
0

In particular, Aa xS is strongly continuous in X.

Proof: The only thing left to prove is that existence of a resolvent S(t) implies well-
posedness of (1.1). So suppose S(t) is a resolvent for (1.1). Then, by the properties
of S(t), for each & € D(A) the function u(t) = S(t)z is a strong solution of (1.4).
To prove its uniqueness let v(t) be another strong solution of (1.4); by (S2) and
(S3) as well as by (1.4) we obtain

lxv = (S—axAS)*v=Sxv—S*axAv
= Sx(v—axAv)=S*x=1x*Sz,
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hence after differentiation v(t) = S(t)x. Continuous dependence of the solutions
on z follows directly from uniform boundedness of S(t) on compact intervals which
in turn is a consequence of (S1), by the uniform boundedness principle. O

Corollary 1.1 (1.1) admits at most one resolvent S(t).

Proof: 1f S1(t) and S3(t) are both resolvents for (1.1), then for z € D(A) we obtain

1% Sz = (S2—axAS2)*S1x =Sy S1x—axSy* AS1x
= Sox(S1x—ax ASjz) = S xx = 1% S,

hence S1(t)x = Sa(t)z for each x € D(A), t > 0, and so S1(t) = Sa(t) by density
of D(A). O

For the special cases a(t) = 1 and a(t) = ¢ mentioned above the resolvent S(t)
becomes the Cp-semigroup e? generated by A, resp. the cosine family Co(t) gen-
erated by A.

1.2 Inhomogeneous Equations
Suppose S(t) is a resolvent for (1.1) and let u(t) be a mild solution of (1.1). Then
from (S1) ~ (S3) we obtain

1xu = (S—Aax9))xu=Sxu—AS* (a*u)
= Sxu—S*(Adaxu)=9«(u—Aaxu)=S5x*f,

i.e. S* f is continuously differentiable and

d t
u(t) = L / S(t—s)f(s)ds, te . (1.8)
This is the variation of parameters formula for Volterra equations (1.1).

Proposition 1.2 Suppose (1.1) admits a resolvent S(t) and let f € C(J; X).
Then

(i) if w € C(J; X) is a mild solution of (1.1), then S * f is continuously differen-
tiable on J and

u(t) = %/0 S(t—s)f(s)ds, ted; (1.9)

in particular, mild solutions of (1.1) are unique,
(ii) if f € WH(J; X) then

u(t) = S(t) f(0) —|—/ S(t—s)f(s)ds, teJ, (1.10)

0

is a mild solution of (1.1),
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(iii) if f = x +ax*g, with g € WH(J; X) and x € D(A), then
u(t) =S{t)xr+a*xS(t)g0) +ax*xSx*g(t), tedJ, (1.11)

is a strong solution of (1.1);
(iv) if f € WH(J; X 4) then u(t) given by (1.10) is a strong solution of (1.1).

Proof: (i) If f € WH1(J; X) then u(t) defined by (1.10) is continuous on J and
we obtain from Proposition 1.1

axu=axSf0)+axS*fecD(A) foreach teJ
and

Aaxu = AaxSf(0)+ (AaxS)x f
= (S-DfO)+Sf—1xf
= SfO) +8xf=fO)—1xf=u-],
i.e. u(t) is a mild solution of (1.1).

(iii) Let v = Sg(0) + S * g; by (ii) v is a mild solution of (1.1) with f replaced
by g, in particular we have a x v € C(J; X 4). Now, u(t) given by (1.11) becomes
u= Sz +ax*v, hence u € C(J; X4) since x € D(A) and so u is a strong solution
of (1.1).

(iv) This is a direct consequence of (ii) since S(t) commutes with A. O

Suppose for a moment a € BVj,.(Ry); then, given 2 € D(A), we obtain from the
resolvent equation (1.6) that S(-)x is of class W2 (Ry; X) and

loc
S(t)z = /Ot da(s)S(t — s)Axz, t>0. (1.12)

In this case (1.8) can be rewritten as

u(t):f(t)—i—/o S(t— ) f(s)ds, te, (1.13)

and the right hand side of this equation makes sense if we only know f € C(J; X 4)
rather than f € WhH1(J; X 4). In general, S(t) will not be differentiable on D(A),
this leads to a restricted class of resolvents.

Definition 1.4 A resolvent S(t) for (1.1) is called differentiable, if S(-)z €
WENRy; X) for each x € D(A) and there is ¢ € L}, (Ry) such that

|S(t)z| < p(t)|z|a  a.e. on Ry, for each z € D(A). (1.14)
We have shown above that S(¢) is differentiable in case a(t) belongs to BVje.(R4).

Whenever S(t) is differentiable then (1.13) makes sense for each f € C(J;X4)
and from this we obtain.
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Proposition 1.3 Suppose (1.1) admits a differentiable resolvent S(t). Then
(i) if f € C(J;Xa) then u(t) defined by (1.13) is a mild solution of (1.1);
(i) if f=x+axg, withg e C(J;Xa) and x € D(A), then

u(t) = S(t)z +axg(t)+axSxgt), telJ, (1.15)
is a strong solution of (1.1).
Proof: If S(t) is differentiable, then S(t) satisfies
S(t)x = a(t)Az + Aax S(t)z, aa. t>0, 2z € D(A); (1.16)
in particular a * S(t) maps D(A) into D(A) for a.a. t > 0 and
|[Aax S(t)z] < |S()z] + |a(t) Az| < (p(t) + |a(t)])|z]a-

This implies for f € C(J;X4) that a*u =a* f 4+ a xS * f belongs to C(J; X 4),
hence v is a mild solution of (1.1) by (1.16).

If f=x+axg with g € C(J; X4) then v = g+ S *g is a mild solution of (1.1)
with f replaced by g, hence axv € C(J; X4). But (1.15) reads u = Sz +a*v and
sou € C(J; X 4) since z € D(A) and u is a strong solution of (1.1) by (1.16). O

We conclude this section demonstrating that the concepts mild solution and weak
solution for well-posed equations of the form (1.1) coincide since then p(A) # 0,
as we shall see in the next section.

Proposition 1.4 Let f € C(J;X) and suppose p(A) # 0. Then each weak
solution w on J of (1.1) is a mild solution of (1.1) on J.

Proof: Suppose p € p(A) and let v € C(J; X) be a weak solution of (1.1); then
for each z* € D(A*) we have

<a*xu,A*x* >=<u—f,z* > onJ,

hence
<axu,(p— ANz >=<f—-u+paxu,x*> onJ.

Since p — A* is invertible, we obtain with y* = (u — A*)z*
<axu,y*> = <f-utpaxu,(p— A"y >
= <(u—A)"f—u+paxu)y >
for all y* € X*, hence
axu=(u—A)"(f—u+pa*xu) onJ.
But this implies a * u(t) € D(A) for each ¢t € J and
Aaxu(t) =u(t) — f(t) on J,

i.e. u(t) is a mild solution of (1.1). O



36 Chapter I. Equations of Scalar Type

1.3 Necessary Conditions for Well-posedness
Suppose S(t) is a resolvent for (1.1) and let —p € o(A) be an eigenvalue of A with
eigenvector = # 0. Then

St)x = s(t;w)z, t>0, (1.17)

where s(t; p) is the solution of the one-dimensional Volterra equation

¢
s(t;p) + u/ a(t —71)s(r;p)dr =1, t>0. (1.18)
0
In fact,
Aaxs(t;p)r = ax* s(t; p)Ar = —pa * s(t; p)e = s(t; p)r — «,

hence (1.17) holds, by uniqueness of the solutions of (1.4). Similarly, if S(¢) is
differentiable then

S(t)x = pr(t; )z, t>0, (1.19)

where r(¢; p) is the solution of the one-dimensional equation

¢
r(t;u) + ,u/ a(t —1)r(r;p)ydr =a(t), t>0. (1.20)
0
These observations lead to necessary conditions for well-posedness of (1.1).

Proposition 1.5 Suppose (1.1) admits a resolvent S(t), and let s(t; p) and r(t; p)
be defined as the solutions of the scalar Volterra equations (1.18) and (1.20). Then
(i) there is a locally bounded lower semicontinuous function (t) such that
[s(t; )] <(t)  for all —p € o(A) and t > 0; (1.21)
(ii) if S(t) is differentiable, then there is p € L} (Ry) such that
|r(t; p)| < @(t)  for all —pu € o(A) and a.a. t > 0. (1.22)

In particular, there is a sequence (uy) C p(A) such that |pu,| — oo.

Proof: (i) Suppose —u € og(A)\o,.(A); then there are sequences (z,) C D(A),
|zn| =1 and (yn) C X, y, — 0 such that (x+ A)zy, = yn. Set u,(t) = S(t)x, —
s(t; ) xy; then uy, (t) satisfies the equation

Up + pa * Uy = a* Syp,

hence
Up =7(; 1) * Sy, =0 as n — oo,
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uniformly on compact intervals. Therefore
|s(t; )| = [s(t; | < Jun(B)] + [S()an| < fun(t)] +1S(1)],
i.e. with n — oo
|s(t; )] < |S(¢)] forall t > 0.

On the other hand, if —p € 0,(A) then there is * € D(A*), |x*| = 1, such that
A*x* = —px*; given x € X, this implies by (1.7)

< Sr,xt >=<x,2* > —pax < Sx, " >,
ie.

<Sz,x* >=s(;p) <z,z*> on Ry,

by uniqueness. Thus we obtain

|s(t; )| = sup [s(t; p) < w,2" > | = sup | < S()z, 2" > | <[SE)];
|| <1 |z|<1

this means that 1(t) = |S(t)] is the function we are looking for. It follows from the
strong continuity of S(t) that v(t) is locally bounded and lower semicontinuous.

(ii) is proved by a similar argument, the function ¢(t) comes from the definition
of a differentiable resolvent.

Finally, we show there is a sequence (u,,) C p(A) such that |u,| — co. Assume
on the contrary p(A) N{p € C: |u| > R} = 0; then we have by (i)

[s(t; )] <p(t), forallt>0 andall peC, |ul>R.

Since s(t;-) is an entire function for each fixed ¢ > 0, the latter implies s(t; u) =
s(t;0) = 1 by Liouville’s theorem and so (1.18) shows a(t) = 0 a.e., in contradiction
to the standing assumption a(¢) #0. O

If X is a Hilbert space and A is a normal operator then the operational calculus
for such operators can be used to construct the resolvent S(t).

Theorem 1.1 Let A be a normal operator in the Hilbert space X. Then (1.1) is
well-posed iff there is a locally bounded lower semicontinuous function (t) such
that

[s(t; )| <(t)  forall —peo(A) andt > 0. (1.23)

The resolvent S(t) is then given by
St= [ st-wds, =0 (1.24)
o(A)

where E denotes the spectral measure of A. S(t) is differentiable iff there is ¢ €
L, .(Ry) such that

[r(t; )| < @(t)  forall —peo(A) and a.a. t>0. (1.25)
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For the concept of the spectral measure of a normal operator and to its operational
calculus we refer to Dunford and Schwartz [103]. The proof of Theorem 1.1 is a
simple exercise to this operational calculus and is therefore omitted.

An easy computation shows that for a(t) = 1 we have

r(tip) = s(t;p) =e , t>0, peC,

i.e. (1.23) means in this case Re 0(A) < w < oo, the spectrum of A must neces-
sarily be contained in a left halfplane.
On the other hand, for a(t) =t we obtain

s(t; ) = cos(y/pt), r(t;p) =sin(y/ut)//p, t>0, peC.

In this case (1.23) and (1.25) reduce to Re y/o(A4) < w, i.e. 0(A) must necessarily
be contained inside of the parabola p(y) = w? — y? + 2iwy, y € R.

In general, it turns out to be quite difficult to obtain estimates like (1.23)
and (1.25) and although Theorem 1.1 deals only with really nice operators it is
in general only of limited use. However, two cases are worthy of mention since
they appear naturally in applications. Recall that a measure da(t) is said to be of
positive type if

T
Re / (da*@)(t)p(t)dt >0, for each ¢ € C(Ry,C) and T > 0.
0

If da(t) is of subexponential growth, it is of positive type iff Re @(A) > 0 for
all Re A > 0, cp. Gripenberg, Londen and Staffans [156] or the original paper of
Nohel and Shea [258].

Corollary 1.2 Suppose A is selfadjoint and negative semidefinite in the Hilbert
space X .Then the following assertions are valid.

(i) Let a € BVioo(Ry) be such that the measure da is of positive type. Then
(1.1) admits a differentiable resolvent S(t) such that

S| <1, and |St)z| < Varal}|Az|, forall t >0, x € D(A).
0

(ii) Let a € L}, .(Ry) be nonnegative and nonincreasing. Then (1.1) admits a

loc

resolvent S(t) which is selfadjoint and such that 0 < (S(t)z,z) <1 forallxz € X.

Proof: (i) Since A is selfadjoint and negative semidefinite we have o(—A4) C Ry;
let u € Ry be fixed. Differentiate (1.18) and multiply with s(¢; u); this yields

st ) = 2 Re (5 s(t: w)30E579) = ~2p Re [da = s(t; 505 1),

hence

t -
IdHMF=1—2uRCAcw*dﬂmdﬂuMTSL
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since p > 0 and da is of positive type. Hence (1.23) holds with () = 1, and
therefore (1.25) with ¢(t) =Var al} since r = da * s.

(ii) If a(t) is nonnegative and nonincreasing then 0 < s(t;p) < 1, for all
t, p > 0; this is a special case of a result due to Friedman [120]. The assertion
follows then from Theorem 1.1. O

Observe that if a(t) is nonnegative, nonincreasing, then a(0+) < co implies a €
BV (R;) and da of positive type; this exhibits a connection between (i) and (ii) of
Corollary 1.2. In the sections containing applications we shall refer frequently to
this corollary.

1.4 Perturbed Equations
Consider the perturbed equation

u(t) = f(t) + (a+axk)* Au(t) +bxu(t), teJ (1.26)

where a(t), A, f(t) are as before and k, b € L}, .(Ry). The concepts of solutions,

loc

well-posedness and resolvents have obvious extension to the perturbed problem
(1.26); note that a xu € C(J; X 4) if and only if (a +ax k) xu € C(J;X4). By
means of the variation of parameters formula obtained in Section 1.2 it is possible
to show that (1.26) is well-posed iff (1.1) has this property, provided both, b and
k, are locally of bounded variation.

Theorem 1.2 Suppose k,b € BV,.(Ry). Then (1.26) is well-posed iff (1.1) is
well-posed. Also, the resolvent Sy(t) of (1.26) is differentiable iff the resolvent S(t)
of (1.1) has this property.

Proof: Suppose (1.1) admits a resolvent S(¢). The resolvent Si(¢) must satisfy
the equation
Si =1+ Aax*S1+kx*AaxS1+bxSq, (1.27)

hence by the variation of parameters formula (1.8) it must be a solution of

d
S = E(S*(I—&-b*Sl—i-k*Aa*Sl))
= S+dbxS*S1+dkx(AaxS) x5
S+ [(db+ dk) « S — k] * Sy,
since b, k are of locally bounded variation. Thus S; must be a solution of

Sy =8+ K 8, (1.28)

where 1% K = (b+ k) * S — 1 x k belongs to BV (R4;B(X)). Therefore, by
Theorem 0.5, (1.28) has a unique strongly continuous solution S;(t) on Ry. Con-
volving (1.28) with a(t) we see that a * S1(t) maps into D(A), and applying A we
obtain strong continuity of Aa * S1(t), since AaxS(t) has this property; note that
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K commutes with A. For the same reason S;(t) commutes with A and it satis-
fies (1.27) by construction and by Proposition 1.2. If S(¢) is also differentiable,
differentiation of (1.28) yields

Slx:Sx—FK*Slx—FKx,

hence S; has also this property. The converse implications follow reversing the
roles of S(t) and Si(¢). O

Corollary 1.3 Suppose k,b € W' (R,) and let S(t) be a resolvent for (1.1).

loc

Then the resolvent S1(t) for (1.26) admits the decomposition
Sl(t) = S(t)—l—SQ(t), t>0,

where Sa(t) is continuous in B(X) for all t > 0. If S(t) is also differentiable then
S € L (Ry, B(Xa, X)).

This corollary is simply due to the fact that for a strongly continuous (resp. strong-
ly locally integrable) family of operators T'() and a scalar kernel ¢ € L}, .(R) the
convolution ¢ * T' is continuous in B(X) (resp. locally integrable in B(X)).

For the special case a(t) = 1, (1.26) is equivalent to

w(t) = f(t)+ Au(t) + k* Au(t) + dbxu(t), ¢>0,
u(0) = f(0); (1.29)

Theorem 1.2 then states that (1.29) is well-posed iff A generates a Cp-semigroup
in X. This observation yields

Corollary 1.4 Suppose k, b € BV,,.(Ry). Then (1.29) is well-posed iff A gener-
ates a Co-semigroup in X . If this in the case, the resolvent for (1.29) is differen-
tiable.

On the other hand, for a(t) = t, (1.26) is equivalent to

Gi=f4+Au+kx Au+bt)f(0) +dbxa, t>0,

u(0) = £(0), @(0) = f(0) + b(0+) f(0); (1.30)

in this case Theorem 1.2 states that (1.30) is well-posed iff A generates a cosine
family in X, provided k € BV},.(R4) and b € V[/lzcl([RL_)

Corollary 1.5 Suppose b € W,-(Ry) and k € BVioe(Ry). Then (1.30) is well-
posed iff A generates a cosine family in X. If this is the case, the resolvent for
(1.30) is differentiable.

We conclude this subsection with examples showing that the assumptions of The-
orem 1.2 cannot be relaxed considerably.
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Example 1.1 Consider the problem

u(t) = Au(t), t<1,
at) = Au(t)+Au(t—1), t>1, (1.31)
u(0) =

(1.31) is of the form (1.26) with b(¢) = 0 and k(t) = do(t — 1), a(t) = 1, i.e. it is
of the form (1.29). We show that (1.31) admits a resolvent S(¢) iff A generates
an analytic Cp-semigroup in X. In fact, suppose (1.31) admits a resolvent S(t);
(1.31) for ¢ < 1 then implies that A must generate a Cy-semigroup e? in X and
S(t) = e holds for t < 1. The formula of variation of parameters yields an
explicit representation of S(t) for all ¢ > 0, namely

0= 35

where (7)4+ = max(7,0) for each 7 € R. Let t =1+ 7,7 € (0,1); (1.32) yields the
identity

n)tAreAtms g >, (1.32)

3|)—l

TAeA = S(1+7) —eA0F) 1 e(0,1),

hence |TAe?7| < M for 7 < 1. But this estimate is well-known to be equivalent
to analyticity of e*. Conversely, if e is analytic it is easy to verify that formula
(1.32) defines the resolvent for (1.31). O

Example 1.2 Consider the initial-boundary value problem

u(t, ) = wug.(t,x)+ /t k(t — Tug(T,2)dr, t>0, x € ]0,2n],
0
u(0,2) = wo(z), =z €]l0,2n], (1.33)
u(t,0) = wu(t,2m), t>0.

Let X = L?(0,2n), Au = u, with D(A) = {u € WH2(0,27),u(0) = u(1)}; it is
well-known that A is a normal, even skewadjoint operator in X. We will show
that (1.33) does not admit a resolvent in X in case the kernel k(t) is chosen as

E(t) =t T(a), t>0, ac(0,1); (1.34)

note that k(t) is even analytic for ¢ > 0 but has a singularity at ¢ = 0, it is not
of bounded variation near ¢ = 0. Since 0(A) = {in : n € Z}, by Theorem 1.1 we
have to study the functions s, (t) = s(¢; —in), i.e. the solutions of

S = insy, +ink x s,, s,(0) =1, t>0, ne”Z. (1.35)

It suffices to show that {s,(t) : n € Z} is not locally uniformly bounded, by
Theorem 1.1.
(i) The Laplace transform 5, (\) of s, is easily seen to be

Sn=M\—in—in/AY)7', XeCy;
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5n(A) clearly has essential singularities for A < 0, but it also has poles in C\R_.
To obtain the asymptotic behaviour of these poles we study the zeros of

hn(A) =X —in —in/\“
as n — Fo00. Rescaling by z = A/|n|, these are the solutions of the equation
21T = (i2% + i|n|"%)sgn n. (1.36)

As n — +oo they are given by zl, = +i and 22, = 0, hence for |n| large, there is
always a solution z, of (1.36) close to 4. But this means |n|%(z, Fi) = £i/28 —
(£i)1=* as n — +o0, i.e.

)1704

An = |n|zn ~in+ (in as n — 00;

note that Re A, = Re (in)'~* = |n|'~* cos(3 (1 — o)) — o0 as |n| — ooc.
(ii) The complex inversion formula for the Laplace transform yields
Wy, +100
s (t) = (2mi) ™ / M\ —in —inA~%)"ld),
Wp —100
where w,, has to be chosen sufficiently large, in particular w, > Re A,. Since
for large |n| the functions h, have no zeros strictly away from the set R_ other
than A, we may deform the integration path into T, which consists of the ray
(00, Rle™*, the arc Re!l=%%] and the ray [R,o0)e’?. By Cauchy’s theorem this
yields
5 (t) = ape™t + (2mi) ! / M\ —in —inA™) 7 Ld), (1.37)
r
where by residue calculus

an = Res (A —in —inA™) oy, = (1 +ina/ALT?) =1, asn — oo.

The integral can be estimated by ce®® /|n|, provided ¢ € (5, &) and R is large.
Thus
Reint _, oRent

|Sn(t)‘ ~ |an|€ — 00 as |n‘ — 00,

i.e. (1.23) is violated and so (1.33) does not admit a resolvent. O

1.5 The Generation Theorem

Since (1.1) is a convolution equation on the halfline it is natural to employ the
Laplace transform for its study. Besides the standing assumptions on a(t) and A
we therefore suppose that a(t) is Laplace transformable, i.e. there is w € R such
that [, e “!la(t)|dt < co. But we also have to restrict the class of resolvents,
they must be Laplace transformable as well.

Definition 1.5 Suppose S(t) is a resolvent for (1.1).
(i) S(t) is called exponentially bounded if there are constants M > 1 and
w € R such that

IS(t)| < Me“t,  for all t > 0; (1.38)

w or more precisely (M,w) is called a type of S(t).
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(i) The growth bound wy(S) of a resolvent S(t) for (1.1) is defined by
wo(S) = limy_ oot ' log |S(2)). (1.39)

Obviously, we have the relation wo(S) = inf{w : IM > 0 such that (1.38) holds }.

Now, suppose S(t) is an exponentially bounded resolvent for (1.1); its Laplace
transform

H(\) =80\ = / e MS(t)dt, Re X > w,
0
is then well-defined and holomorphic for Re A > w, and satisfies the estimates
[H™(\)] < Mn!(Re A —w)~ "D Re A >w, neNy. (1.40)

To compute H(\) we use the resolvent equations (1.6) and (1.7); in fact, we obtain
from the convolution theorem for Re A > w the relation

HNz =z/A+a(M\)H(N) Az,
valid for each x € D(A), and
HNz =z/\+ Aa(\)H(N)z,

for each x € X. Thus the operators I —a(\)A are bijective, i.e. invertible, and we
obtain

H\) = (I—-a(\)A)~'/X  for Re A > w.

In particular, 1/a(\) € p(A) for all such A, provided a(\) # 0. Assume a(Ag) =0
for some Ay with Re \g > w; since a(A) is holomorphic, \g is an isolated zero of
finite multiplicity, and H(Ag) = I/Ag. Choose a small circle I' around A\g which
is entirely contained in the halfplane Re A > w such that a(\) # 0 on I'; then
AH(N\) = (H(\) — I/)\)/a()\) is well-defined and holomorphic on T', hence by
Cauchy’s formula we obtain

A= ANH (X)) = AQ2mi) ™! /F i]i—(;sz = @)™ /F %dk’

and so A is bounded, a contradiction to our standing hypotheses. Thus a(\) # 0
for Re A > w.

It turns out that these properties of @(A) and A in combination with (1.40)
characterize resolvents of type (M,w).

Theorem 1.3 Let A be a closed linear unbounded operator in X with dense
domain D(A) and let a € L}, (Ry) satisfy [~ e “la(t)|dt < oco. Then (1.1)

loc

admits a resolvent S(t) of type (M,w) iff the following conditions hold.
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(H1) a(\) # 0 and 1/a(N) € p(A) for all X > w;
(H2) H(\) = (I —a(\)A)~Y/\ satisfies the estimates

[HW )] < Mal(A = w)"* A > w, neNy. (1.41)

Proof: Tt remains to prove sufficiency of (H1) and (H2). By Theorem 0.2 there is
a Lipschitz family {U,(t)}+>0 C B(X) with U,(X) = H(A +w/A, A > 0. Define
{U@)}z0 C B(X) by

t
Ut =00~ [ e Uals)ds, 20,
0

then U(¢) is locally Lipschitz and

The definition of H(A) shows that U(t) commutes with A and yields the identity
UN) =22 +aNTN)A,

i.e.

U(t)r=te+axU(t)Az for all z € D(A), t > 0.

Since for each x € D(A), f(t) = U(t)Ax is locally lipschitz, i.e. f € BVipe(Ry; X),
we see that U(t)z belongs to Wli’coo(IRJr; X) and

U)x) =x+ (ax f(t)) =x+axdf(t), foraa. t>0.

But this implies a x df (t) = a* (U(t)Az)" for all z € D(A?) and so a*df(t) is even
continuous, from which in turn we see that U(t)x is continuously differentiable
on R, for each z € D(A?). D(A?) is dense in X and the operators (U(t + h) —
U(t))/h are uniformly bounded for 0 < A < 1, ¢ bounded, hence by the Banach-
Steinhaus Theorem U (t)z is continuously differentiable on Ry for each z € X.
Define S(t)x = U(t)z, t > 0,z € X; it is clear that S(t)z is strongly continuous, of
type (M,w) and S(t) commutes with A since U(t) does and A is closed. Finally,

S(A) = H(\) for Re A > w and by (H2) we obtain
SO) =21+ a(NS(VA,
i.e. the resolvent equation (1.6) is satisfied. The proof is complete. O

For the special case a(t) = 1, Theorem 1.3 becomes the celebrated generation
theorem for Cy-semigroups, while for a(t) = ¢ it reduces to the generation theorem
for cosine families due to Da Prato and Giusti [63].

In general, (H2) is quite difficult to check, however there are several important
special classes of operators A and kernels a(t) such that this is possible. Many of
the results in subsequent sections rely on Theorem 1.3.
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By means of Theorem 1.3 several important conclusions can be derived from
existence of an exponentially bounded resolvent.

Corollary 1.6 Suppose (1.1) admits a resolvent S(t) of type (M,w). Then

(i) a(A\) #0 for Re A >w and Q= {1/a(\): Re A\ > w} C p(A);

(ii) A is Abel-ergodic at 0, i.e. p(p — A)~' — I strongly as |u| — oo, p € Qp =
{1/a(\): Re A > w,|arg A <0}, for each 6 < 7/2;

(i53) If a(t) is real, then w.l.o.g. a(A) > 0 for A > w, hence (ug,00) C p(A) for
some g > 0 and p(p — A)~t — I strongly as p — oo.

Proof: (i) has already been proved in front of Theorem 1.3.

(ii) Equation (1.40) with n = 0 yields |u(p — A)~Y < MREKLW < My, where
uw=1/a(\), Re A >w+1,|arg \ <6 < 7/2, thus u(u — A)~! is bounded for

such u. For z € D(A) we have

- A) M=ot (- A) A o as |l - oo,

hence p(u — A)~! — I by the Banach-Steinhaus theorem.
(iil) is obvious from (ii) and (i). O

In contrary to the case of semigroups and cosine families, resolvents if they exist
need not to be exponentially bounded even if the kernel a(t) involved is of class
C*°(Ry) and belongs to L'(R,.). The reason for this phenomenon is the fact that
there exist kernels a € C°(R,) N LY(R,) with a(0) = 1 such that a(\) admits
zeros with arbitrarily large real part. By Corollary 1.6, (1.1) cannot admit an
exponentially bounded resolvent. On the other hand, if A merely generates a
Co-semigroup then (1.1) for such kernel a(t) admits a resolvent by Corollary 1.4
with k(t) = a(t) and b(t) = 0. For the construction of a kernel with the described
properties we refer to Desch and Priiss [91]. One should note, however, that the
derivative a(t) of such kernels behaves very badly, i.e. is not Laplace transformable,
since otherwise a(\) = (1 + a(\))/A would be nonzero for large real parts of A.

1.6 Integral Resolvents
Suppose (1.1) admits a resolvent S(t) and let a € BV,.(Ry). We have seen in

Section 1.2 that S(t) then is differentiable and for x € D(A), S(t)x is a solution of
. t .
S(t)x = a(t)Ax + A/ a(t —7)S(1)xdr;
0

Proposition 1.3 proved that S(t) is useful for variation of parameters formulas as
well.
Returning to the general case, we consider the integral equation

R(t)x = a(t)x + A/Ot a(t — 7)R(r)xdr, t>0, (1.42)
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instead of (1.7). A solution of (1.42) is called integral resolvent for (1.1); the
precise definition is as follows.

Definition 1.6 A family {R(t)}1>0 C B(X) is called integral resolvent for
(1.1) if the following conditions are satisfied.

(R1) R()z € L}, (Ry;X) for each x € X, and |R(t)] < ¢(t) a.e. on Ry, for
some ¢ € L} (Ry);

(R2) R(t) commutes with A for each t > 0;

(R3) the integral resolvent equation holds

R(t)x = a(t)x + /Ot a(t — 7)AR(T)xdr  for all x € D(A), a.a. t > 0. (1.43)

Suppose R(t) is an integral resolvent for (1.1), let f € C(J;X) and v € C(J; X)
be a mild solution for (1.1). Then R * u is well-defined and continuous and we
obtain from (1.43) and (1.1)

axu=(R—Aa*xR)*su=Rxu—RxAaxu=Rxf,
ie. R+ f € C(J;X4) and from (1.1) we obtain

u(t) +A/Rt—s teJ, (1.44)

compare (1.44) with (1.13) above. (1.44) easily yields the uniqueness of the integral
resolvent for (1.1).
If both, S(t) and R(t) exist for (1.1), the relations between S and R are given
by
R(t)Az = S(t)x  for x € D(A), t>0, (1.45)

and
Rt)zr=(axS)(t)x forze X, t>0. (1.46)

For the case of the Cauchy problem (1.2), i.e. a(t) = 1, we have R(t) = S(¢) while
for the second order equation (1.3) S(t) = Co(t), the cosine family generated by
A and R(t) = Si(t), the sine family generated by A. It is possible that R(t) exists
but not S(t), and vice versa.

If R(t) is an integral resolvent for (1.1) then (1.44) yields a mild solution to
(1.1) in case f € C(J;X4), and even a strong solution in case f = a % g with
g € C(J; X 4); this can be seen as in the proof of Proposition 1.3.

There is a result similar to Theorem 1.3 of the last section for integral resol-
vents.

Theorem 1.4 Let A be a closed linear unbounded operator in X with dense
domain D(A) and let a € L}, (Ry) satisfy [;° e “"a(t)|dt < oo. Then (1.1)
admits an integral resolvent R(t) such that

|R(t)| < e*to(t), for a.a. t>0, (1.47)
holds for some ¢ € LY(R,.) iff the following conditions are satisfied.
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(K1) a(N\) # 0 and 1/a(N) € p(A) for all X > w;

(K2) K(\) =a(\)(I —a(\)A)~t satisfies the estimates
i(/\ —W)" K™\ /n! <M forall A > w. (1.48)
n=0

The proof of this result is similar to that of Theorem 1.3, based on Theorem 0.3.
Since it is not needed later on, we therefore omit it here. Corollary 1.6 remains
true with S(¢) replaced by R(t).

1.7 Comments
a) For the finite-dimensional case the solution of

T=a(t)A+ax AT

is usually called the resolvent of (1.1). In our terminology this corresponds to the
integral resolvent, i.e. we have T'= RA. For equations with unbounded operators
in infinite dimensions our concept of the resolvent S(t) seems to be more appropri-
ate since it is a direct generalization of Cy-semigroups and cosine families. S(¢) is
sometimes called differential resolvent to distinguish it from the integral resolvent
R(t).

b) Corollary 1.2(i) is essentially due to Carr and Hannsgen [38], while the second
part of this corollary is taken from Friedman [121]; see also Sforza [301] where
mainly the second order case is treated. For L>-estimates of t”u"s(t; ) which
imply estimates of (—A)YS(t) and S (¢) in this setting, see Engler [112].

c) The perturbation approach for (1.1) like in Section 1.4 was one of the first
methods available to solve linear Volterra equations involving unbounded opera-
tors and has been used by many authors. It applies to much more general, even
nonconvolution equations and will be taken up in Chapter II again. Therefore we
postpone a discussion of the relevant literature.

Perturbations of the operator A have been considered by Rhandi [291]. In this
paper it is proved that in case a € BVjo.(Ry) and B € B(X) or B € B(X4) then
well-posedness of (1.1) and of (1.1) with A 4+ B instead of A are equvialent.

d) Examples 1.1 and 1.2 are taken from Priiss [271]; see also Grimmer and Priiss
[145] for an earlier version of Example 1.2. These papers contain another interest-
ing example which we briefly describe now.

Example 1.3 Consider the initial boundary value problem

t
= Du(t,z) — / b(t — 7)Du(r,z)dr, t>0,x € [0,2n],
0

)
u( ,0) = wu(t,2m), t>0, (1.49)
) = wug(t,2m), t>0,

) = wp(z), =z€l0,2n],
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where b(t) = 1/y/7t and D = —2i(d/dz)? + (1 — i)(d/dz). Obviously, (1.49) is
of the form (1.1) with a(t) = 1 — 2y/t/m and A defined in X = L?*(0,27) by
(Au)(z) = Du(z), D(A) = {u € W22(0,27) : u(0) = u(27),u (0) = o/(2m)}. It
is not difficult to show that A does not generate a Cp-semigroup since o(A) =
{n(1 + i) + 2in® : n € Z} is not contained in any left halfplane. On the other
hand, in Priiss [271] or Grimmer and Priiss [145] it is shown that (1.49) admits a
resolvent, i.e. is well-posed.

e) The generation theorem in Section 1.5 is essentially due to Da Prato and Tannelli
[66] who proved it for the case a € BV,.(R;). Nonscalar versions of this result
will be discussed in Chapter II.

f) Theorem 1.3 admits a slight extension involving only the growth bound of S(t).

Theorem 1.3": Let A be a closed linear unbounded operator in X with dense
domain D(A) and let a € L}, (Ry) satisfy [;° e “=*la(t)|dt < oo. Then (1.1)
admits a resolvent S(t) with growth bound wy € R iff the following conditions are
satisfied.

(H3) a(A\) # 0 for Re A > max(wo,wq); if wo < wq then 1/a(X\) admits analytic
continuation to the halfplane Re X > wy, and 1/a(N\) € p(A) for all Re X\ > wy;
(H4) for each € > 0 there is a constant M. > 1 such that

H(\) = (1/a(\) — A)~Y/(Ma(N)) satisfies

|[H™(A)] < Mon!(A —wo— &)~ Re A > wp+e¢, neNp.

Except for the analytic continuation of 1/a()) in case wy < w,, which will be
obtained in Section 2.1, Theorem 1.3’ is a simple consequence of Theorem 1.3.
Observe that wy < 0 in Theorem 1.3’ forces a(t) to be nonintegrable, i.e. wy < wq.

g) As in the case of the abstract Cauchy problem @ = Au+ f which corresponds to
a(t) = 1, a theory of integrated resolvent and distribution resolvents even for non-
densely defined operators A has been developed; see Arendt and Kellermann [13]
for integrated resolvents and Da Prato and Iannelli [67] for distribution resolvents.
The duality theory of resolvents has not been studied so far.

i) An important practical problem is the identification problem, which can be
roughly stated as follows. Suppose the space X and the operator A are given
and let some (or just one) solution wu(t) for different (only one) forcing functions
f(t) be known; determine the kernel a(t)! This so-called ‘inverse problem’ is not
considered in this book, and there are not many papers dealing with it; so far,
the only ones we know of are the papers Lorenzi [221], and Lorenzi and Sinestrari
[222], [223]. However it will become clear in Section 2.1 that the kernel a(t) is
already uniquely determined from the knowledge of just one observation.



2 Analytic Resolvents

This section is devoted to the theory of analytic resolvents, the analog of analytic
semigroups for Volterra equations of scalar type. A complete characterization
of such resolvents in terms of Laplace transforms is given. In contrast to the
general generation theorem of Section 1, the main result of this section, Theorem
2.1, requires conditions which are much simpler to check; this is done in several
illustrating examples. The spatial regularity of analytic resolvents is studied and a
characterization of analytic semigroups in these terms is derived. It is shown that
analytic resolvents lead to improved perturbation results and stronger properties
of the variation of parameter formulas.

2.1 Definition and First Properties
In this section we consider again the Volterra equation

u(t) = f(t) —l—/o a(t — s)Au(s)ds, teJ, (2.1)

where a(t) and A as well as f are as in Section 1, and X is a complex Banach
space. In the following, we denote by X(w, ) the open sector with vertex w € R
and opening angle 26 in the complex plane which is symmetric w.r.t. the real
positive axis, i.e.

Y(w,0) ={r e C:|arg(A —w)| < 60}.

We consider in this section a special class of equations of the form (2.1), namely
which are such that the resolvent S(¢) of (2.1) is analytic in the sense of the
following definition.

Definition 2.1 A resolvent S(t) for (2.1) is called analytic, if the function S(-) :
R+ — B(X) admits analytic extension to a sector ¥(0,6y) for some 0 < 0y < /2.
An analytic resolvent S(t) is said to be of analyticity type (wo,6p) if for each
0 < by and w > wq there is M = M (w, 0) such that

IS(2)] < Me¥Be= 2 € 3(0,6). (2.2)

As a simple consequence of the definition of analytic resolvents we obtain estimates
on the derivatives of S(¢) by means of Cauchy’s integral formula.

Corollary 2.1 Suppose S(t) is an analytic resolvent for (2.1) of analyticity type
(wo, 00). Then for each w > wy, 8 < Oy there is M = M(w,8) such that

ST (@) < Mnle T (at) ™", £>0, neN, (2:3)
where o = sin 6.

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_2, 49
© Springer Basel 1993



50 Chapter I. Equations of Scalar Type

Proof: Let w > wy and 0 < 6y be fixed and choose M = M (w, 8) according to
Definition 2.1. Cauchy’s formula then yields

S (1) = (2mi) " n! / S(2)(z —t)" " dz, (2.4)
|z—t|=r
where r = tsin§. Estimate (2.2) gives

|S(n)(t)‘ < (QW)_ln!M BW(H—TCOS(’D)T_ndgo

—T

nIMe?tp=n  peN, ¢ >0,

IN

and this is precisely (2.3). O

Estimate (2.3) shows that for an analytic resolvent S(t) for (2.1), |S(t)| ~ 1/t
and so |S(-)| is almost integrable at ¢ = 0. However, unless A is bounded, |S(-)|
will not be integrable near ¢ = 0. In fact, if the latter would be the case then
F(t) = S(t)e* € L'(Ry,B(X)), hence |F(\)| — 0 as |\| — oo; with F(\) =
A+wHMNw)—IT=(T—-aA+w)A)~t —1, (I — pA)~!is surjective for some
p € C, hence D(A) = X, and so A must be bounded. The case a(t) = 1, i.e. the
case of analytic semigroups, shows that (2.3) cannot be improved, in general.

In analogy to the theory of analytic semigroups, a complete characterization of
analytic resolvents of analyticity type (wp, o) is possible in terms of the spectrum
of A and the Laplace-transform of a(t). In the sequel it will be assumed that a(t)
is of exponential growth.

(i) To derive these conditions assume S(t) is an analytic resolvent of type
(wo,00) and define H(A) = S(\), Re A > wy. Since S(z) is holomorphic in
%(0,60), H(A\) admits analytic extension to the sector ¥(wo, /2 + 6p), by The-
orem 0.1, and for each w > wp, 6 < Oy there is a constant C'(w,8) such that the
estimate

IH\)| < C(w,0)/]A—w|, A€ D(w,0+7/2), (2.5)

holds.

(ii) Next we show that the holomorphic function @(A\) admits meromorphic
extension to the same sector X(wy, 0 + 7/2). In fact, from Theorem 1.3 we know
already

H\) = (I —-a(\)A) " /A, Rel>uw, (2.6)

where w1 > wy is chosen large enough so that [ |a(t)le™'dt < co. Let o € D(A)
and z* € X* be such that o(A) = A < H(A)z,z* >#< x,2* >; such z, z* always
exist since otherwise AH (A) = I which implies a(A) = 0 or A = 0, in contradiction
to our standing hypotheses a(t) Z 0 and A unbounded. () is holomorphic on
Y (wo, 0o + 7/2), hence its derivative ¢’ () is so as well. For Re A > w; we obtain

o) = ad(\) < T -a\A) Az, 2" >
= AW\ < H\)?Az,z* >
= a\y\),
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where ¥(\) = A2 < H(\)?Az,xz* > is holomorphic on X(wp, 0y +7/2), and () #
0, since otherwise p(A) = limy_ o ©(A) =< lmy_ oo AH(N)z,2* >=< z,2* >
by Corollary 1.6, in contradiction to the choice of x and z*. This shows that

I~

a'(A\) = ¢(N)/¥(X) is meromorphically extendible to this sector. We also have
o) = ad(\) < AT —a(\NA) 2,z >
"N /a(N)]- < MXH(N)?z — XH(N)z, z* >
[@(\)/a(\)] - x(\),

where x(A) is holomorphic on X(wp, 8y + 7/2); this implies
a(A) =a' (Mx(N)/@'(A) =x(N)/¥(A),  Re A>wr,

i.e. a(A) admits a meromorphic continuation to ¥(wg, 0y + 7/2).
(iii) Relation (2.6) can now be extended to X(wp, 0y + 7/2) as follows. Let
Q={\€X(wo,bp +7/2) : A#0, a(N) # 0,00}; for x € D(A) we have

[
y 8y

AHON (I —a(\A)z =z forall A€ Q, (2.7)

since this relation holds for Re A > wy, i.e. I —a(A)A is injective for all A € 2. On
the other hand, for Re A > wy, H(A) commutes with A, i.e. for each p € p(A) we
have

(1= AU = HO)(u — A)L

By analytic continuation, this relation holds on all of Q and therefore H(A\)D(A) C
D(A) for all A € Q, and AH (A\)x is analytic on 2. But this implies also the identity

AMI—GNAHNz =z, AeQ, (2.8)

for all + € D(A), since this is valid for Re A > w;. Therefore, the operators
A(I —a(X)A) have dense ranges in X, and so they are invertible for all A € Q, and
(2.6) holds on © as well.

(iv) If Ao € E(wo, o + 7/2) is such that a(Ag) = 0, then - since Ag is isolated -
we may choose a small circle I" around A\ contained in ¥ (wq, 8 +7/2), and apply
the Cauchy integral formula to the operator-valued function AH(\) to obtain

AH(N) AH(O\) — I

A= ANH(N\) = A(27ri)‘1/rid>\ = (27ri)‘1/F (

A — Ao PESWHIVRA

i.e. A is bounded, in contradiction to the standing hypotheses on A. Thus a(\)
does not have zeros in X (wp, 0y + 7/2).
(v) If Ao € E(wo, b + 7/2) is a pole of a(N), say of order n, then the Laurent-
expansion
a(\) = a—n(A = 20) 7"+ (A = Ao) (V)

with a holomorphic function ¢(A) near Ag and Taylor-expansion of AH () show
that AH(X) has a zero of order n; passing to the limit A — A\ in (2.7) and (2.8)
we obtain with

H, = /\lim AHMNA=X0)™"

— Ao
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the identity
—a_nHyAxr = —a_,AH,x =x for all x € D(A).

Since —a_p, # 0 this yields 0 € p(A) and H,, = —ﬁA‘l. Thus @(\) may only
have poles in ¥(wg, 0y + 7/2) if 0 € p(A); note that in case wy < 0 holds, A =0
must be a pole for a(\).

2.2 Generation of Analytic Resolvents
It turns out that the conditions derived so far are characterizing analytic resolvents

of type (wo, 0o).

Theorem 2.1 Let A be a closed linear unbounded operator in X with dense
domain D(A) and let a € L, (Ry) satisfy [~ a(t)|e™“tdt < oo for some w, € R.
Then (2.1) admits an analytic resolvent S(t) of analyticity type (wo,8y) iff the
following conditions hold.

(A1) a(N\) admits meromorphic extension to X(wo, 0y + 7/2);
(A2) a(\) #0, and 1/a(X) € p(A) for all A € E(wo, 0o + 7/2);
(A3) For each w > wg and 6 < 6y there is a constant C = C(w,0) such that
H(\) = (1/a(X\) — A)~t/(Ma(N)) satisfies the estimate
[HN)| < C/IA—w| forall X\ € X(w,0 +7/2). (2.9)

Proof: Tt remains to prove the sufficiency part. Let w > wy and 6 < 6y be given
and choose 6 € (0,0y) as well as C = C(w,0’) from (A3). Define S(t) by

S(z) = (2mi)~* / M HN)N, 2 € %(0,0), (2.10)
I'r

where I'p denotes the contour consisting of the two rays w + ire?® and w—ire=1

with » > R and the larger part of the circle |\ — w| = R connecting these rays.

Let 2 = te¥, R = 1/t, and o = sin(f’ — 0); estimating (2.10) we obtain

S@I < (©f2m) [ mOIp o] ax
Tr

IN

(C/W)ewReZ{/ e_ardr/qu/ e Pdp}
1 0

< MQWRSZ.
This estimate shows that the integral in (2.10) is absolutely convergent for z €
¥(0,0), hence S(z) is holomorphic in this region and (2.2) of Definition 2.1 is
satisfied. Moreover, for the Laplace-transform of S(t) we obtain for A > w

S\ = /0 Ooe—MS(t)dt:(zm)—l /0 b /F Oe_’\te“tH(u)dpdt
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eriy [ ([ et e = 2xi) [ HGOO - 0

0 o
= H()\),

where we used Fubini’s theorem and Cauchy’s integral formula. Thus H()) is the
Laplace-transform of S(¢) and therefore by Theorem 1.3, S(t) is a resolvent for
(2.2). Finally, since w > wg and 6 < 6y are arbitrary, S(¢) is an analytic resolvent
of type (wo,fp). O

For an analytic resolvent S(t) for (2.1) we so far only know that S(z) — I strongly
as z — 0+ for real z, and so a natural question is whether this convergence is true
in every sector £(0,6) with 6 < 6. The answer is in the affirmative.

Corollary 2.2 Suppose S(t) is an analytic resolvent for (2.1) of type (wo,0p).
Then S(z)x — x for z € ¥(0,0) as z — 0, for each x € X and 6§ < 6.

Proof: Let z € X and z* € X* and consider ¢(z) =< S(z)x,z* >. Since
p(t) — ¢(0) =< z,2* > ast — 0+ and ¢ is holomorphic and bounded on (0, 6;),
a well-known result about the boundary behaviour of analytic functions (cp. Duren
[106], Theorem 1.3) implies p(z) — ¢(0) as z — 0+, uniformly for z € 3(0, 9), for
all 8 < 6y. Therefore, the Laplace-transform () has the convergence property

AP(N) =< AHN)z, 2" >— < z,2* >=¢(0) as |\ — oo,
where X € X(w, 0 + m/2), for any w > wp, 6 < p; similarly,
d(N) =< NH(\)?z,2* > — < z,2" > as |\ — 00, A € (w, 0+ 7/2),
where x and x* are arbitrary. Therefore
a(A) =x(\)/Yv(A) — 0 as |\ — oo, uniformly in A € X(w, 0 + 7/2),

for each w > wy, 0 < Oy, where x(A) and () are defined as in (ii) of Section 2.1,
ie.

PN =M\ < HAN?Az,z* >, x(A\) =< AHWN)AHNz — ), 2% >,

with € D(A) and z* € X* such that < Ax,z* > 0. (2.10) and (2.7) then
imply for x € D(A)

S(z)x —x = (2mi)~! / e H(Na(\) Azd,

'r
hence with z = te’?, R = 1/t, as in the proof of Theorem 2.1

|S(2)x — x| < Me“Te?|Az|sup{|a(\)| : [A| > 1/t,A € B(w, 8 +7/2)} =0
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as |z| =t — 0. Thus S(z)xr — zasz — 0, z € X(0, ) for each z € D(A), and since
S(z) is uniformly bounded for such z, by the Banach-Steinhaus theorem S(z) — I
strongly as z — 0, z € £(0,6). O

Another natural question which arises in connection with analytic resolvent is
what regularity is imposed on a(t) by conditions (A1) ~ (A3). It turns out that
a(t) itself admits analytic continuation to the same sector 3(0,60y) of analyticity
of the resolvent S(t).

Corollary 2.3 Suppose S(t) is an analytic resolvent for (2.1) of analyticity type
(wo,00). Then a(t) admits analytic extension to 3(0,6p). Furthermore, on each
subsector $(0,0), 6 < Oy, there is a decomposition of the form

a(z) = ij(z)eAjz +a1(z), ze%(0,0), (2.11)

where the \; denote the finitely many poles of a(X\) contained in X(w, 8 + 7/2), the
pj(z) are polynomials, and a1(2) is analytic in 3(0,0) and satisfies

an(2)] < Ce* e 2], = € £(0,0), (2.12)

za1(z) = 0 asz—0, z € X(0,60), (2.13)

and a(X) may only have poles in case 0 € p(A).

Proof: Let w > wg and 6 < 6y be fixed but arbitrary otherwise, and choose
W € (wo,w), 8 € (0,00) such that no poles of a(A\) are located on the rays
W'+ ire® . From the proof of Corollary 2.2 we already know @(\) — 0 as
[A| = 00, A € (', 0" +7/2), hence there are only finitely many poles Aq,..., A, €
Y(w', 8 +7/2) of a()\). Deforming the contour I' in the complex inversion formula
for the Laplace-transform of a(t) into T'g, by the theorem of residues we obtain

NE

a(z) = Res(ekza(/\)))\:,\j +(27Ti)_1/ eMa(N\)dA

1 To

<.
Il

pi(2)eN* + ar(2),

NE

1

<.
Il

i.e. decomposition (2.11) holds. a;(z) is estimated as follows

lar(z)] < sup{[a(\)| : A € T}~ / PO gy
0
< Me?' B J|zcos(n/2 4+ 0 — )| < Ce“B* /12|, 2z € S(w, 0 +7/2),

i.e. (2.12) holds. (2.13) follows similarly by choosing I' as the integration contour,
and the last statement is already clear from (v) in Section 2.1. O
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2.3 Examples

It is worthwhile to mention that Hille’s generation theorem for analytic Cy-semi-
groups cp. Hille-Phillips [180], Theorem 12.8.1, is a special case of Theorem 2.1.
In fact, this corresponds to the case a(t) = 1; (A1) is then trivially satisfied since
a(A) = 1/X and (A2) and (A3) reduce to

Y(wo, 00 +7/2) Cp(A) and |A—A)H<C/N—w|, N€X(w,0+7/2),

which are precisely Hille’s conditions.
Typical examples for kernels a(t) and operators A satisfying (A1) ~ (A3) are
given in

Example 2.1 Consider the kernels
a(t) =t"~1/T(8), t>0

where § € (0,2) and I' denotes the gamma-function. Let us examine for which op-
erators (2.1) admits a bounded analytic resolvent S(t). For the Laplace-transform
of a(t) we obtain

aA\)=X"" ReAr>0,

hence a(A\) admits analytic extension to the complex plane sliced along the neg-
ative real axis; thus (A1) holds for %(0,7). The function 1/a(\) maps the sector
%(0,00+7/2) onto the sector 3(0, 61), 01 = 5(0p+7/2), hence (A2) with wy = 0is
equivalent to p(A) D (0, 61), for some 6 > (/2. Finally, S(t) will be bounded
in some sector 3(0, 6) if (A3) holds uniformly in w > 0, which is equivalent to

lw(p — A7 <M for all u € %(0,571/2).
Thus the pair (t°~1/T'(3), A) generates a bounded analytic resolvent iff
p(A) D X(0,67/2) and |u(u—A)"H <M forall u € X(0,87/2).

Example 2.2 An important class of kernels a(t) which satisfy (Al) is the class
of completely monotonic kernels, i.e. kernels which are represented as Laplace
transforms of positive measures

a(t) :/ e *'da(s), t>0,
0

with a(t) nondecreasing, and such that [ da(s)/s < oo (the latter is equivalent
toa e L (Ry)). @(\) is then given by the integral representation

loc

<1
a(\) = da(s), ReA>0,
i) = [ el Re

hence @(\) admits analytic extension to 3(0, 7). The kernels of Example 1 with
B <1 are of this kind. Moreover, the decomposition

~ . > o+s N e 1
+ip) = ———d - ———d
a(o +1ip) /0 CESEE a(s) Zp/o RS a(s)
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shows a(A) # 0 on C\ R_ and
larga(N\)| < |argA|  for all A € (0, 7).

Thus if A generates an analytic Cp-semigroup bounded in some sector (0, 6),
then (A2) and (A3) are satisfied since then

lw(p — A7 < M, for all u€ (0,0 + 7/2).

Therefore by Theorem 2.1, (2.1) admits an analytic resolvent S(¢) of type (0,8).
Let us summarize this in

Corollary 2.4 Let a € C(0,00) N LY(0,1) be completely monotonic and let A
generate an analytic semigroup T(t) such that |T(t)| < M on %(0,0). Then (2.1)
admits an analytic resolvent S(t) of type (0,0).

Example 2.3 Consider the kernel

oty = [ Dl)dp. ¢ 0
0
its Laplace transform is given by
a(A) =1/log A

The function log A maps the sector 3(0, 8) onto the strip Sp = {z € C : |Im z| < 6}.
Hence if A is such that S, /o C p(A) and |(u — A)~| < C/|u| holds on S/ then
[H(A)| < C/|A| for A € 3(0,7/2 4 0), 0 sufficiently small and Theorem 2.1 yields
a bounded analytic resolvent S(t).

On the other hand, if A is such that X(0,¢) C p(A) for some ¢ > 0 and
|(u—A)~t < C/|pl, then 1/@(X) maps ¥(w, 7/2+6) into the halfstrip S, 219N {1 €
C : Re p > R} where R = log(wcosf). Choosing w large enough this halfstrip
will be contained in ¥(0, ¢), hence Theorem 2.1 yields a resolvent of type (w, ),
where w > exp[(7m/2 + 6)/sin @]/ cos 6.

This example shows that there are kernels such that (2.1) admits an analytic
resolvent for every operator which is such that (a, 00) C p(A) for some o > 0 and
|p(u— A)~t < C as p — oo, in particular for every sectorial operator, cp. Section
8. Note that the singularity of a(t) at ¢ = 0 is quite strong, although a(t) is still
integrable at t = 0; in fact, a(t) ~ 1/(tIn*t) as t — 0 can be shown.

2.4 Spatial Regularity
For the special case a(t) = 1, an analytic resolvent for (2.1) becomes the analytic
semigroup S(t) = e generated by A. The semigroup property then yields the
relations

Sty = A"S(t), t>0,neN,

and therefore we have R(S(t)) C (2, D(A™) for ¢ > 0, as well as the estimates

|A™S(t)| = |S™ ()] < Mnlet I+ (o)™, >0, neN,
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by Corollary 2.1. For the general case, we still obtain R(S(t)) C D(A), but nothing
more, in general, as the next theorem shows.

Theorem 2.2 Suppose S(t) is an analytic resolvent for (2.1) of type (wo,0o).
Then (i) R(S(t)) C D(A) for allt > 0, and for each w > wq, 0 < by, there are

constants ¢, C >0 and B € (QLGO, 5g) such that

|AS(t)| < Ce* (P + /'), t>0. (2.14)
(i) If in addition, there are w > wg, 0 < 0 < 6y, ¢ > 0, and a > 0 such that
[@(\)| > c(|]A —w|® + 1)t for all X\ € Z(w, /2 + 0), (2.15)
then there is a constant C' > 0 such that
|AS(t)| < Ce*' (1 +t%), t>0. (2.16)

(i) If (2.15) holds and if there is a set E C Ry which is not discrete and such that
A2S(t) is bounded for each t € E, then a(t) = ag, and agA generates an analytic
semigroup T(t).

The proof of (i) is based on the following Lemma on holomorphic functions on the
unit disc D = {z € C: |z| < 1}; although the proof is standard it is included here
for the sake of completeness.

Lemma 2.1 Suppose ¢1(z), p2(z) are bounded holomorphic functions on the open
unit disk D C C such that ¢a(z) # 0 on D. Then there is a constant ¢ > 0 such

that o(z) = ¢1(2)/d2(2) satisfies

14 ]z]
1— ||

lp(2)| < exp(c- ) for all z € D. (2.17)

Proof: By the canonial factorization theorem for bounded analytic functions (cp.
Duren [106], Theorem 2.8), there are real numbers 7;, functions p;(t) > 0 with
log u;(-) € L(0,2m), singular nonnegative measures v; on [0,2n], and Blaschke-
products b;(z) such that

i 1 [?melt 42 et 4y
0j(2) = € - bj(2) -exp@/() ot — 5 108 15 (1)dt) 'exp</o et — ;i 0)
holds for j = 1,2. Since ¢2(z) # 0 on D we have ba(z) = 1; on the other hand,
|b1(2)] <1 and with z = re®®

it 2 2
O<Ree,+z: 1—r < 1—r :1+r:1+|z|.
- et —z 1—2rcos(p—t)+r2~ (1—-r)2 1—r 1-—|¢|
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From this we obtain (2.17) with
c= Var v |2™ + Var 152" + |log yu1]1 + |log pa|;. O

Proof of Theorem 2.2:(1) By means of Lemma 2.1 we first derive an estimate for
1/a(X) on a sector ¥(w, & 4 0), where w > wp, 6 < 6, are fixed but arbitrary
otherwise. Choose 3 = 577, with 6§ < 0" < 6y, w > w' > wp , and consider the

function
1+ 2

)\(z):w’+(1_z

Y, zeD, (2.18)

where p = 14+1/8. A maps the unit disk [) conformally onto the sector ¥(w’, 5+6").
a(\) has only finitely many poles within this sector, since a()) is bounded as
|A| = 00, A € ¥(w', § + '), and therefore @()) can be factored according to

()\ — u)o)m
. X

where the A; denote the poles of @(A) within X(w’, £ 4-6"), p; their orders, and m =
>_;pj- Obviously, x1(A) and x2(A) are both holomorphic on X (w’, 7/24-6"), x1(})
is bounded and has the zeros A;, whereas x2(\) is nonvanishing and bounded, too.
Let 9 (z) = x;j(A(2)); then Lemma 2.1 yields the estimate

L ) = )

a(A) = 2(A) = x2(A)/x1(A),

1+|z]
1—|z|

| < exp(c- ) onD,

for some ¢ > 0. Defining 1 = 32 we obtain from (2.18) u = (A — w’)'/P; on the
other hand

1+\Z|:Iu+1|+|/t*1\:(\u+1l+\ufll)2<(1+lu\)2
L=zl fu+1—|p—=1] |u+12—|p—1[2 = Rep

and so with a = %

lu] = A —w'|% Rep=Re(\—w)*=|\—uw|cos(arg(A — ' )a).

Since for A € X(w', 5 +0)

|arg(A —w)la < (5 +0)/p < SA+1/8)/1+1/8) = 3,

these estimates yield

1 (14X —w'|*)?
—_— < .
|6()\)| < exple A —w!| )
< exp(c(]A—w|¥+1)), A€ E(w,z—kﬂ). (2.19)

2
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Next, we use representation (2.10) with R = t~(1=®)"" o show (2.14). In fact
AS(t) = (2mi)~! / eMAH(N)dX
I'r

1

(2mi) ! /F eM[H(A)—1/A]mdA, (2.20)

hence
|dA|

AS(t < C/ eRe)\techw\“
AS (1) 5 P

> : o dr 3+0 a
< Cfewt efrt sin Oer ey Cewt eRt cos goecR dﬁp
R r 0

< Cewt(tﬂ +60tﬁ);
in particular R(S(t)) C D(A) for each ¢ > 0 and (2.14) holds.
(ii) If (2.15) holds, then we obtain from (2.20) with R = 1/¢

d\|
AS@H) < C e 4|\ —w|® |
|AS(t)] - (1+] I)M_w|

IN

o . dr /240

Cewt/ e—rtsm@(l_’_r(x)__’_cewt/ ethosga(l_i_Ra)dw
R r 0

< Ce¥'(1+t7%), t>0,

and so (2.16) follows.
(iii) Suppose A2S(t) is bounded for ¢t € E, where E C R, is nondiscrete.
Define the function ¢(z) by means of

c(z) = L/ M Aa(N)]) 7N, arg 2| < 0 < Op;
2mi Jp,
¢(z) is holomorphic in the sector ¥(0,0) and from (2.20) we obtain ¢(t) = 0 for
each t € E, since A is unbounded by assumption. Since E is nondiscrete this
implies ¢(z) = 0, by uniqueness of holomorphic functions.
Similarly, for some n > « — 2, we define b(z) by means of

1
b(z) = - / A0 Ld), | arg 2| < 0 < Bo;
211 Ty
b(z) is holomorphic on ¥(0, ), and we have b+ (2) = ¢(z) = 0 on this sector, i.e.
b(z) is a polynomial of order at most n. By the choice of n, the Laplace transform
of b(t) becomes
b(A) = AFaN)] T, A > w;

use Fubini’s theorem and the Cauchy integral formula. On the other hand, since
b(t) is a polynomial of order at most n, we have

b(A) =D b A
0
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for some constants b, € C. Therefore, we obtain the representation

1 " .
— =) pNT!
(A\) ZO: ! ’

Q)

i.e. the function 1/a(A) is a polynomial, too. If the degree of this polynomial is
greater than one, then it maps the sets X(w,7/2 + 6) N B%(0) for large R onto
sets containing the complement of a disk. By Theorem 2.1 this implies that p(A)
contains the complement of a disk, and |u(u — A)~| < C as |u| — oo; thus A is
bounded, thereby contradicting our standing assumption. Therefore 1/a(\) = boA,
or in other words a(t) = ag. But then S(t) = e®4 i.e. agA generates an analytic
semigroup. The proof is complete. O

2.5 Perturbed Equations
Suppose that (2.1) admits an analytic resolvent Sp(¢) and consider the perturbed
equation

u(t) = f(t) + (a+ a*xdk) *x Au(t) + bxu(t), t€J, (2.21)

where a, A, f are as before, b € L} (R;) and k € BV (Ry;). In contrast to

loc
Theorem 1.2, no further assumptions are needed to obtain a resolvent for (2.2).

Theorem 2.3 Suppose (2.1) admits an analytic resolvent Sy(t) of analyticity type
(wo,00) and letb € L}, (R}), k € BVS.(Ry). Then (2.21) admits an exponentially

loc

bounded resolvent S(t).

Proof: Without loss of generality we may assume that b and dk are Laplace
transformable, i.e.

/ \dk(t)]e! < 00 and / b(t)|e" < oo
0 0

even more, since k(t) does not have a jump at zero, choosing w large enough we
can achieve

/0 Ib(t)|e— +/ k(D) < n, (2.22)

0
where 1 > 0 is any prescribed small number. The resolvent S(t) for (2.21) is the
solution of

S(t)=1+ Aax*S(t)+dk*AaxS(t)+bxS(t), teRy, (2.23)

and so its Laplace-transform is given by

S0 = %(1 ZBO) — (14 dRO))G)A) L.
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Denote the resolvent kernel of b(t) by r(t), i.e. r(¢) is the solution of r = b+ bxr,
and let I(t) be defined by | = k4 1 xr + k *r. Rewrite S(\) as follows.

~ o~

SO = (4PN -aNA - di(a()A) !
= (1+7))(1 = dl(NENAQ — a(A>A)‘1)‘1§(1 —a(nA)™
= (1+7() 2[@(A)}"[6(A)A(l - 6(A)A>‘1]”§(1 —a(nA)™!
= (1+7(\) i[@u)}mﬂ(x), A > w, (2.24)
where -
Ha(\) = a?”mu —AA) D A s W, e N (2.25)

We now recover the operator-valued functions H,(\) as Laplace transforms of
functions S, (¢). For this purpose note that from Theorem 2.1 we obtain constants
w1 > max(0,wp) and 0 € (0,6y) such that

Al

A —wy|’

1 -an4) T <C

A€ Z(wl,e)

holds; for A € (2w, 0) we therefore have, with a probably different constant C,

C

Hy\)| < ——
o) < =g

la(\)A(1 —a(\)A)~H < C.
Let w > 2w be sufficiently large, and consider the integrals
Sp(t) = (Qm')*l/ MH,(N)dN, >0, (2.26)
I'r

where I'r denotes again the contour as in Section 2.2. It is easily seen that S, (¢)
admits analytic extension to a sector ¥(0, 6;) and that

1S,(t)] < C™ - Me“t, t>0, neNy, (2.27)

is satisfied. Finally, from (2.24) we obtain the resolvent S(t) for (2.21).

S(t) = (o + r) * i(dl)*" £ Sn(t), t>0, (2.28)

n=0

and the series converges absolutely and uniformly on bounded intervals. In fact,
from (2.22) and by the definition of  and [, we obtain

I % S(t)] < Mt Cn( / di(s)]e=*)"

< Me*"(2nC/(1 —n))™ < M2 et
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provided 7 is chosen small enough, i.e. w is large enough. Since S,(¢) is even
uniformly continuous for ¢ > 0 and commutes with A it follows from uniqueness of
the Laplace-transform that S(t) defined by (2.28) is the resolvent for (2.21). O

Note that in the contrast to the functions S, (), the resolvent S(t) of (2.21) is
not analytic, in general, it even need not be continuous in B(X), as Example 1.1
shows.

2.6 Maximal Regularity

Suppose S(t) is an analytic resolvent for (2.1), and let f € C(J; X), where J =
[0, 7). Since S(t) belongs to C*((0,00); B(X)), a much better behaviour of the
variation of parameters formula (1.8) can be expected, which we now employ in
the form

u(t):f(t)—f—/o S(t —s)f(s)ds, te.J. (2.29)

For (2.29) to make sense, continuity of f will in general not be enough, however,
if f is Holder-continuous with exponent o € (0,1), i.e. f € C%(J; X), then u(t)
given by (2.29) is well-defined and a mild solution of (2.1).

We denote by C§(J; X) the spaces

Co (LX) ={f:J = X:f(0)=0, [fla < oo}
normed by
|fla =sup{[f(t) = f(s)[(t —5)": 0<s <t < T

obviously C§(J; X) is a Banach space. It turns out that the solution operator
f — wisleaving these spaces invariant, (2.1) has the property of mazimal regularity
of type C'*.

Theorem 2.4 Suppose (2.1) admits an analytic resolvent S(t), let f € C(J; X),
and u(t) be defined by (2.29), where o € (0,1). Then

(i) if f € C§(J; X) then u € C§(J; X) is a mild solution of (2.1);

(i) if f € C§(J;Xa) then u € C§(J; Xa) is a strong solution of (2.1);

(ii3) if f =axg, g€ C§(J; X), thenu € C§(J; X 4) is a strong solution of (2.1).

Proof: (a) Let f € C§(J; X); rewrite (2.29) as

u(t) = S(t)f(t) +/0 S'(t—s)(f(s) — f(t)ds, teJ, (2.30)

and estimate according to

)| < ISOIF]+ / 1S'(t = )[1£(s) — F(B)lds
< Myl fla + / Mr(t— )"+ |fla(t — 5)°ds
0
S taMT|f‘a + MT|f‘a : ta/aa
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where My = max{|S(t)|,t|S’(t)| : t € J}. This estimate shows that u(t) defined
by (2.29), or equivalently by (2.30) exists, is bounded on J, and satisfies u(0) = 0.

(b) To see that u(t) is again Holder-continuous let ¢, € J,h =t —¢ > 0, and
decompose as follows.

u(t) —u®) = (S(t)— SEFD +SEF(H) — FD)
/St—T () — f(t))dr
+ / (8'(h+7) — S (f(E —7) — F(B))dr
= Il—|—12+13+14.

The integrals I; are estimated as follows.

L] < [S() = SOOI @) < Mrlog(t/T) - |fla T
< Mgp|flah®/a,

where we used the elementary inequality
log(1+4 p) < p*/a  forall p>0, a€(0,1),

and f(0) =
[T <[S(MIIF(E) = (@) < Mr|flah®,
since f € C§(J; X).

|I3| < Mr|fla /;(t — 1)t = Mr|flah® /.
To estimate Iy we observe that from Corollary 2.1 we have
1S ()| < Mrt™2, te
where Mr is large enough, hence

h
=)

t+h
S+ 1) - SO < [ 18" (0ldr < M
t
for all t,t+ h € J. This yields

T t/h
| 14] MT|f|a/ hTa_l(T+h)_1dT=MT\f|aha/ T N r+1)"dr
0 0

IN

AN

< MT|f|aha/ Ta_l(T + 1)_1d7 = Mr|f|oah%m/ sin(am).
0

Thus v € C§(J;X) and for some constant depending only on J we have the
estimate

[ula < C|fla/sin(am). (2.31)
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(¢) We next show that u(t) is a mild solution of (2.1); this follows from a simple ap-
proximation argument. Let ¢, € C§°(0, 00) be such that supp ¢. C (0,¢), ¢:(t) >
0 on Ry, [(¥¢-(t)dt = 1, and define f- = ¢, * f. Then f. € C'(J;X) and so
Ue = e * u is the mild solution of (2.1) with f replaced by f.. Since f. — f and
us — u, hence also a*xu. — a*xu in C(J; X) we obtain Aaxu, = u. — fo > u—f,
and from closedness of A there follows a xu € C(J; X4) and Aaxu =u — f, i.e.
w is a mild solution (2.1).
(d) Part (ii) follows directly from (i) since A commutes with the resolvent S(t).
(e) Let v € C§(J; X) defined by (2.29) with f replaced by g denote the mild
solution of
v =g+ Aa*v; (2.32)

and let u be defined by (2.29); then u = a*v belongs to C*(J; X 4) and convolving
(2.32) with a we see that v is a strong solution of (2.1). O

Corollary 2.5 Under the assumptions of Theorem 2.4, there is a constant C' > 0
depending only on T, A and a(t) such that u(t) defined by (2.29) satisfies the
following estimates.

(i) [ula < C|fla/ sin(ma), f € C8(J; X);

(ii) | Aulo < CIAfla/sin(ra), f € C§(J; Xa);

(i11) |Au|o < C|lglo/sin(ra), f=axg,g € C§(J; X).

Note that the case f(0) = z # 0 can be reduced to f(0) = 0; rewrite (2.29) as

u(t) = (f(t) —z) + /0 S'(t —7)(f (1) — z)dT + S(t)x. (2.33)

Thus if f € C*(J; X) with f(0) = = # 0 it is not always true that v € C*(J; X)
holds. However, u(t) given by (2.33) still is a mild solution of (2.1) for each z € X.
From Theorem 2.4 and the properties of S(t) we have

Corollary 2.6 Let S(t) be an analytic resolvent for (2.1), let u(t) be defined by
(2.88) and o € (0,1). Then

(i) if f € C*(J; X) then u is a mild solution of (2.1);

(ii) if f € CY(J; X4) then u is a strong solution of (2.1);

(iii) if f =x+ax*g with x € D(A) and g € C*(J; X) then u is a strong solution
of (2.1).

In Section 3.5 it will be shown that Theorem 2.4 and Corollaries 2.5, 2.6 remain
valid for the perturbed equation (2.21). This is at first sight somewhat surprising
since the resolvent of (2.21) does not satisfy estimates (2.3) for n = 1,2 which were
used in the proof of Theorem 2.4.

2.7 Comments
a) Analytic resolvents have been introduced by Da Prato and Iannelli [65] who



2. Analytic Resolvents 65

also proved a weaker version of the sufficiency part of Theorem 2.1; see also Grim-
mer and Pritchard [144], and Da Prato and Iannelli [68]. The neccessity part of
Theorem 2.1 is new as is Corollary 2.3 showing the restriction on the kernel a(t).
Examples 2.1, 2.2, and 2.3 are standard, although Example 2.3 is probably not so
well-known.

b) The second part of Theorem 2.2 in a somewhat weaker form is due to Da Prato,
Tannelli and Sinestrari [70]; parts (i) and (iii) of Theorem 2.2 seem to be new. A
counterexample of Desch and Priiss [91] shows that, in the setting of Theorem 2.2,
in general (2.15) does not hold, and that the estimate (2.19) leading to (2.14) is
optimal. On the other hand, if o(A) contains a halfray [r, 00)e’® or maybe arg a(\)
is bounded by some 6 € (0, c0) then (2.15) is valid, as Proposition 3.2 and Lemma
8.1 show.

c¢) The perturbation result in Section 2.5 seems to be new; a much more general
version is presented in Chapter II. It is also not difficult to show that perturbations
A+ B of the involved operator A are possible as in the case of analytic semigroups.
If B satisfies D(B) D D(A), and for each € > 0 there is C(¢) > 0 such that

|Bz| < e|Az|+ C(e)|z|, x € D(A),

holds, then the (a, A+ B) generates an analytic resolvent whenever (a, A) does so,
and the angle 6y is the same, only the growth bound wg possibly changes. This
follows from simple estimates in frequency domain, which employ Theorem 2.1
and a(A\) — 0 as |A| — oo, in X(w,d), 0 < 7/24 6y, w > wq.

d) Tt is not clear in general whether an analytic resolvent S(t) for (2.1) is dif-
ferentiable in the sense of Definition 1.4, i.e. whether the integral resolvent R(t)
for (2.1) also exists. This is somewhat surprising since S(¢) is of course continu-
ously differentiable on (0, 00); however, it does not seem to be possible to show
R € L}, (R4, B(X)), unless more is assumed on the behaviour of a(z) near zero,
or of @(\) near infinity. For example, a condition like

oo
N
/ [a(w + Tei’9)|—r < oo, forsome € (n/2,7), w > wy,
1 r

is sufficient for integrability of R(¢) near zero, — fol (logt)a(t)dt < oo is another
one. These are, however, not necessary, as Example 2.3 shows.

e) The results in Section 2.6 have been first obtained by Da Prato, Iannelli, and
Sinestrari [69] for the case a € BV},.(R4). There are many other function classes
for which maximal regularity results like Theorem 2.4 hold. This subject will be
taken up in Sections 7 and 8 again.

f) It is instructive to have a look at the fundamental solution ¢, (t,2) of the
problem

u(t,z) = f(t,z) +T(a)™? /Ot(t —5) g, (s,x)ds, t>0, z€R, (2.34)
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where a € (0,2); cp. Example 2.1 in Section 2.3. The fundamental solution repre-
sents the resolvent S(t) according to

/ ¢a - ( )dya tZO,IEGR,

and is well-known for o« = 1, and for the limiting cases @ = 0 and a = 2.

gbo(t,x):e*‘z‘/Z, t>0, xR,
b (t,x) =e /4 Axt, >0, 2 €R;
(bz(t,ﬂ?):(50(t—$)+50(t+$))/2, t>0, zeR.

Figure 2.1: Fundamental solutions ¢, (1,z) of (2.34)

For general o € (0,2) it is possible to obtain a representation of ¢, in terms of
the Mittag-Leffler functions M Lg(z) defined by

MLy ( C.
oz §Fk6+1 Z€

This was first observed in Friedman [121] and recently studied in detail by Fujita
[124]. The identity

(M €) = BEY) = (14 A 2€2) 1/
implies

© k:a
S0.6) = 60(t) = YO oy — ML), £>0 5B
k=0
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thus ¢, (¢,7) can be obtained as the inverse Fourier transform of s(¢,£2?). Note
that with @, (2) = ¢a(1,2) we have

bolt,x) =t 20 (xt™/?), >0, z€R,

and
oo

pal0) = (20 [ ML),z e
— 00

Figure 2.1 shows the graphs of ¢, (1, z) for different values of a. Note that except
for a = 2, the support of ¢, (¢, ) is the whole line; therefore the propagation speed
is always infinite, except for & = 2. For o € (0,1) the maximum stays at = 0,
but as « is increasing beyond 1, this maximum splits into two which are sharpening
and moving in different direction to +1 as « approaches 2. Thus for a € (1,2)
there is a sort of ‘main speed’; this way resembling some properties of the wave
equation.



3 Parabolic Equations

As a continuation of Section 2, the concept of parabolicity for Volterra equations
of scalar type is introduced and resolvents for such equations are discussed in
detail. If the kernel a(t) has some extra regularity property, like convexity, then
the resolvent exists, and exhibits the same stability under perturbations as analytic
resolvents. Again the maximal regularity property of type C¢ is valid, even for
the perturbed equation. In Section 3.6 we derive a representation formula for the
resolvent in case A is the generator of a Cy-semigroup.

3.1 Parabolicity
Let X be a complex Banach space, A a closed linear operator in X with dense
domain D(A), and let a € L}, (Ry) be of subexponential growth, which means

Jo~ e a(t)|dt < oo for all € > 0. We consider the Volterra equation of scalar
type

u(t) = /O alt — 7)Au(r)dr + f(t), t>0. (3.1)

If (3.1) admits a bounded resolvent S(t), then by Corollary 1.6 we have a(\) € p(A)
for all A € C with Re A > 0, and H(\) = (I — a(\)A)~!/\ satisfies

M
HMN| < =— ReA>0 3.2
HO < ok ReA>0, (32)
for some constant M > 1. If S(t¢) is even analytic then by Theorem 2.1 we even
have

M
HO) < o5 gl < 546, (3.3)
for some 6 > 0. The following concept is between these two extremes.

Definition 3.1 Equation (3.1) is called parabolic, if the following conditions
hold.

(P1) a(N) #0, 1/a(N) € p(A) for all Re A > 0.

(P2) There is a constant M > 1 such that H(\) = (I — a(\)A)~/\ satisfies

[H(N)| < |]\47| for all Re A > 0. (3.4)

Thus if (3.1) admits an analytic resolvent S(¢) which is bounded on some sector
¥(0,0) then (3.1) is parabolic; the converse is of course not true. The main
difference between (3.3) and parabolicity of (3.1) is that the existence of an analytic
continuation of a(\) to some sector (0,6 + 7/2) is no longer required; recall that
(3.3) implies analyticity of a(z) on 3(0, ) as we have seen in Corollary 2.3.

Definition 3.2 Leta € L}, _(R.) be of subexzponential growth and suppose a(\) # 0

loc

for all Re A > 0. a is called sectorial with angle 8 > 0 (or merely 6-sectorial)

if
larga(A)| <6  for all Re X > 0. (3.5)

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_3, 68
© Springer Basel 1993
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Here arg a()) is defined as the imaginary part of a fixed branch of loga()), and 0
in (3.5) need not be less than 7. If a is sectorial, we always choose that branch of
log a(A\) which gives the smallest angle 6; in particular, in case a(\) is real for real
A we choose the principal branch.

A standard situation leading to parabolic equations is described in
Proposition 3.1 Let a € L}, (Ry) be 8-sectorial for some § < 7, suppose A is
closed linear densely defined, such that p(A) D X(0,0), and

M

[(n—A)"| < il

for all € %(0,0). (3.6)

Then (3.1) is parabolic.
Proof: Since 1/a(\) € £(0,0) for all Re A > 0, H(A) = (I — a(\)A)~/\ is well-
defined, in particular (P1) holds; (3.6) yields (P2). O

Since a(t) is §-sectorial if and only if a(t) is of positive type, we obtain the following

nice class of parabolic equations.

Corollary 3.1 Let a € L} (Ry) be of subexponential growth and of positive

type, and let A generate a bounded analytic Co-semigroup in X. Then (3.1) is
parabolic.

In the next subsections we show under some additional regularity assumption on
the kernel a(t) that parabolic equations admit bounded resolvents which enjoy
some further smoothness properties. It will be shown that the maximal regularity
result Theorem 2.4 remains true for parabolic equations and that strong pertur-
bation results similar to Theorem 2.3 also hold. For these purposes we first need
to discuss the kind of regularity of the kernels which is appropriate for parabolic
problems.

3.2 Regular Kernels
The notion of regularity needed below is introduced in

Definition 3.3 Let a € L} _(R.) be of subexponential growth and k € N. a(t) is

loc
called k-regular if there is a constant ¢ > 0 such that

"G (\)| < cla(A)|  for all Re A>0, 0< n < k. (3.7)

Observe that any k-regular kernel a(t), k > 1 has the property that a(\) has no
zeros in the open right halfplane. In fact, if a(Ag) = 0 then a(A) = (A — Xg)™p(N)
for some holomorphic function ¢(A) with ¢(Ag) # 0; differentiation yields

mA=20)""Tp(A) = @' (A) = (A=X0)"@'(A) = [(@ (1) /a(N) o (X) = ¢" (MI(A=X0)™,

hence (3.7) and ¢(Ag) # 0 yield a contradiction.
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Convolutions of k-regular kernels are again k-regular; this follows easily from
the product rule of differentiation. Moreover, integration and differentation are
operations which preserve k-regularity as well. On the other hand, sums and
differences of k-regular kernels need not be k-regular; consider a(t) = 1 and b(t) =
t? to see this. However, if a(t) and b(t) are k-regular and

|arga(\) —argb(\)| <@ <m, ReA>0

then a(t) + b(t) is k-regular as well.
It is not difficult to verify that (3.7) is equivalent to

|(A"a(\)™] < la(N)], ReA>0,0<n<k. (3.8)

and to
IA"(loga(M)™| < ¢”, ReA>0,0<n<k. (3.9)

where ¢/, ¢” > 0 are also constants.
If a(t) is real-valued and 1-regular then a(t) is sectorial. Indeed,

re”

arg a(re'?) = Imlog a(re'® Im/ — log a(re')dt = Im/ Jire" ———dt,

hence or

jarga(re)| < e < 5
i.e. a(t) is cH-sectorial with ¢ from (3.7). The converse of this is not true as
the example a(t) = 1 for ¢t € [0,1],a(t) = 0 for ¢ > 1 shows. In fact, then
a(\) = (1 —e )/, hence a is m-sectorial but

=1—- —— A
a0 a1 Re A >0,

shows that this function is not bounded in the right halfplane.
We shall make use of

Lemma 3.1 Suppose g : C4 — C is holomorphic and satisfies g(A) # 0, and
|arg g(A\)] < 6 for Re A > 0. Then for each n € N there is a constant ¢, > 0
depending only on n such that

(Re )" g™ (N)| < cu0lg(N)], Re > 0. (3.10)

Proof: Let u(\) = arg g(\). The Poisson formula for the halfplane and its analytic
completion yield with some constant v € R

i [ 1—ip\, . dp
1 —y
og g(\) 7+7r/_00[/\_ip ]U(Zp)1+p2,
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hence by differentiation

E/m;(i)d Re A >0
7 ) i) P '

This identity implies for A = o + it

(—1)"(log g(A)™ =i

n! [ o"

llogs) < T [
+1)

| n
e—/ 1+ 02" dp,

s

uip)ldp

IN

and from this (3.10) follows. O

By means of Lemma 3.1 we can now show that kernels which are sectorial on a
sector larger than the right halfplane are k-regular, for every k € N.

Proposition 3.2 Suppose a € L, (Ry) is such that a(\) admits analytic extension
to ¥(0,¢), where ¢ > T, and there is 6 € (0,00) such that

larga(N)| <0 forall A€ 3(0,¢). (3.11)
Then a(t) is k-regular for every k € N.

Proof: Let g : C; — C be defined by g(z) = a(z?), where p = % Then
g(z) fulfills the assumptions of Lemma 3.1, hence (3.10) holds. This implies with
a(A) = g(A*),a =5

P )
Amalm (\ Zb DA, ReA>0, neN,
for some constants bj'. Therefore, by Lemma 3.1 we obtain

A& (\)] Zlb llg® A

IN

n

7L < ~
Z |R e W< em)a(N)], Re >0,

IN

since with o« = % <1

Re A% = |A|* cos(aarg \) > |\|¢ COS% =c(a)A|*. O

We have seen above that nonnegative, nonincreasing kernels are in general not 1-
regular. However, if the kernel is also convex, then we can show that it is 1-regular.
More generally, let us introduce
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Definition 3.4 Let a € Li (Ry) and k > 2. a(t) is called k-monotone if a €

loc
C*=2(0,00), (=1)"a™(t) >0 for allt > 0,0 <n <k —2, and (—1)*"2a+=2)(t)
s monincreasing and cONVeX.

Thus by definition a 2-monotone kernel a(t) is nonnegative, nonincreasing and
convex, and a(t) is completely monotonic if and only if a(t) is k-monotone for all
kE>2.

Proposition 3.3 Suppose a € L}, .(Ry) is (k + 1)-monotone, k > 1. Then a(t) is
k-regular and of positive type.

Proof: Suppose a € L}, .(Ry) is (k + 1)-monotone, for some k > 1. Since 2-
monotone kernels are of positive type (see below), Lemma 3.1 yields with A\ =
o+ip,0c>0,peR

o™a™ ()] < cnla(N)], ReA>0, neN.
Therefore it is sufficient to prove
P ()] < cala(M)], Re A0, n < k.

Let a,(t) = a(t)e % t,0 > 0; then a,(t) is (k + 1)-monotone again, and so by
Proposition 3.9 below we have

|Gg (ip)] > (\/i)—?’/"" as(t)dt, peR, o >0,
0

as well as )

Tel
6l (ip)| < ck/ t"as(t)dt, peR, 0>0,n<k,
0
where cj, only depends on k, by Proposition 3.8. These inequalities combined yield
Tl Tl :
P lla™ ()] < ck|,0|"/ " rag (t)dt < ck/ " o (t)dt < 22 crla(V)|
0 0

for all c = Re A > 0, p € R, and n < k. Therefore a is k-regular.
To prove that a(t) is of positive type we use (3.46) for k =2 and A = ip

1 [ -
a(ip) = aco/ip + — / (1 —e " —ipt)da(t),
P~ Jo
which gives
Re a(ip) = p_2/ (1 —cospt)da(t), pe R\{0}.
0

Since a(t) is convex, da(t) > 0, and so Re a(ip) > 0,p € R. Re a()) is harmonic
in the right halfplane and tends to zero as |A\| — oo; therefore by the minimum
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principle we may conclude Re G(A\) > 0 for all Re A > 0, i.e. a(t) is of positive
type. O

Another sufficient condition for k-regularity is contained in

Proposition 3.4 Suppose a € W,'T™1(0,00) is such that Jo7 talm O ()] dt < oo

forall0 <1<k and a(j)(O) =0 for all0 < j < m—1; assume there isb € BV (R})
with db(\) = [N™a(N)]~! for all A > 0. Then a is k-regular.

Proof: For Re A > 0 we have the identity

A" = db(\)ATa™ (A)

= db(A) - {[[(=)"a) NN + (¢"a() D |0}

i( ) ntm {(tla(erl)(t))A(/\) + m—Htla(l+m71)(t)|t:0}a

m+1)! n+m

hence A"a(™ ()\)/a()) is bounded for Re A >0, n < k. O

The cases m = 1 and m = 2 are the most important in applications of Proposition
3.4.

3.3 Resolvents for Parabolic Equations
The first main result on resolvents for parabolic equations is the following

Theorem 3.1 Let X be a Banach space, A a closed linear operator in X with dense
domain D(A), a € L}, (Ry). Assume (3.1) is parabolic, and a(t) is k-regular, for
some k> 1.

Then there is a resolvent S € C*~1((0,00); B(X)) for (3.1), and there is a
constant M > 1 such that the estimates

[t S < M, forall t>0,n<k-—1, (3.12)

t
tESE=D () — sF S ()] < M|t — s|[1 + log — ) 0<s<t<oo, (3.13)
— S

are valid.

Observe that (3.13) implies

) 1
|tkS(k_1)(t) _ SkS(k_l)(8)| < M(t - S)(l + E(t j s

) < Mt —s) ¢

forall 0 <s<t<T,ie S*E1 e CL-2((0,00); B(X)) for each e € (0,1).
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Proof: The proof of Theorem 3.1 is based on a result on the inversion of the
Laplace transform, proved in Section 0.2. Since (3.1) is parabolic by assumption,
we have

IH(\)| < IJ\AJI for Re A > 0.

For H'(\) one obtains

H'(\) = —HMN\) /X +d (MNAI —a(MN)A) " H(N),
and since a(t) is 1-regular this formula gives

@) M(M+1) _ My

'O < 5+ gy <

Re A > 0.

Proceeding this way, inductively there follows

M,
|[H™ (\)] < Nk ReA>0, n<k,

with some constants M,,. Thus by Proposition 0.1, H(\) satisfies (H1) and (H2)
of Theorem 1.3, and so there is a resolvent S(¢) for (3.1). Theorem 0.4 shows
moreover that S(t) belongs to C¥~1((0,00); B(X)) and satisfies (3.12) and (3.13).
The proof is complete. O

Combination of Corollary 3.1, Proposition 3.3 and Theorem 3.1 yields

Corollary 3.2 Suppose A generates an analytic Cy-semigroup in X, bounded on
some sector X(0,0), and let a € Li, (Ry) be 2-monotone. Then (3.1) admits a
bounded resolvent S(t) in X which moreover belongs to Cf: .((0,00); B(X)) for each
a <1

Proof: By Proposition 3.3, a(t) is 1-regular and of positive type, and therefore
(3.1) is parabolic by Corollary 3.1. Theorem 3.1 with & = 1 yields the assertion.
O

In Section 1.3, Corollary 1.2, we have seen that (3.1) is well-posed if A is negative
semidefinite in the Hilbert space X, and a € BV,.(R4) is such that the measure
da is of positive type. This is in general a hyperbolic situation; however, we can
prove now the following parabolic extension of this result.

Corollary 3.3 Suppose A generates a Co-semigroup T(z) which is analytic in
¥(0, %), and uniformly bounded in each subsector 3(0,0). Let a € BVjo.(Ry.) be of
the form

a(t) = ap + /O1t ai(s)ds, t>0, (3.14)
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where ag > 0,a; € LY(Ry.) is 3-monotone, and

¢! f(f Ta1(7)dr
ag + fg —1ay (T)dT

(3.15)

limt_>0

Then there exists a bounded resolvent S(t) for (3.1) in X, which moreover belongs
to C1Y((0,00); B(X)) for each o < 1, and tS'(t) is bounded on (0, 00).

loc

Observe that (3.15) holds if ag > 0 or if lim, ,, — ta1(t)/a1(t) > 0; on the other
hand (3.15) implies ap > 0 or a1(0+) = oo, i.e. da(t) must have a singularity at
t=0.

Proof: The assumption on A implies o(A) C (—o0,0] and (3.6) for every 6 < .
For parabolicity of (3.1) it is therefore sufficient to show that a(t) is f-sectorial for
some 6 < w. By Proposition 3.1, a(A) is of the form

a(\) = X (ag +ai1(N), ReA>0.
and so we only need to show

larg(ao + a1 (V)] < 6o < g Re A > 0. (3.16)

Since a;(t) is 3-monotone, it is 2-regular and of positive type, by Proposition 3.3;
the remarks following Definition 3.3 then show that a(t) is 2-regular again. Since
a1 (t) is 3-monotone, Proposition 3.10 yields

3 ToT T
g|p|/O " tar(t)dt < |Im a1 (ip)| < 12\p|/ “tai(t)dt, peR,
0

as well as

1 1
g/w —tay (£)dt < Re ay(ip) < 4/“)‘ —tay (t)dt, pER,
0 0

and therefore (3.16) is equivalent to

1 1
Tel Tel
o) = 1ol [Tt/ + [T aim@an <c. per 3a7)
0 0
apply the maximum principle to the harmonic function arg(ag+a1(A)) in the right
halfplane C to see this. ¢(p) is a continuous function on R\{0}, therefore (3.17)

needs only to be checked at p = 0 and p = co. Condition (3.15) shows that (3.17)
holds at p = oo; the estimate

o(p) < /OOO aq(t)dt/(ao +/O —Ta1(T)dt) < oo for |p| <1

yields (3.17) near p = 0.
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Thus Proposition 3.1 shows that (3.1) is parabolic. As observed already, a(t)
is 2-regular, and so Theorem 3.1 yields the assertion. O

It should be observed that in Corollary 3.3 the condition “a; € L'(R)” can be
replaced by “0 € p(A)” since a(A)"" — 0 as A — 0, and so (3.17) then is not
needed at p = 0.

3.4 Perturbations
Consider as in Section 2.5 the perturbed equation

w(t) = f(t) + (a +a*xdk) * Au(t) + bxu(t), >0, (3.18)

where a(t) is such that (3.1) is parabolic, b € L} (Ry), and k € BV,.(R;) is
continuous at zero. If a(t) is in addition 1-regular then by Theorem 3.1, Equation
(3.1) admits a resolvent. It turns out that in this situation (3.18) is well-posed as
well. This shows that for parabolic equations a perturbation theorem like in the

case of analytic resolvents is valid, provided a(t) is in addition 1-regular.

Theorem 3.2 Suppose (3.1) is parabolic, a € Li, (Ry) is 1-reqular, and let b €

L, (Ry), k € BVipe(Ry) such that k(0) = k(0+). Then (3.18) admits a resolvent
S(t).

Proof: Without loss of generality we may assume that b(¢) and dk(t) are Laplace
transformable, and since k(¢) is continuous at zero, we may even assume

b(A)| + |dk(N)| <n  for Re A >0, (3.19)

where n > 0 is any prescribed number; multiply (3.18) with e~“! with some
sufficiently large w, to see this. As in the proof of Theorem 2.4 we let r(¢) and ()
be defined by

r=b+bxr, l=k+1xr+kxr. (3.20)

The resolvent of (3.18) then must satisfy the equation
S=I+AaxS+dk+AaxS+bxS, (3.21)

hence as in the proof of Theorem 2.4

SO = %(1 —b(A\) = (1+dk(A)a(N)A) ™ = (1+7#(N) D [dI(N)]"Ha(N),
n=0
for Re A > 0, where
H,(\) = %d(/\)"A”(l —a(N)A) "D Re A > 0. (3.22)
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Since (3.1) is parabolic we obtain

~ ~ —1n M n
[Ha (V)] < [HoW[la(N AT — a(n)A) " < |T(|) -M™, Re A>0,

for some constants My, M > 1. 1-regularity of a(t) and

a'(\) a'(\)
i) H,(\) +(n+1)

>

Hy,() =~ Ha() 4

yields the estimate

M()Mn M()Mn+1 Man(n+1)

- 1
nC RE +(n+1)C S B

Mo M™
H (N < ——
0] < T

Therefore, there are functions S,, € L (Ry; B(X))NCP:.((0,00); B(X)), a € (0,1),

such that

Sp(A) = Hp(A) for Re A >0,

and
‘Sn(t” SMQMR(TL-F].), t>07

for some constant Ms which is independent of n, by Theorem 0.4. Define
S(t)=(5+7)x Y _[dI]*" % Sp(t), t>0; (3.23)
n=0

this series converges absolutely if 1 > 0 is sufficiently small and it is clear from
the construction that (3.21) holds. Each function S, (¢) commutes with A, and so
(3.21) evaluated at z € D(A) shows that S(¢)z is continuous on R, hence S(t) is
strongly continuous on R;, by the Banach-Steinhaus Theorem. Thus S(t) is the
resolvent for (3.18) and the proof is complete. O

It should be noted that in case a(t) is k-regular, k& > 1, then S, (¢) defined in the
proof of Theorem 3.2 belongs to C*~1((0,00); B(X)); however, S(t) in general will
only be continuous, since the discontinuities in [(t) will be reproduced in S(¢). No
matter how smooth a(t) is, the resolvent S(t) can be only as smooth as I(¢).

3.5 Maximal Regularity
Consider again the perturbed equation (3.18) where a(t) is such that (3.1) is
parabolic, b € L}, .(R), and k € BV},.(Ry) is continuous at zero. It is a surprising

fact that (3.18) has the maximal regularity property of type C¢ in case a(t) is 2-
regular, although the resolvent S(¢) of (3.18) is merely continuous.

Theorem 3.3 Suppose a € L}, .(R) is 2-regular and such that (3.1) is parabolic,

let b € BVipe(Ry), and k € BVj,.(Ry) with k(0) = k(0+), let J = [0,T] and
€ (0,1). Then

(i) for each f € C§(J; X) there is a mild solution u € C§(J; X) of (3.18);
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(ii) for each f € C§(J; X 4) there is a strong solution u € C§(J; X 4) of (3.18);
(ii) for each f =axg,g € C§(J; X) there is a strong solution u € C§(J; X a) of
(5.18).

Proof: Tt is sufficient to prove (i); (ii) and (iii) follow from (i) as in the proof of
Theorem 2.4. According to the proof of Theorem 3.2, the resolvent S(t) for (3.18)

is of the form
o0

S(t) = (6+7) % Y _[d]" % Su(t), t>0, (3.24)

n=0

where r(t) and [(t) are defined as in (3.20), and w.Lo.g.

/0 |r(t)\+/0 dit)] <1, (3.25)

1 > 0 being any prescribed number. S, () satisfies

S, (\) = Hy(N) = %&(/\)”A”(l —a(N)A)~ ™D Re A > 0.

Since a(t) is by assumption 2-regular, as in the proof of Theorem 3.2 there are
constants My and M such that

M,
|H,(N)| 4 [NHL (V)] 4 [N2H (V)] < ﬁMﬂ, Re A >0, neN. (3.26)

Theorem 0.4 then shows S,, € C1((0,00); B(X)) with
1Sn ()] + [tSh (1) < MiM™, ¢>0 (3.27)

and

1250 (t) — s2S0(s)| < MyM™(t — s)(1 + log ), 0<s<t<oo. (3.28)

t—s

The latter yields the estimate

IS/ (t+h) — Sh(t)| < MaM™ (1 + log(1 + %)) for all t,h > 0. (3.29)

h
t(t+ h)
Given f € C§(J; X) we set

d

up(t) = pn

¢

(Sn e f)(t) = Sn(t) (1) +/ St =7)(f(r) = f(®))dr, L€ J, (3.30)
0

and follow the proof of Theorem 2.4 to obtain w, € C§(J;X) as well as the

estimate

[unla < CM"[fla, n €N, (3.31)
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where C' is a constant independent of n; observe that the estimate of I, there has
to be modified slightly using (3.29). Then set

u(t) = (6+r) * i[dl]*" s up(t), teJ;

n=0

the series converges absolutely in C§(J; X) provided nM < 1, and we obtain

uloa < (L +0)C Y (M)"|fla = Cilfla-

n=0

If f € CY(J;X), f(0) =0 then u,, = S,, * f implies that u = S * f’ is the unique
mild solution of (3.18). The result now follows from an approximation argument
like in proof of Theorem 2.4. O

Corollaries analogous to Corollaries 2.5 and 2.6 can be obtained as well; we leave
this to the reader.

3.6 A Representation Formula
Let a € L}, .(Ry) be 1-regular and sectorial with angle # < % and suppose A

generates a bounded Cyp-semigroup 7'(7) in the Banach space X. Then p(A) D C,
and there is a constant M; > 1 such that

My
- A<
(=A< g

for Re p > 0,

in particular, (3.6) holds on each sector (0, #) with § < 7. By Proposition 3.1 this
implies that (3.1) is parabolic, and Theorem 3.1 shows the existence of a bounded
resolvent S(t) for (3.1). In this section we want to derive a representation formula
for S(t) in terms of the semigroup T'(7) and certain functions w! € L'(R,). To
see how this becomes possible recall that

(I—-pA)~t= ;fl/ e""/MT(r)dr, Re p>0; (3.32)
0
thus we obtain
~ 1 o0 N
— HO\) = AT —a(NA)L = / eV
S0 = HO) = A1 = a)) " = ot [T e T (rar
ie. -
S0 = / W\ F)T(7)dr, Re A >0, (3.33)
0
where
o—7/a(0)
h(\;7) = Re A >0, 7> 0. (3.34)

xa(n)
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The Laplace transform of h(A;7) w.r.t. 7 is then given by

1
A1+ pa(N))’
which on the other hand is the Laplace transform of the function s(¢; u) introduced

in Section 1.3 w.r.t. t. Next we show that s(¢; u) is the Laplace transform w.r.t. 7
of an L'-function wt(r).

oA ) = Re A>0, Re u >0, (3.35)

Proposition 3.5 Suppose the kernel a € L}OC(R+) is 1-reqular and sectorial with
angle 0 < T, and let s(t; ) denote the solution of

s(t)+ulaxs)(t)y=1, t>0, peC.
Then there is a uniformly bounded family {w'};~o C BV (Ry) N Wﬁ)’cl(R_s_) such

that -
s(t;p) = —/ e Pt (T)dr, t>0, Re u> 0. (3.36)
0

The function w : (0,00) — L'(Ry) is continuous and w* = —eq in BV(R,) as
t — 0, where eg(t) denotes the Heaviside function.

Proof: Fix t > 0 and € > 0; then s(¢; u) is represented as

et oo
s(t;p) = ;_77/ eP'o(e +ip,p)dp, t>0, Re >0, (3.37)

— 00

by inversion of the Laplace transform. Integration by parts and a differentation
w.r.t. p yields

€

bS] et oo . o2
Yo _ ip .
st = g [ e ate i, (3.39)

By a simple computation we obtain

A&’ (\)
a(A)

92 S P (0)) /(N pa(\)?
anon” N = el V250 Wt pa(n)?

and a direct estimate which employs 1-regularity and 6 < 7 gives

02 C la(\)]
T NS B T ey

(1 - ]7
for Re A>0, Re u >0, (3.39)

where C' > 0 denotes a constant independent of p and A. Combining (3.38) and
(3.39) yields

/ |£s(t,z7')|d7 < 27rt

— 00

|a(e +ip)| dp
o L+ Tla(e+ip)))? €2+ p?

o[ dr dp C et e
2 ( ) 2 > = 7 = C—
mtJ_ oo (1+7)27e24p ™ et T

A
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with the choice ¢ = % Thus for fixed ¢ > 0, s(t;-) belongs to the Hardy space
H>(C4) and (%s(t; -) € HY(C); by Hardy’s inequality (see Duren [106]), there
are functions v* € L*(R;) such that ?;\t(/i) = s(t;p) for Re > 0, and [v?]; < §¢,
for all t > 0. Define

wh(r) = / vi(s)ds, t>0, 7> 0;

then w'(7) = —v'(7), hence (3.36) is valid, and the family {w'};~o C BV(Ry) is
uniformly bounded.

A similar argument involving Hardy’s theorem shows that the function w :
(0,00) — LY(R;) is continuous (even C¢_((0;00); L*(R4.)) for any o € (0,1)) and
wt = —eq follows from s(t; ) — 1 as t — 0 for every p € C, since span{et™ : u <
0} is dense in Cp(Ry). O

Since w : (0,00) — L'(R,) is continuous and bounded, the vector valued Laplace

transform () exists for Re A > 0. The ordinary Laplace transform £ : L*(Ry) —
H(C,) is linear and bounded, hence

Lb(N) = Lib(N) = =8(A 1) = —o(A; 1)
holds for Re A > 0 and Re p > 0. Since on the other hand
o(X;-) =Lh(N,-) for Re A >0,
we obtain from uniqueness of the ordinary Laplace transform
w(\) = —h(X;-), ReX>0. (3.40)

Via (3.33) this yields

S0 /O T RO T (r)dr = — /0 S O T(r)dr

—< / ()T (r)dr) (),

and so by uniqueness of the vector-valued Laplace transform we arrive at the
representation formula

S(t) = —/ W' (T)T(1)dr, t>0, (3.41)
0
we have been looking for.
3.7 Comments

a) The concept of parabolicity employed in this section has been introduced in
Priiss [278] as well as the notion of k-regular kernels, and the results of Sections 3.2
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and 3.3 appear also there. The perturbation theorem, Theorem 3.2, and Theorem
3.3 on maximal regularity are new, as is the representation formula in Section 3.6
for the case considered here.

b) In the situation of Proposition 3.1 one can show without further assumptions
that there is an L] -resolvent S(t) for (3.1), i.e. a function S € L} (Ry;B(X)),
for all 1 < p < oo, such that S’()\) = H(A), Re A > 0, and the resolvent equation
holds a.e. The proof of this result relies on the Dunford integral representation
S = g [+ A st >0,
2w Jr

where I' is an appropriate contour in the complex plane, and on LP-estimates
for the scalar function s(-; ). The latter in turn can be obtained from standard
estimates in the theory of HP-spaces, and from lower bounds for the Laplace
transform of sectorial kernels. This is similar to the method used by Friedman

and Shinbrot [123] and Friedman [121] for the case a(t) = ag + fot a1(s)ds with
ay € I/Vlloc1 (R4+). However, the latter result is a special case of Theorem 3.2, even

a1 € L}, (R) is sufficent.

¢) 2- and 3-monotone kernels have been used extensively in the theory of scalar
and vector-valued Volterra equations; see e.g. Levin [213], Shea and Wainger [302],
Carr and Hannsgen [38], [39], Hannsgen [163], [162], Kiffe and Stecher [196], and
the recent monograph by Gripenberg, Londen, and Staffans [156], as well as the
references given there.

d) The estimates on a™ in the appendix are generalizations of the results of
Shea and Wainger [302], Hannsgen [161], Carr and Hannsgen [38] for 2-monotone
kernels; cp. also Gripenberg, Londen, and Staffans [156].

e) For parabolic equations perturbations A + B, where D(B) D D(A), and for
each € > 0 there is C(e) > 0 such that

|Bx| < e|Az| + C(e)|z|, x € D(A),

are again possible, if one applies an exponential shift. Parabolicity is in this sense
invariant under such perturbations.

f) It is also possible to obtain spatial regularity of the resolvent S(t) for equations
of parabolic type, provided a(t) is k-regular, for some large enough k. In fact,
after an exponential shift we obtain by the arguments in the proof of Theorem 3.1
and by Lemma 8.1 the estimate

|AH® (\)] < M/(]A*+1), Re >0,
for some sufficiently large k. This yields
[tFAS(t)] < Cet, t>0,
i.e. R(S(t)) € D(A) for all t > 0; cp. Section 2.4.



3. Parabolic Equations 83

g) Observe that Proposition 3.5 yields an estimate of the form
|s(t; )| <M forallt>0, Rep>0,

provided a(t) is 1-regular and 6-sectorial with # < /2. The family w(t; 7) = w'(7)
constructed there satisfies

Var w(t;-)|g° < M, forall t > 0.
It seems to be unknown whether in this situation also
Var w(-;7)|g° < M, forallT>0

holds; the latter would imply

/

o M
/ |r(t; pw)|dt < 7 for all t >0, Re p > 0.
0 H

However, this in turn can be proved at least if a(t) is in addition 2-monotone. It
will be seen that the family w(t; 7) is of central importance for the theory presented
in Section 4.

Appendix: k-monotone Kernels
A kernel a € L, (Ry) is called I-monotone if a(t) is nonnegative and nonincreas-
ing; a is called k-monotone (k > 2) if a € C*=2(0,00) satisfies (—1)"a(™ (t) > 0
for all t > 0, n < k — 2, and (—1)*"2a*~2)(¢) is nonincreasing and convex. To
keep the presentation self-contained we now prove some estimates for k-monotone
kernels which have been used above.

The behaviour of such kernels at ¢ = 0 is described in

Proposition 3.6 Let a € L} (Ry) be k-monotone for some k > 1. Then

loc

(i) a™ ()t"t = 0ast—0,n<k—1;
(ii) a™ ()" € LY(0,1) for alln <k — 1, and [, (—t)*da®=V(t) < oo;
(iit) Fort > 0,1 € Ny we have the identity

tol k-1 o A t okl 1)k .
[ ety = e+ [ a6,

Proof: Since a(t) is nonincreasing and nonnegative and belongs to L'(0,1), we
have

¢
ta(t) < / a(s)ds —0 ast—0,
0

as well as

0< / —1a(T)dr = —ta(t) + ca(e) —l—/ a(t)dr — —ta(t) —|—/O a(t)dr
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as € — 0; this proves (i) and (ii) for n = 0,n = 1 respectively. Suppose (ii) holds
for some n < k — 1; then

tn-i—l "

t _n t
T 1y () — T _ 1\, ) 1\, )
0§<n+1)!( H"a (t)_(/o n!dT)( DH"a (t)§/0 n!( H"a"™ (r)dT — 0
as t — 0, since (—1)"a(™ (t) is nonincreasing and t"a(™ (t) € L'(0,1). Thus (i)
holds for n as well and the relation

‘ 1 Tl 1
0 S /(_1)n+ ma(""‘ )(T)d'T

tn+1 6n+1

i n
I S L N (O VAN SN / T g
() a0 + () e @) + [ () T )
shows that (ii) also holds for n + 1. Thus (i) and (ii) follow by induction. (iii) is

obtained by integration by parts. O

The next proposition contains the behaviour of a(t) at t = co.

1
loc

Proposition 3.7 Let a € L
lim¢—, o0 a(t). Then

(i) a™ ()" — 0 ast — o0, 1 <n<k—1;

(i) a™ ()"t € L1(1,00), 1 <n <k —1, and [{°t*"1(=1)*daFD(t) < oo;
(iii) Fort > 0,1 < k — 1 we have the identity

(Ry) be k-monotone for some k > 1, and let ax =

kT (ke .- k—j  (k—j ¢t
/t (_1) lea( - )(7—) — Z(_l) /_]a( _])(t)m — (51’]@71&00. (343)
! = !

Proof: Since a(t) is nonincreasing and nonnegative, ao = lim; .o a(t) exists and
is nonnegative; from

R
0< /t —a(r)dr = a(t) — a(R) — a(t) — as, as R — o

there follows @ € L'(1, 00). Suppose a™ (t)t"~1 € L'(1,00) for some 1 < n < k—1;
then

Tn—l

ﬁ(1—2—”) = (—1)"a<">(t)/ de

n! +
2

0 < (=1)"a™(t)

t n—1
[ h(—l)”a(”) (r)dr —0 ast— oo,

since (—1)"a™(t) is nonincreasing, hence a(™ (t)t"

the identity

— 0 as t — oo. Furthermore,

R n
0 < /(—1)"+1T—a("+1)(7)d7
¢ n!
R" tn R Tnfl
_ _1\n+12Y (n) _1yn2_,(n) _1\n (n)
(—1) —a (R)+(-1) a (t)—f—/t (-1) (n—l)!a (r)dr
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shows t"a(" 1) (t) € L'(1,00). Thus (i) and (ii) follow by induction. (iii) is obtained
by integration by parts. O

Next we consider the Laplace-transform of a k-monotone kernel a(t). An integra-
tion by parts shows

Aa(A) = aoo + /OOO —a(t)(1 — e *)dt, Re A > 0; (3.44)

thus by Propositions 3.6 and 3.7 we conclude that Aa()) admits continuous ex-
tension to C, if a(t) is merely 1-monotone, and (3.44) holds for all Re A > 0.
Furthermore,

e*)\t

oo +/OE —d(t)t|1_t|dt+/:o —a(t)|1 — e~ M|dt
oo + \)\|/E —a(t)tdt—l—Q/ —a(t)dt
0 15
_ aoo+\)\|(—aa(5)—|—/ a(t)dt) + 2(afe) — ax),
0

[Aa(A)]

IN

IN

since [1=¢— “| <1 for Re z > 0. Hence with ¢ = 1/|)],

L
|<|)\\/ dt+a1/|>\|)—aoo<2|)\|/k ),
i.e. we have the upper estimate
1
A < 2 / a(t)dt, Re A > 0. (3.45)
0

Integrating (k — 1)-times by parts in (3.44), when a(t) is k-monotone we obtain
by means of Propositions 3.6 and 3.7

X 1 P G0 S VA
Mea(\) = A tag, — /O (j=0 e Mda* D (), ReA>0. (3.46)
With
k-1 j 2}
fk(z) — (k Z—kl)l(z (_j'T) _ €_Z — k 1 Z . ( ]') , (347)
! !

(3.46) can be rewritten as

A(A)—aﬁ—/wf()\t)id *=1(¢), ReA>0 (3.48)
V=N YT poea=b '
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and this gives the following representation of a(™ (\).

(k—1)
() = (ZD e (1) gyt 2051 ()
a™ () = MH fk (At)t i Re A>0.  (3.49)

(3.49) can be used to obtain estimates for (™ (\), n < k — 1; for this purpose we
have to study the functions fi(z) in detail.

Lemma 3.2 Let k > 1 and fi(z) be defined by (3.47). Then
(i) fu(z fot—lkl_tzdt forallk>1,z €C;

i f"> < tyk=tgngp = ME=D > 1 >0, Re 2 > 0;
k O (n+k)!

(i) |1 (2)] < ,Mznﬂ 0<n<k-1,Rez>0.

Proof: Let gi(z) = fol(t — 1)k let2dt; we want to show f = gi. For k = 1 we
have

)= [ = L0-e) = A

Next we observe that

1 —t 1
gz = [[¢-be = @- 0 et [ -t
0 ZJo

_1\k
:Q—}—Egk(z) forall k > 1, z € C.
z z

On the other hand, we also have

(—D*

z

k
frr1(z) = ;fk(z) + forall k> 1, z € C,

hence gi and fi satisfy the same recursion, and so fi = gx, by f1 = ¢1; this proves
(i)

To prove (ii) we simply estimate f,gn) (z), which is given by

52 = /0 (t — 1)k (—t)"e—"dt, (3.50)

to the result
n!(k —1)!
(n+k)"

To prove (iii), integrate (n + 1)-times by parts in (3.50); this yields

11 (2)] < /1(1 — )k lnat =
0

(n)

k: 1myn+l —tz (_1)n k—1,n(n) —tz|1
eryteT - e {(t - 1) etz
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since the integrand vanishes at ¢t = 0,1 to the order n. We have

ntlo -1  1\k—1-1
%)”ﬂ{(t—n’“t”}—z( jl) e e e

=1

and the term with [ =n + 1 is absent in case n = k — 1. This yields

. 1 n+1 n+1 1 =1 (l_t)k—l—l
|f( )( )<|Z|n+1{n!+n!(k—1)!2( ; >/0 (=1 (k—l—l)!dt}

=1

n+1
n! n+1 2ntlin)
=1

and similarly also forn =k —1. O

Lemma 3.2 now yields the desired estimates for a(™ (). From (3.49) we obtain

. nlaso ® n gtk ,
AW < F+ [ 00l (D et

1
nla Do gtk plontl oo k-l
0 | _1\kq,(k-1) _1\k g, (k—1)

IA]

1

k-1 ,
nlaoo /w (—1)7 . iy

+ t"a(t)dt — n! 7 @D/ ANt
o T, Te® ;UMH)! (1/IAD(AD

IN

n'2"+1 nl2n+1
|)\|n+1 Z D (/AN ~ At Tyt dee

by Lemma 3.2 and Propositions 3.6 and 3.7. Since (j+?!+l)! < ((i—Hng' another

application of Proposition 3.6 finally yields

™M) < /OW t"a(t)dt +n!(2”+1% —-1) /OW ﬁa(t)dt

n!

| 1
_ gntl E’Zt?;' /O“' t"a(t)dt, ReA>0,n<k— 1.

Summarizing we have

Proposition 3.8 Let a € L}, (R;) be k-monotone for some k > 1. Then

1

o+ 1) [T
w/ a(t)dt, ReA>0,0<n<k—1. (3.51)
0

~(n) n+1
) () < 2 B2t



88 Chapter I. Equations of Scalar Type

To derive lower bounds for a(\) we write A = o + ip; then

V2|a(\)] > Re a(\) —Im a(\) = /Ooo as (t) cos ptdt + /Ooo a,(t) sin ptdt

7r
2[p|

= / a, (t) cos ptdt + / (as(t) — ay(t + E)) sin ptdt
0 0 P

Tl 1 _o [T
> (cos1) /‘ | aq(t)dt > —e” Tl v a(t)dt.
0 2 0

if a(t) is nonnegative and convex; observe that a(t) is convex if and only if a(t) —
a(t 4+ h) is nonincreasing in ¢, for every h > 0. This yields

Proposition 3.9 Let a € Lj, .(R;) be 2-monotone. Then

2 /W a(t)dt > |a(ip)| > (2v2)™* /W a(t)dt,  for all p # 0. (3.52)
0 0

Observe that the constants appearing in Propositions 3.8 and 3.9 do not de-
pend on the particular kernel in question, they only depend on the property of
k-monotonicity.

Next we derive estimates for Re a(ip) and —Im a(ip) from above and below.

Proposition 3.10 Let a € L}, .(Ry) be 2-monotone. Then
(i) 2p [y ta(t)dt < —Im a(ip) < 12p [ ta(t)dt, p > 0

1
(ii) Re a(ip) <4 [y —ta(t)dt, p > 0.

(iii) If a is also 3-monotone then Re a(ip) > 2 [;

o I=

—ta(t)dt, p > 0.

Proof: By (3.46) with k = 2 we have

Ao 1

4P = 5~ Gy

/00(1 —ipt — e ") da(t),
0

hence with 0 < ¢ —sint < min(1 +¢,¢3/3!)

1 (o)
—Im a(ip) = foo — / (pt — sin pt)da(t)
P P Jo
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bg Proposition 3.6. Similarly, with ¢ — sint > g—f(l — %) > % for ¢t € [0,1], we
obtain

1
G Bp [0t L[ . :
—Im a(ip) > " + 10 J, gda(t) + e /% (pt — sin pt)da(t)

1

Tase 6p. 1 1 11/p 3 1 7
>
0

= T0p 1—0[ —a(=)+ ta(t)dt] + —a(=)

602" 0" 202 % 100 'p’  10p2
1

o T Ep/” ta(t)dt > 7p/” ta(t)dt,
0 0

. 1
(1 —sin l)a(;)

w

5
since 7(1 — sin1) > 1; this proves (i).
On the other hand, with 1 — cost < min(t?/2,2)

a(ip) = — b — cos a 2 b a %i a
Re aip) = = [ (1= cosptpdatr) < = / ai(t) + [ Gaatr)
2, 1, v v
< —Fa(l/p) + Q—pza(l/p) —/0 ta(t)dt < 4/0 —ta(t)dt, (3.54)

since by convexity

1

~5oziUn) = ([ tan=aq/p) < [7 iy

22
This proves (ii).
To derive the bound from below for Re a(\) we use (3.48) with k = 3.
v Qoo 1 /oo . (*lpt)Q —ipty g
a(ip) = — — —= 1 —ipt + ——— — e *")da(t),
)= ~ G Jo ¢ 2 )
which implies

1 o0
Re a(ip) = ——3/ (pt — sin pt)da(t).
e Jo
Estimating ¢ — sint as above we obtain

1 [7 o 6 [+
—F/O (pt—smpt)da(t)Z—l—O ; ida(t)

6 1 1 Z
_ 6 - L . .
li1/0) = 5t/ + [ " tateyan
On the other hand,
. oo 3 e o) 7 oo
3 i . > __2 . . o . ..
P /l (pt — sin pt)da(t) > 07 /s (pt — 1)da(t) 07 /s (1 —sin1)da(t)
p B p

3 e 1 3 1
N .. P I .
> foz [ O+ Ti(1/0) = —ia(1/6) + (1)

1
P

Combining these inequalities yields (iii). O



4 Subordination

The class of completely positive kernels plays a prominent role in the theory of
vector-valued Volterra equations, and appears in applications quite naturally. This
class of kernels, its properties and associated creep functions are discussed thor-
oughly in this section. By means of the principle of subordination it is possible
to construct new resolvents from a given one, e.g. from a Cy-semigroup or from a
cosine family. The new resolvent can be explicitly represented in terms of the given
one, and of the propagation function associated with a completely positive kernel.
This representation is particularly useful for the understanding of the regularity
and the asymptotic behaviour of the resolvent.

4.1 Bernstein Functions

The theorem of Bernstein on completely monotonic functions will play a funda-
mental role in this section. Before we state this result let us recall the definition
of a completely monotonic function on (0, c0).

Definition 4.1 A C*-function f : (0,00) — R is called completely monotonic

if
(=1)"f™(N) >0 forall X>0, neNy. (4.1)

The class of completely monotonic functions will be denoted by CM.

Bernstein’s theorem gives the characterization of completely monotonic functions
as Laplace transforms of positive measures supported on R;.

Bernstein’s Theorem A C°°-function [ : (0,00) — R is completely monotonic
iff there is a nondecreasing function b: Ry — R, such that

fo) = /0 h e Mdb(t), > 0. (4.2)

Normalizing b(t) by b(0) = 0 and b(t) left-continuous’, b(t) is uniquely determined
by f. Moreover,

(=) M) = / N e Mmdb(t), A >0, ne Ny, (4.3)
0

and

(=)™ (0t = /OO t"db(t), n € Np.

0

Bernstein’s Theorem shows in particular, that every f € CM admits a holomor-
phic extension to C,. The class CM is easily seen to be closed under pointwise
addition, multiplication and convergence. However, the composition of completely
monotonic functions is in general not completely monotonic, for this another class
of functions is needed.

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_4, 90
© Springer Basel 1993
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Definition 4.2 A C*®°-function h: (a,3) — R is called absolutely monotonic
on (a, B) if K™ () > 0 for all u € (a, B),n € Ng. Let AM(a, 3) denote this class

of functions.
Frequently, the following result on composition of functions will be used.

Proposition 4.1 Let h € AM(«,3) and f € CM such that
FO) < B and f(o0) > (1.4)
Then ho f defined by (ho f)(X) = h(f(N), A >0, is completely monotonic.

The proof follows by an application of the chain rule and the product rule for
differentiation of composite functions. Observe that (h o f)(A) = h(f(X)) is well-
defined on (0, 00) by (4.4).

Definition 4.3 A C°°-function ¢ : (0,00) — R is called o Bernstein function
if (A) > 0 for A > 0 and ¢’ is completely monotonic. The class of Bernstein
functions will be denoted by BF.

The class BF is easily seen to be closed under pointwise addition, multiplication
with positive numbers and convergence, however, in general not under multiplica-
tion. Concerning composition we have

Proposition 4.2 Let f € CM and v, € BF. Then
(i) f o is completely monotonic;
(ii) ¥ o p is a Bernstein function.

The proof again follows by application of the chain and the product rule of differ-
entiation. The following respresentation of Bernstein functions will be of central
importance in the sequel; it is a consequence of Bernstein’s Theorem.

Proposition 4.3 A C*°-function ¢ : (0,00) — R is a Bernstein function iff there
exist unique constants ko, ks > 0, a unique function ki € L}, .(Ry), nonnegative
and nonincreasing with limy_, o k1(t) = 0 such that

koo -
P(A) = Alko + ==+ k1(1)), A >0. (4.5)
Moreover,
ko = /\lim @ and koo = ¢(04). (4.6)

Proof: (<) Suppose ¢()) is of the form (4.5) with ko, ko > 0, and k1 € L}, (Ry)
nonnegative, nonincreasing. Then ¢ is of class C>° on (0, 00), ©(A) > 0 for all A >
0; therefore it is sufficient to show that ¢’ € CM, i.e. that f(A\) = (d/dX)(Ak1(X))
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is completely monotonic. To verify this, assume first k1(0+) < oco. Then k; €
BV(R,) and Ak;(\) = dk1()), hence

I(t) = /Ot sdky(s) = /O: sdky(s)

is nondecreasing since kp is nonincreasing. Therefore

FON) = (dk1)'(\) = —tdky (N) = di())

is completely monotonic by Bernstein’s Theorem. If k1 (0+) = oo, we approximate
k1(t) by k5(t) = k1(t +¢), e,t > 0, and let

koo ~
(pg()\) = )\(k() + BN + kf()\))a A > 0.

Then ¢.(A) is a Bernstein function and ¢ (A) — ¢(A) pointwise as € — 0+, since

g
EE(N) = ek (\) — / eAETD ey (H)dt — Fy (M)
0
as € — 0+ . Hence () is a Bernstein function.
(=) Assume that ¢()) is a Bernstein function. Then ko = ¢(0+) exists and
is nonnegative; subtracting ko, from ¢(\) we may assume w.l.o.g. ko, = 0. Since
»(A) is positive and concave,

PN e W)
AS0 A

ko = lim
0 A—o00

exists and is nonnegative; subtracting koA from () we may assume w.l.o.g. kg =
0.
Next observe that

1
() = )\/ o (tN)dt, X\ > 0;
0

therefore the function ¥(A) = ¢(A)/A is completely monotonic. Bernstein’s The-
orem provides nondecreasing functions k!, normalized by k(0) = [(0) = 0 and

left-continuity, such that ¢(A\) = Adk(\) and ¢'(A) = di()) for A > 0. Then

1) _ o) _ (k)Y

_dW YOV k()

R O) =277 - tk(N),

tk(t) = Q/Ot k(r)dr — /Otl(T)dT, t>0.

From this identity and k(0%) = k(0) = 0 (which follows from ko = 0) we obtain
ke WhHRY), and with ki (¢) = k(t)

loc
tky(t) = k(t) —I(t), fora.a.t>0.
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Extend k; to all of (0,00) by means of this relation; then k;(¢) is nonnegative,
left-continuous and tky € BVjee(Ry), hence k1 € BV[e, 1/¢], for every € > 0.

We now show that kq(t) is nonincreasing. For this purpose, let p € C1(0, c0)
be nonnegative and with compact support; then

0= /0 Oop(t)dl(o = - /0 mp/(t)l(t)dt: /0 Oo(tp(t))’k1(t)dt: - /0 Ootp(t)dkl(t),

hence fooo q(7)dk1(7) < 0 for all nonnegative ¢ € C'(0, 00) with compact support,
and so also for all such ¢ € C(0,00). This implies kq (t) nonincreasing. Finally, we
have

lim ki(t) = lim My (\) = lim o(A) = ¢(0+) =0,

t—o0 A—0

and from this also (4.6) follows. O

Decomposing ki1 (t) = kao(t) + k3(t), t > 0, where

ka(t) = max(ki(t) — k1(1),0), ¢>0, (4.7
and
k‘3(t) = min(k1 (t), ]{,‘1(1)), t >0, (48)
(4.5) becomes
@A) = Mg + Aba(N) + koo + dks(X), A >0, (4.9)

since k3 € BV (R). As a consequence of (4.9) we obtain

Corollary 4.1 Let ¢()\) be a Bernstein function. Then o(\) admits a continuous
extension to Cy - again denoted by ¢(X\) - which is holomorphic in C.., and satisfies
Re ¢(A) > 0 for all Re A > 0.

Proof: Since ks € L'(R;) and k3 € BV(R.), (4.9) shows that ¢(\) can be
continuously extended to C, , such that the extension which is again denoted by
»(A) is holomorphic in C,. To see that Re ¢(\) > 0 for Re A > 0, we assume
first k1(0+) < co. Then p(A\) = Ako + koo + c/lEl()\), Re A > 0, and since ky (1) is

nonincreasing

Re @y (A) = k1(0+) + Re / e Mk (£) > by (04) + [ dia(t) =0,
0+ 0+

hence Re ¢(A) > 0 for all Re A > 0. If k1(0+) = oo, approximate kq(t) by
kES(t) = ki(t +¢€), t,e > 0, as in the proof of Proposition 4.3; then ¢.(\) =
Mo + koo + A5 (A) — (X)) on C4 as € — 0+, and therefore Re ¢(X) > 0 on Cy.

But we cannot have Re ¢(A\g) = 0 for some )\ € C; since u(A) = Re () is
harmonic in C;. O
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In virtue of the representation of Bernstein functions obtained in Proposition 4.3,
it is convenient to introduce the following

Definition 4.4 A function k : (0,00) — R is called a creep function if k(t) is
nonnegative, nondecreasing, and concave. A creep function k(t) has the standard
form

t
k(t) = ko + kool + / ky(T)dr, t>0, (4.10)
0

where ko = k(0+) > 0, koo = limy .o k(t)/t = infi=o = k(t)/t > 0, and k(1) =
k(t) — koo is monnegative, nonincreasing, lim;_,oc k1(t) = 0. The class of creep
functions will be denoted by CF.

Thus Proposition 4.3 states that ¢ € BF iff ¢(A) = )\@(A) for some k € CF.
Observe that BF C CF. The class of Bernstein functions ¢ which are represented
as p(A) = )\@(A) with some k € BF will be called CBF, the class of complete
Bernstein functions. We have the inclusions CBF C BF C CF.

4.2 Completely Positive Kernels
Let ¢(A) be a Bernstein function. Then by Proposition 4.2, the function 1/¢(\) =
(% o )(A) is completely monotonic, and so by Bernstein’s theorem there exists a

unique nondecreasing ¢ € BVj,.(Ry) such that de = 1/¢(A) for A > 0. On the

other hand, by Proposition 4.3, p(\) = Adk(\), A > 0, for some creep function
k(t). Thus we have the relation

A >0, (4.11)

hence by uniqueness of the Laplace transform

/Ot ot — 7)dk(r) = /Ot k(t = T)de(r) = t, >0, (4.12)

i.e. ¢(t) solves the Volterra equation of the first kind (4.12). We have proved the
first part of

Proposition 4.4 Let k € BVj,.(Ry) be a creep function. Then there is a unique
nondecreasing function ¢ € BVj,.(Ry) such that (4.12) holds. Moreover, we have

koo >0 & ¢(o0) <00, kooc(o0) =1, (4.13)

and

(4.13) follows from the identity

~ 1 1
c(o0) = lim de(A) = lim - =—,
A—0+ A=0+ koo + Mkg + Mer (A) koo
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while the first part of (4.14) is implied by

koc(04) = ko lim c?c()\) = lim Ako =0;
A—o0 A—=00 kg + Ak1(A) + koo

for the second part of (4.14) see below. Concerning the regularity of ¢(t), we have
to distinguish three cases.

Case 1: kg > 0.
Let ¢o denote the solution of the Volterra equation

kocz + (k1 + koo ) * c2 = k1 + koo (4.15)

Then
1 1

Ndk Nk
this implies that ¢ belongs to Wli’cl(RJr), and

é= (1—é), e c(t)=ky't—ky'txca(t);
t
a(t)=eét)=ky' — k;o—l/ co(T)dr, —¢1(t) = kg tea(t), t >0,
0

Therefore we have the relations

1 —C (0+)

+) = ko = k1 (0+) + koo, 4.1
C1 (0 ) 0 > cl (0 )2 1(0 ) ( 6)
since (k()—l—k ) (k(0+)+/€ )
. . 1(t 0o 1 00
= = = . O
c2(04) }m(l) co(t) }m%) o ko

Case 2: ky =0, Fki1(0+) < 0.
Define ko(t) = k1(0+) — k1(t) for t > 0; then ko € BVO(R,). We have

~ 1 1 1
de(N) = —— = — = —
AE(N)  Aki(N) ko k1(04) + koo — dka(N)
_ 1 Z( EEZ()‘) )n A>0
B kl (0+) + koo n>0 kl (0+) + koo ’ ’
i.e. ¢(t) has a jump at t = 0 and
(k1(04) + koo )c(0+) = 1. (4.17)

If k1(¢) is continuous on (0, 00), then ¢(t) has no other jumps, and if k1 (¢) is even
absolutely continuous on (0, 00) then ¢(t) is as well.

Case 3: ko =0, Fk1(0+) = 0.
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Then ¢(t) cannot have jumps, since otherwise dc(t) > vd(t — to) for some v > 0,
to > 0, hence

1= (k1 + koo) xde = y(k1 + koo) * 6(t — o) = y(k1(t — to) + koo)
for t > to, which yields a contradiction to k1(04+) = co. However, the singular
part of ¢(t) can still be nontrivial, as the example

o0

kl(t):1+260(2_"—t), koo:kozo

n=1

shows. On the other hand, if ¢(t) is absolutely continuous on (0, 00) then ¢(0+) =
00; in fact, otherwise we would have

1= lim Xe(N) - (ki (M) + %"’) = lim Xe(N) - Jim (k1 (\) + %’") = ¢(04)-0=0.

If k1(t) is absolutely continuous on (0,00), then —tki(t) is integrable near zero;
via the representation

tde(A) = —de () = ~[de(N)P[thi (V)] A >0,
there follows that c(t) is absolutely continuous on (0,00). O
Definition 4.5 Let ¢ € BVj,.(R1). The measure dc is called completely posi-
tive if there is a creep function such that (4.12) holds. If ¢ is absolutely continuous
on each interval [0, 7] and dc is completely positive then we call ¢(t) a completely

positive function.

Observe that a completely positive measure dc is Laplace-transformable for A >
0, de(A) is positive, completely monotonic, and satisfies

de(NdE(\) = =, A > 0. (4.18)

We shall frequently make use of the function s(t; ) introduced in Section 1.3.

s(t; p) + M/o s(t—myp)de(t) =1, t,u>0. (4.19)

The next proposition contains several different characterizations of completely
positive measures.

Proposition 4.5 Suppose ¢ € BV,.(Ry) is Laplace transformable and such that
c?c()\) > 0 for all A > 0. Then the following assertions are equivalent:

(i) dc is completely positive;

(ii) p(A\) = 1/dAc()\) is a Bernstein Function;
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(iii) 1, (N) = exp (=7 /dc()N)) is completely monotonic, for every T > 0;
() pu(A) = de(N) /(1 + pde(X)) is completely monotonic, for every p > 0;
(v) s(t, p) is positive and nonincreasing w.r.t. t > 0, for every p > 0.

Proof: (i) = (ii). Since dc is completely positive, there is a creep function k(t),
such that (4.18) holds. Then ¢(\) = 1/dAc(/\) = /\EE()\) is a Bernstein function by
Proposition 4.3. N

(i) = (iii). If p(A) = 1/de(N) is a Bernstein function, then

- (A) = exp(—7/de(N)) = (exp(—72) 0 ¢)(A)

is the composition of the completely monotonic function exp(—7z) and a Bernstein
function; Proposition 2 yields ¢, € CM for every 7 > 0.
(iii) = (iv). Let ¢, € CM for every 7 > 0. We have the identity

Code(y) 1
X =7 +pde(N)  mF (V)

:/ e_W(’\)e_‘”drz/ e * - (N)dr
0 0

in view of p(A) > 0 for A > 0; so ¢, € CM for each p > 0, since CM forms a
closed convex cone.
(iv) = (v). Suppose ¢, € CM for all p > 0. Since pup, <1 for all A, x>0,

pde())

A8(Ajp) = (L + pde(N) ™ =1 - Tt o)

=1- M‘PMO‘)

is a Bernstein function. By Proposition 4.3 there are creep functions k*(t) such
that
AS(A; ) = AdEP(N) = MK + KL 4+ MR (M), A > 0.

By uniqueness of the Laplace transform this yields k) = 0 and
s(t; ) = kb + Ky (1),

i.e. s(t; p) is positive and nonincreasing.
v) = (ii). Let s(¢; ) be positive and nonincreasing. Then

pp(N)/ (1 + p(N)) = pAS(A; 1)

is a Bernstein function, and so () = lim, o pAS(A; 1) is as well since BF is
closed. R

(ii) = (i). Let p(A) = 1/de(X) be a Bernstein function. Then by Proposition
4.3 there is a creep function k() such that () = )\EE()\), i.e. (4.18) holds. Hence
dc is completely positive. O

Corollary 4.2 Let dc be a completely positive measure, and let ¢, (A) = As(\;pu) =
e(N)/(r+¢(N)), A, > 0. Then ¢, (N) is a Bernstein function; the corresponding
completely positive measure is dc, = 8 + pde, s(0+;u) = (1 + pe(0+))~1, and
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s(oo; ) = (14 pe(oo)) L. Moreover, 1/¢,()\) is a Bernstein function and there
is a completely positive measure dr(-; p) such that dr(X; p) = @ (A).

Observe that we have the following relations between s(¢; u) and r(¢; p).

st 4t =1, o) = [ sl = ride(r), >0 (@20)

The definition of completely positive measures is rather indirect, and therefore
we now give sufficient conditions for measures to be completely positive. For this
purpose we need

Lemma 4.1 Let b€ L}, .(0,00) be positive, nonincreasing, and log-convezx. Then

there is v € LY(RT)NC(0,00), 7(t) > 0 fort > 0, such that r+bxr = b. Moreover,
we have 0 < r(t) < b(t), for allt >0 and

If b€ CM then r € CM.

For a proof of Lemma 4.1 we refer to the monograph of Gripenberg, Londen,
Staffans [156] or to the original papers of Friedman [120], Miller [241] and Reuter
[290].

Consider a creep function ¢ € I/Vlf)cl (R4) such that ¢(t) is in addition log-
convex. With b(t) = pé/(1 4 pco), (4.19) is equivalent to s + b * s = 7, where
v = (1 + pco)~t. Since b(t) satisfies the assumption of Lemma 4.1 we obtain
s(typ) = (1 — fot r(r)dr), i.e. s(t; ) > 0 and $(t; ) = —yr(t) <0 for all ¢t > 0.
Therefore s(t; 1) is nonnegative and nonincreasing, and so Proposition 4.5 yields
dc completely positive.

If in addition ¢; € CM, then r € CM as well, by Lemma 4.1, but also s € CM.
Therefore p fg s(7; p)dt is a Bernstein function, for each g > 0. From the identity

D11 de) g
01+ pde(N) A1+ pde(M))? (As w)er(X; p)

> =

a o . —
@S()\’ :U’) -

we obtain

%s(t; w) = —s(t;p) «dr(t;u) <0, forall¢,pu >0,

and 80 8o (t) = lim,,—, oo s(t; 1) exists for each ¢ > 0. Since 0 < s(¢; 1) < 1 holds, the
latter implies S(A; 1) — So0(A) = 0 as u — 00, hence s (t) = 0 a.e. (4.20) implies
therefore pr(t; u) = de * ps(t; u) — 1 pointwise as pu — oo, hence Mfg s(Typ)dr =
pr(;p) x dk(t) — k(t) for a.a. t > 0, and so k(t) is a Bernstein function, in
particular k;(t) is completely monotonic. We have proved
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Proposition 4.6 Let ¢ € BVj,.(R+) be a creep function such that ¢i(t) is log-
convex. Then dc is completely positive. If in addition ¢ € BF, then k(t) defined
by (4.12) is also a Bernstein function.

4.3 The Subordination Principle
Let b € BVjoc(R4) be nondecreasing, such that [~ db(t)e=*" < oo for each A > 0,

and let dc be a completely positive measure. Then f(\) = cﬂ)(/\) is completely

monotonic, and p(A\) = 1/dAc()\) is a Bernstein function. By Proposition 4.2, f o
is completely monotonic, hence there is a € BVj,.(R) nondecreasing, such that

— ~ 1
da(N) = f(p(\)) =db(=——), A >0. (4.21)
dc(N)
This is the so-called subordination principle for completely positive measures. We
want to use this principle to construct new resolvents S, (t) from a given resolvent
Sy(t). Before we can do this, the subordination principle has to be studied in some
detail.

Proposition 4.7 Let b,c € BVjoc(Ry) be such that [ |db(t)|le™P" < 0o, B >0,
and dc be completely positive. Define a > 0 by
~-11 1

a=dc 1(5) if c(o0) > 7 a =0 otherwise. (4.22)
Then there is a function a € BVioo(Ry) with [ |da(t)|e=* < oo such that (4.21)
holds for all A > a. Moreover,
(a) b nondecreasing = a nondecreasing;
(b) db completely positive = da completely positive;
(¢) b, c Bernstein functions = a Bernstein function;
(d)bce WHRL) = ae WEHN(R,).

loc loc

Proof: Let b and c satisfy the assumptions of Proposition 4.7; by means of the
Jordan decomposition of b we may w.l.o.g. assume that b(t) is nondecreasing. From
the definition of o in (4.22) it is clear that g(\) = db(1/de())) is well-defined for
A > aand g(A) < db(1/dc(a)) = db(f) < oo on [a, 0). It follows from Proposition
4.2 that g()) is completely monotonic on (a, 00), hence Bernstein’s theorem yields
a nondecreasing function a(t) such that in addition [;* da(t)e™*" = g(a) < oc.
This proves the statement as well as (a); (b) follows from Proposition 4.2 (ii) and
from Proposition 4.5.

To prove (c) let b,c € BF. Then by Bernstein’s theorem, there is a function
B € BVioe(Ry) with [ dB(s)/s < oo such that

N o
db(z) = bo +/0 mdﬁ(ﬂ)a z>0;

hence we have

oy Lso 1 b <\
W) = 5Dz =T+ / s, Ao
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This yields the representation

alt) = by + /O T B, >0,

where 7(t; 1) denotes as usual the solution of r+pudexr = c. This integral converges
absolutely for each t > 0, since ur(¢; 1) < 1 holds. By Lemma 4.1, ¢ € BF implies
r(-;p) € BF for each > 0, and so a(t) is again a Bernstein function.

It remains to prove (d). For this purpose we let

BVs(Rs) = {b € BViae(Rs) o = [ ldble)le™ < oo}
0

BV3(Ry) equipped with the norm |b|g is a Banach space. We have shown that
the linear operator C : BVg(Ry) — BV, (R4) defined by Cb = a, with a given by
(4.21) is well-defined. (4.21) also implies the closedness of C, hence C' is bounded
by the closed graph theorem. Since

ACH(Ry) = BV3(Ry) N WL (R.)

loc

is a closed subspace of BV3(R.), it is therefore sufficient to show that C' maps
a subset E C ACg(R;) with spanE = AC3(Ry) into ACL(Ry). So let ¢ €
AC)oc(R4) be such that de is completely positive and set E = {e " : y > —f}.
Then spanE = AC3(R4) and for b € E we have

c/la()\):ﬂ >«
1+ pce(N) 7

Since 1+ puc(A) # 0 for Re A > «, the Paley-Wiener lemma implies a € AC,(R,).
This completes the proof. O

Consider now the Volterra equation

u(t) = f(t) + /Ot b(t — 7)Au(t)dr, t>0, (4.23)

where A is closed linear and densely defined, the kernel b € L} (Ry) is such
that fo |b(t)|e=Ptdt < oo, and let c(t) be a completely positive function. Define
a€ L (R;) by

), A>a, (4.24)

according to Proposition 4.7, where « is given by
= —) if / t)dt > o = 0 otherwise. (4.25)

The Volterra equation

v(t) =g(t) + /Ot a(t — 7)Av(r)dr, t>0, (4.26)
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is then called subordinate to (4.23) via c(t). We now prove that (4.26) admits
a resolvent whenever (4.23) does; this is the general subordination principle for
resolvents.

Theorem 4.1 Let A be a closed linear and densely defined operator in X, and
let b,c € L}, (Ry) such that [ |b(t)|eP'dt < oo for some B € R. Assume

(i) c(t) is a completely positive function;

(i) there is a resolvent Sy(t) of (4.23) of type (M,wy), wp > 0. // Then there is a
resolvent S, (t) for (4.26). Moreover, let w, be defined by

we=¢"(—) if / t)dt > —, wg = 0 otherwise; (4.27)
wb

then there is a constant M, > 1 such that

1So ()] < Mge“st, t>0, if wp=0, or wye(0)# 1,
IS, (t)] < Met, >0, if wp>0 and wpe(0) = 1, (4.28)

where € > 0 is arbitrary.

Proof: Let A, b, c satisfy the assumptions of Theorem 4.1 and let a(t) be defined
by (4.24), according to Proposition 4.7. Then

Sp(z) = /000 e "7 Sy(r)dr = %(I —b(2)A)7Y, z > w,

and so we obtain

for A sufficiently large. With
1 R
h(A7) = ——e /¢ x>0, 7>0,
(N)
this yields the representation
H(\) :/ h(A;7)Sp(T)dT, A > wy.
0

Proposition 4.5 shows that h(A;7) is completely monotonic on (0,00) for each
7 > 0, hence with LY = (—1)"n!=1(d/d\)"™ we obtain

|LYH(N)| S/ th(/\;T)|Sb(T)|dT§M/ LYh(X;T)e**dr
0 0
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1

=MLY h(X;T)e**"dr = MLy [————
A/; ( 7')6 T )\[A(l o WbC(A))

| = MLY[S(A; —wp)], A > wg.
Suppose for a moment that

s(t;—wp) <me“t, >0, (4.29)

is satisfied. Since s(t; —wp) > 0 we obtain by (4.29)

hence M
m

The generation theorem, Theorem 1.3, then applies and therefore equation (4.26)
admits a resolvent of type (mM,w).

To verify (4.29) we have to consider several cases.

a)wp, =0
This is the simplest case, since then s(t; —w;) = 1, i.e. (4.29) holds with m = 1
and w = w, = 0.

b) wpé(0) <1, wp > 0.
In this case ¢ € L*(R,) and 1—wpé(\) # 0 for all Re A > 0 since ¢(t) is nonnegative;
the Paley-Wiener Lemma then yields r(-; —wp) € L'(R,), where

&)

(A —wp) = 1= we(\)’

Re A > 0.
From this we obtain
t
s(t;—wp) = 1+ wb/ r(T;—wp)dr, t>0,
0

bounded, i.e. (4.29) holds with w = w, = 0 and m = (1 — w,¢(0))~!; observe that
r(t; —wp) > 0, i.e. s(t; —wp) is nonnegative and nondecreasing.
c) wpé(0) > 1wy > 0.

In this case w, > 0, and A = w, is a simple pole of §(\; —wp), since this function
is completely monotonic, and analytic in C,., except for poles, which are the zeros
of 1 — wpé(A). Since by positivity of ¢(t) no other poles are on the line Re\ = w,,
and s(t; —wp) is nonnegative, nondecreasing, we may apply Ikehara’s Theorem (cp.
Widder [339], Thm V. 17]) to the result

: . —waet _ é(wa)
tlgrolo s(t; —wp)e C wel (wa)’
This shows that (4.29) holds with w = w, and some m > 1.
d) wpé(0) = 1,wp > 0. _
Then ¢ € L'(R,), hence §(\; —wp) is analytic in C,, continuous in C, \ {0}, and
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A = 0 is a singularity of higher order, therefore s(t; —wp) cannot be bounded.
However, by the Paley-Wiener lemma, r(t; —wp)e ™! is integrable for every w > 0.
We conclude that (4.29) holds for every w > 0. O

It should be noted that there is a result similar to Theorem 4.1 for the integral
resolvents Ry (t) and R, (t) defined in Section 1.6; see Section 4.7.

4.4 Equations with Completely Positive Kernels

Suppose A is the generator of a Cp-semigroup of type (M,w) in X, and let ¢(t)
be a completely positive function. Then (4.23) with b(¢) = 1 admits a resolvent
of type (M,w), and we are in position to apply Theorem 4.1. For the kernel a(t)
defined by (4.24) we obtain with b(z) = 1/z

a(\) = b(1/é(N) = é(\), A >0,

i.e. (4.26) becomes

o(t) = glt) + /0 ot = 7)Av(r)dr, t> 0. (4.31)

We have proved

Theorem 4.2 Let A be the generator a Co-semigroup of type (M,w) in X, and
let c € L}, (Ry) be a completely positive function. Then (4.31) admits a resolvent
S(t) in X which is exponentially bounded. Moreover, if w. > 0 is defined by

=¢ (=) if / t)dt > = We= 0 otherwise , (4.32)

then S(t) is of type (M., w.) if w =0 or wé(0) # 1, and of type (M., ) for every
e>0ifw>0, wé0)=1.

Next suppose A generates a cosine family 7'(t) in X such that [T(t)| < Me“? for
t > 0 holds, and let ¢(t) be again completely positive. Then (4.23) with b(t) =
admits a resolvent of type (M,w). For the kernel a(t) defined by (4.24) we obtain

in this case
1 1

"N =N = Ty

since b(z) = 1/z%; this implies a(t) = (¢ ¢)(t). By Theorem 4.1, (4.26) admits an
exponential bounded resolvent. In practice, however, (4.26) is given, and so there
remains the problem to determine which kernels a(t) are squares (with convolution
as the multiplication) of completely positive functions; this amounts to showing
that p(A) = 1/4/a()\) is a Bernstein function. A necessary condition for this
obviously is a(A) > 0 for A > 0, but of course it is far from sufficient.

A first sufficient condition is prevailed by Proposition 4.2; if a(t) itself is com-
pletely positive, then 1/a(\) is a Bernstein function by Proposition 4.5, hence

=¢(N)?, A>0,
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1/4/a()\) is again a Bernstein function by Proposition 4.2, since v/A belongs to
this class.

From the applications point of view, creep functions a(t) are important; see
Section 5. This is in general not enough for p(\) = 1/4/a(X) to belong to the class
BF, however, we have the following.

Lemma 4.2 Suppose a(t) £ 0 is a creep function with ay(t) log-convex. Then
©(\) = (a(\)"Y? is a Bernstein function, and there is a completely positive
function ¢ € L} (R.) such that the factorization a = c * ¢ holds. In addition, if

loc

a € BF then c € CM.

Proof: Let a(t) be a creep function with aq(¢) log-convex and let s > 0. By
Proposition 4.6, das = da + sdt is a completely positive measure, hence @s(A\) =

1 /c/ias()\) is a Bernstein function for each s > 0. The complex variable formula

1 1 [/ 1 dr
— == 2 R
vz 77/0 car e o f

then yields the representation

1 [ 1 dr
A)=— —F, A>0,
P(N) /0 a(X) +r+/r
for (\) = (a(\))~'/2. The change of variables r = s/A? gives
1 [ ds
A)=— s(A)—, A>0; 4.33
= [ e (13
observe that the integral (4.33) for ¢()\) is absolutely convergent, for each A > 0,
as are those for its derivatives. Since ¢4()) is a Bernstein function for every s > 0,
and the class BF is a closed convex cone, ¢(A) is also a Bernstein function. This
proves the first part of the Lemma.
Thus by Proposition 4.5, there is a completely positive measure dc such that
a = dc x de. The measure dc, however, cannot have a singular part since a(t) is
absolutely continuous on (0, 00).
The last part of the lemma is a special case of Lemma 4.3 below. O

Summarizing we have the following result.

Theorem 4.3 Let A generate a cosine family T(t) in X such that |T(t)| < Me*t
fort > 0 holds, and assume any of the following.

(i) a € L, .(Ry) is completely positive;

(ii) a(t) is a creep function with a1 (t) log-conver;

(iii) a = c* ¢ with some completely positive c € L}, (R).

Then (4.36) admits a resolvent S(t) with growth bound w. determined by

we =a"Y*w™) if a(0) > w2, w. =0 otherwise. (4.34)

In passing we mention one particular case of Theorem 4.3 which is well-known.
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Corollary 4.3 Let A generate a cosine family of type (M,w), w > 0. Then A
generates a Co-semigroup of type (My,\/w), for some My > 1.

In fact, choose a(t) = 1 in Theorem 4.3 (ii) to see this.

As another application of Theorem 4.1 consider b € L}, (R ) which is 1-regular
and such that (4.23) is parabolic. Then by Theorem 3.1, (4.23) admits a bounded
resolvent. If ¢(t) is a completely positive function and a(t) is defined by (4.24),
then (4.26) is again parabolic, and Theorem 4.1 yields a bounded resolvent S(t).

Corollary 4.4 Supposeb € L}OC(RJF) is 1-regular and such that (4.23) is parabolic;
let c(t) be a completely positive function. Then (4.26), with a(t) defined by (4.24),
is parabolic and admits a resolvent S(t) of type (M,0), for some M > 1.

Observe that in the situation of Corollary 4.4, although (4.26) is parabolic, Theo-
rem 3.1 does not apply since it is not clear whether a(t) is 1-regular again.

The second part of Lemma 4.2 is a special case of the following composition
rule involving three Bernstein functions. It will be very useful in applications.

Lemma 4.3 Suppose a,b,c are Bernstein functions. Then there is a Bernstein
function e such that

Moreover, eg = ag(co + ¢1(ag/bo)) for ag >0, eg = 0 otherwise.

Proof: (a) We first prove the lemma for the case c¢(t) = 1 — e, i.e. we show that
ab/(é+b) is a complete Bernstein function. Let k(t) and I(£) denote the solutions
of k xda =t = [ % db; by Proposition 4.6, k,l € BF, hence also k + 1 € BF and
so there is m € BJF such that m * (dk + dl) = t, by Proposition 4.6 again. The
Laplace transform of m is given by

SO0 = 1 1 1 a(\)b(N)
*) A2(dk(N) + di(N)) (d<A)+z}(A) a(\) +b(N)

, A>0.

(b) Consider now the general case. Since c(t) is a Bernstein function by as-
sumption, there is a function 8 € BV,.(R4) such that

cr(t) = /000 e *tdp(s), t>0,

and [ dB(s)/s < co. Let f(A) = &(A)CZAC(&(A)/E(A)), A > 0; then we have the
representation

TN = coa(N) + coob(N) + /OOO Mdﬁ(s), 2> 0.
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Let m, € BF be defined by iy = sab/(a+ sb),s > 0; then for each ¢ > 0, my(t) is
nondecreasing w.r.t. s > 0 and lim_,o ms(t) = a(t), as well as limg_,o ms(t)/s =
b(t). Therefore, e(t) defined by

e(t) = coal(t) + coob(t) + /000 ms(t)dB(s)/s, t>0

exists, the integral being absolutely convergent. Since a, b, ms; € BF there follows
e € BF, for BF is a closed convex cone. Obviously, é(A) = f(\) and so the
assertion of the lemma follows. O

The choice c(t) = (2/+/7)V/t and b(t) = t yields

) = a(N)[A\a(\)] "2 = Va(h)/x,

therefore by Lemma 4.3 the second part of Lemma 4.2 follows. As another applica-
tion of Lemma 4.3, a(A)'~*b(A\)® is the Laplace transform of a Bernstein function,
whenever a,b € BF and « € [0,1].

4.5 Propagation Functions R

Let dc be a completely positive measure, p(A) = 1/de()) its associated Bernstein
function, and let k € BVj,.(R1) be the creep function such that p(\) = )\@(A),
A > 0. k(¢) then has the unique representation (4.10) and for brevity we let
k,w,a € Ry in the sequel be defined by

Kk =ko, w = koo, @ =k1(0+) + koo. (4.35)

By Proposition 4.5, the functions v, (\) = exp(—7p(\)) are completely monotonic
with respect to A > 0, for each fixed 7 > 0, and bounded by e~ 7#(0+) = =7,
From Bernstein’s theorem it follows that there are unique nondecreasing functions
w(+;7) € BV(R4), normalized by w(0;7) = 0 and left-continuity, such that

e
A )

w(A;T) A>0, TeR,. (4.36)

Obviously, w(+; 7) enjoys the semigroup property

¢
/w(t—s;ﬁ)dw(s;Tg) = w(t;m +71), t,71,7 >0,
0

w(t;0) = eo(t), t>0, (4.37)

where eq(t) denotes the Heaviside function. In the sequel w(¢;7) will be called
the propagation function associated with the completely positive measure dc (or
with the Bernstein function ¢). The properties of w(t; 7) will be studied in detail
below.
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The space BV (R}) becomes a commutative Banach algebra with unit eq(t),
when the multiplication e in BV (R,) is defined by

(a0 b)(t) = (a*db)(t) = (b*da)(t), >0, (4.38)

and the norm in BV (R ) is as usual
llal| = Var af® = / da(t)]; (4.39)

see e.g. Gelfand, Raikov and Shilov [128]. By BV (R,) we denote the closed
convex cone of nondecreasing functions in BV (R ); this space then becomes a
Banach lattice w.r.t. the ordering generated by BV (R, ). By virtue of the pairing

<pa>= /OOO p(t)da(t), pe Co(Ry), a€ BV(Ry), (4.40)

BV (R4) can be identified with the dual of Cy(R;), and therefore carries the
weak*-topology of Cp(R4).
Consider the map w : Ry — BV(R) defined by

w(r)(t) =w(t;7), t,7>0; (4.41)

the identity (4.37) then shows that the family {w(7)},>¢ forms a semigroup in
BV (R4) which moreover is positive and satisfies ||w(7)|| < e ™, 7 > 0, i.e. is of
type (1, —w). Besides, w is weak*-continuous; in fact, with ey (t) = e~ t > 0, we
have

<ex,w(r) >=,(N), A>0, 7 €Ry, (4.42)

hence the functions < ey, w(-) > are continuous on Ry; since [|w(7)|| < 1 and
span {ey : A > 0} is dense in Cy(Ry) it follows that w is weak*-continuous. From
the definition of ¢, (\) we obtain

~ 0
d 8—11)(7‘) +a(r) = 0,
w(0) = éo, (4.43)
which formally is equivalent to the Volterra equation
Lo
w(t;T) —l—/ —w(t—s;7)de(s) = 0, t,7>0,
0 a’r
w(t;0) =1, t>0; w(0;7) = 0, 72>0. (4.44)

Definition 4.6 A function w : R™ — BV(RY) is called a solution of (4.44) if
for each p € C.(Ry), the function < p,w(:) > is continuous on Ry, < p,cew(-) >
is continuously differentiable on Ry, and

d
o <p,cew(r) >+ <p,w(r)>=0, w0) =¢e, 72>0, (4.45)
.

18 satisfied.
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We now show that completely positive measures can be characterized in terms of
(4.44).

Proposition 4.8 Let ¢ € BV,.(Ry) be of subexponential growth. Then the
measure dc is completely positive iff (4.44) admits a solution w : Ry — BV T (R,)
such that |w(7)| <1 for T > 0. If this is the case, the solution is unique.

Proof: (=) Suppose dc is completely positive, and let ¢ € BV (R, ) first. Then
(4.43) is equivalent to

<e>\,cow(7)>—|—/ <ex,w(o)>do=<eyc> (4.46)
0

for all A > 0. Since span{ey : A > 0} is dense in Cy(R,), and |w(7)| < 1, (4.46)
yields

<p,cow(7)>+/ <p,w(oc)>do=<p,c> (4.47)
0

for all 7 > 0 and p € Cy(Ry). From this it follows that w(r) is a solution of (4.44)
in the sense of Definition 4.6.

If ¢ ¢ BV(R;) we have to be a little more careful. Observe that (4.43) is
equivalent to

< ex, [cow(T)]e > —|—/OT <en, [w(o)]e >do=<exce > (4.48)

for all A\,e > 0, where we used the notation

as(t) = /Ot e °da(s), t>0;
by assumption ¢, € BV (Ry). Then (4.48) is equivalent to
< p,Jcow(r)]e > —|—/OT < p,[w(o)]e > do =<p,ce > (4.49)
for all p € C.(R,), and letting ¢ — 0 we obtain
<p,coew(r) > —l—/OT <p,w(rT) >dr=<p,c>.

This implies that w(r) is a solution of (4.44) in the sense of Definition 4.6.

(<) Conversely, let w : Ry — BV (R, ) be a solution of (4.44) with |w(7)| <1,
7 >0, and let [;° e~*|dc(t)| < oo for all € > 0. Passing backwards from (4.45) to
(4.43) we obtain

dc~ﬁ?(7’)—|—/ w(o)do=¢, \71>0.
0
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Let v = de(A) and o(7) = @(7), A > 0 fixed. Then we obtain

Yo' (1) + (1) =0, 7>0, p(0)=1;

therefore,  # 0 since ¢ is of class C'!, and @(7) = e~7/7,7 > 0. Since |Jw(7)|| <1,
7 > 0, there follows v > 0. Thus we have v = dAc()\) > 0 for all A > 0 and
WA T) = exp(—T/dAc()\)) for all 7> 0, A > 0. Since w(7) € BVT(Ry), w(A;7) is
completely monotonic w.r.t. A > 0, for each 7 > 0. Proposition 4.5 now implies

that dc is completely positive. Uniqueness of the solution follows from (JZAC(/\) >0
forall A >0. O

Some properties of the propagation function are collected in

Proposition 4.9 Let dc be completely positive, and let w denote its associated
propagation function. Then we have

(i) w(+;+) is Borel measurable on Ry x Ry;

(i) w(-;7) is nondecreasing and left-continuous on Ry, and

w(0;7) =0, w(oco;7) =€ 7, forall 7>0.
(#ii) w(t;-) is nonincreasing and right-continuous on Ry, and
w(t;0) = w(t;04) =1, w(t;o0) =0,  for all t > 0;
(i) w(t;T) =0 4iff t < k1, and w(kT;7—) = w(kT+;7) =7, 7 > 0.

(v) s(t; u) defined by (4.19) is represented as

s(t; ) = —/ e "dyw(t;T), t,pu>0.
0

Proof: (i) follows from the Post-Widder inversion formula for the Laplace trans-
form by virtue of

n n

eyl

1
t:7)= li t——;7)= 1 lim LY ;
’U}( ’T) mgnoow( m T) mgnoonggo AIw(t— ]_/m
which holds for every t,7 > 0, 7 > 0; cp. Widder [339], Corollary VII. 6a.3.
(ii) is implied by Bernstein’s theorem and by the normalization of functions of
bounded variation; observe that lim; oo w(t;7) = limy—0 ¢, (A) = e 7, 7 > 0.
(iii) The semigroup property implies

t
w(t;m + 12) = / w(t — ;71 )dw(s; 12) < w(oo;m)w(t; m2) < w(t;m2)
0

for all ¢, 71,7 > 0, since w(+; 7) is nonnegative and nondecreasing; therefore w(t; -)
is nonincreasing for fixed ¢ > 0. Moreover, w(t;0) = 1 is obvious from (\) = 1,
and with w(t; 00) = lim, e w(t; 7) < w(t; 7) we obtain

¥-(N)

OSID(A;OO)S@(/\;T):THO as 7 — 00, A >0,
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hence w(t;00) = 0 by uniqueness of the Laplace transform. Finally, observe that
w(+;7 + h)2w(;7) as h — 0+ implies w(t;7 + h) — w(t;7) as h — 0 for each
t > 0, since w(-;7) is left-continuous; therefore w(t;-) is right-continuous.

(iv) Assume first £ = 0; we show that w(t;7) > 0 for all t > 0, 7 > 0. In fact,
if w(t;7) =0 for 0 < ¢t < tp, and some fixed 7 > 0, then

1 ° 1 1
Xefw(” :/ w(t;T)ef)‘tdt < Xe#‘t"w(oo;T) = Xeﬂ\tof‘”,

0
hence 7¢(\) > Mo+ wr, which implies k1 (\) > to/7 > 0 for all A > 0; this yields a

contradiction to k1 (A) — 0 as A — oo. Moreover, with i (\) — k1(04) as A — oo
we obtain

w(0+;7) = lim w(t;7) = Alim AN 7) = exp(—Tkoo — T}\lim Mer ()

t—0+

= exp(—(keo + k1(04+))7) =€ 7, 72>0.

If K # 0, then W(\;7) = e " by (\;7), where w;(¢;7) denotes the propagation
function associated with the Bernstein function ¢1(A\) = ¢(A) — kKA. Hence

w(t; ) = wy(t — kT T)eg(t — kT), t,7 >0,

and (iv) is proved.
(v) follows with an integration by parts from the identity

1 de(N)

=—-——> 0O
A1+ pde(N)

([T et nanr oy = [T e v

Compare the representation of s(t; 1) in Proposition 4.9 (v) with that in Section
3.6.

4.6 Structure of Subordinated Resolvents

Let ¢ € L}, .(R}) be a completely positive function, b € L}, .(R;) Laplace trans-
formable, and let A be a closed linear densely defined operator in X such that
(4.23) admits a resolvent S, (t) of type (M, wp) in X. According to Theorem 4.1,
there is an exponentially bounded resolvent S, (t) for (4.26), where a € L}, (R})

is given by (4.24). Since

0 N )
Tor A ey 7D

and ) - - 5
G = —T/eNgr = _ 2l
5.0 = 520 /0 Sy(r)e /N dr /0 Su(r) b ),

with w as in Section 4.5, we obtain the following representation of S, (t) in terms
of Sp(t) and the propagation function w(t; 7) associated with c.
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Corollary 4.5 Let the assumptions of Theorem 4.1 be satisfied, and let w(t; ) be
the propagation function associated with ¢ € Lj, .(Ry). Then the resolvents Sq(t)

loc

and Sp(t) of (4.26) and (4.23), respectively, are related by
Sa(t) = —/ Sp(T)drw(t;T), t>0; (4.50)
0

(4.50) holds in the strong sense.

Since w(t;-) is nonincreasing, and since w(t;0) = 1, w(t;00) = 0 holds, (4.51)
shows that the resolvent S, () of (4.26) is the strong limit of convex combinations
of Sp(7). We note a simple consequence of this observation.

Corollary 4.6 Under the assumptions of Corollary 4.5, let D C X be a closed
convex set, such that Sy(t)D C D for allt > 0. Then S,(t)D C D for all t > 0.
In particular, if Sp(t) is positive with respect to some closed convex cone K, then
Sa(t) is positive as well.

The structure of S,(t) will now be studied in more detail. For this purpose, we
need the following regularity result for the propagation function.

Proposition 4.10 Let dc be completely positive, let w(t;T) denote the associated
propagation function, and let k,w,a be as in (4.35). Then

w(t;7) = e “Two(t — ;7)) + e Teg(t — k1), t,7 >0, (4.51)

where wo(-;7) is nondecreasing, left-continuous, wy(t;-) is right-continuous, non-
increasing, and
wo(t;T) >0  4ff t>0; we(0+;7)=0.

Moreover,
(i) k1 € C(0,00) implies wy € C(Ry x R \{(0,0)});
(i) k1 € W21 (0, 00) implies wy € WL((0,00) x (0, 00)).
Proof: Decomposition (4.51) and the properties of wy follows from Proposition
4.9; it remains to prove (i) and (ii). Observe first that we may assume k = w = 0.
In fact, k > 0 only yields a shift of amount k7 for w in t-direction, and w > 0
leads to multiplication with e~“7; these operations do not change the regularity
of w and wg.

If @ = oo, then w = wy; if @ < oo then

wo( A7) = < (e PN — 7Ty, (4.52)

1
A
hence in both cases

. 1
two(X; 7) = =Wy (A7) = To(Ni7) + o' (Nw(A;iT), A7 >0.
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As in the proof of Proposition 4.3, we have the relation ¢'(A) = (Ak1(N))'= di(N),
hence with [(t) =— [ sdki(s

t t
two(t;7) = / wo(s; T)ds + T/ It —s)dw(s;T), t,7>0. (4.53)
0 0

With (¢ fo ki(s)ds — tk(t), we have [(0) = [(0+) = 0 and [ € C(Ry) in case
ki € C’(O 00). Then (4.53) implies wp(+; 7) continuous on (0,00), uniformly for
bounded 7; since w(0+;7) = e~*7 by Proposition 4.9 (iv), assertion (i) follows.
If k1 € Wlicl(O 00) then [ is absolutely continuous, [(t) = —tk;(t) a.e., and
so wo(+;7T) is absolutely continuous for each 7 > 0, wo( 7) € L'(Ry) for each

7 > 0, [woli = we(oo;7) < 1. To prove that wy(+;-) is product-measurable,
let p. € C§°(R) be mollifiers. Then ¢, * 1ig(+;7) — o(:;7) in LY(R) for each
fixed 7 > 0, and from @, * wo(;7) = e * wo(+;7) and continuity of wp, the

map 7 — e * o(+;7) is continuous from (0,00) to L'(R.). This implies that
o @ (0,00) — L'(R,) is strongly measurable, hence 1 (+;-) is measurable on
R+ X R+. Finally,

—ﬁwo(A;T) _ QD()\)‘) (e—T/Lp()\) _ e—om') + 410()‘) - ae—on T, A > 0’

or A ’
i.e. for each fixed 7 > 0 we have

—aiwo(t; T) =k *wo(t;7) + e *"(k1(t) — ), for a.a. 7> 0.
-

This implies wy € WL ((0,00) x (0,00)). O

Proposition 4.10 now allows for the following refinement of representation (4.51).

t/K
Su(t) = Sy(t/r)e—"t"% + /0 Sy(ro(tT)dr, >0, (4.54)

where the function v(¢;7) is defined by

v(t;T) = e “T(kwor(t — kT T) — wor(t — K75 T) + wwo(t — KT; 7))
+ae Teg(t — kT), t,T>0; (4.55)

observe that e=*/* resp. ce™®" have to be interpreted as zero in case k = 0 or
a = oo resp. & = 00. The first term on the right hand side of (4.54) is just
a damped dilatation of Sy(t), and therefore has the same regularity properties
as Sp(t); however, the second term behaves better, we show that it is at least

B(X)-continuous.

Theorem 4.4 Let A be a closed linear densely defined operator in X and b,c €
L} (Ry) Laplace transformable. Assume
(i) c(t) is a completely positive function, with creep function k € w2 1(0 00);

loc
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(i) there is a resolvent Sy(t) of (4.23) of type (M, wy).
Then the resolvent S, (t) for (4.26) is of the form

Sa(t) = Sp(t/r)e " 4 Su(t), t >0, (4.56)

where So(t) is B(X)-continuous on (0,00), and even on Ry if k > 0 and a < o0;
here Kk = ko, = koo + k1(0+).

Proof: (a) We first prove the theorem for the special case b(t) = 1, i.e. when A is
the generator of a Cy-semigroup 7'(¢) in X. Define {R(t)}1>0 C B(X) by means
of

R(t) = — /000 TT(1)drw(t;T), t>0. (4.57)
Since for x € D(A) we have
R(t)x = /OOO(TT(T)SU)/U)(t; T)dT = /OOO(T(T)x + 7T (1)Azx)w(t; T)dr,  (4.58)
and since by Proposition 4.9

|R(1)|

IN

—/ T|T(7)|drw(t; 7) < —M/ T T dw(t; T)
0 0

o — 0
— M_ . _ = —M— N —
au d-,—w(t, M)'N* wp 8/,68(t’ I’L)‘Nf Wy

= Ms(t;—wp) *xr(t; —wp) < Me@ate)lt ¢ >0,

holds for some constant M. > 1, it is clear from the uniform boundedness principle
and Proposition 4.10 that R(t) is strongly continuous on R. By (4.55) and (4.57)
we obtain

So(t) = /0 S Pyt rydr, t> 0,

hence by the measurability of v(-; ")

to oo to
/ |So(t+ h) — So(t)|dt < / |/ v(t + h;T) —o(t;T)|dtdr
0
< M/ / v(t + h;T) —v(t; T)|dtdT — 0,

as h — 0. This implies in particular Sy * S, S, * So, So * Sy € C(Ry; B(X)), as
direct estimates show. The relation

B = - [T e)ir

= S(A)/A— (1/8) (MeNS(A) + (1/8) (N R(N),
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as well as (1/6)(\) = (A\s+w + My (V) = & — t/l\'sl()\) then yield
tS,(t) = [1 — ke(t) + (thky(t)) * c(t)] = S(t) — (thy) * R(t) + £R(t). (4.59)
Similarly, the identity

KR = K(1/(0eN)((z = A)72) o (1/e(N) = w(e(N) /AT — &N A) >
= KAN)S. (N2 = k(K + k1 (\) +w/N) 1S (V)2

yields in case kK > 0
KR(t) = (Sq % Sa)(t) + (¢ * S % Sa)(t), t>0, (4.60)

where ¢(t) is locally integrable on R, .
The semigroup property of Sp(t) = T'(t) together with (4.56) implies

SaxSq =8, %S0+ Sg xS, — Sp*Sp _‘_tT(t/K‘)efat/n’

hence combining (4.59), (4.60) with this equation, B(X)-continuity of ¢Sy(¢) on
R follows. In case k > 0, a < oo, the continuity of Sy(t) at ¢ = 0 is a consequence
of

/ v(t;T)dr =1—e " 50 ast— 0.
0

(b) Consider X = L'(R,), A = —d/dr with D(A) = W' (R); then A + w,T
generates a Co-semigroup T'(7) of type (1,wsp) in X, which is given by

(T(T)f)(z) =" f(x —T)eo(z — T), 7,2 >0.

Therefore the resolvent S(t) of (4.31), represented by (4.54) or (4.56) with Sp(7) =
T(7), results in

(S N)x) = /[)W(T(T)f)(w)drw(tﬁ) = /OI e f(x = T)drw(t;7)

= e(“*’_o‘)t/"f(x —t/k)+ / e f(x — T)v(t; T)dT,
0
i.e.

(So(0)f) (@) = / 7z — Tyl F)dr, o> 0,

0
B(X)-continuity of Sy(t) in this special case amounts to

/ e Tty T) —v(ET)|dr — 0 as t—t>0, (4.61)
0

and also for ¢ = 0 in case x > 0.
(¢) We consider now the general case. Then

So(t) = /000 Sp(T)v(t; T)dr, t>0,
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hence by step (b)
1S0(t) — So(D)] < M/ ot 7) — v(E 7)|dr — 0
0

ast — t > 0, and also for ¢t = 0 in case k > 0. The proof of Theorem 4.4. is
complete. O

Uniform continuity of the resolvent S, (¢) of (4.26) has a number of important con-
sequences. For example, the variation of parameters formula (1.8) then yields mild
solutions of (4.26) if only f € BV (J; X) rather than f € Wh1(J; X); Proposition
1.2 holds with ‘W'’ replaced by ‘BV’ in this case. Another consequence is a
simple characterization of compactness of subordinated resolvents.

Corollary 4.7 Let the assumptions of Theorem 4.4 be satisfied. Then the subor-
dinated resolvent S, (t) is compact for all t > 0 if and only if (29 — A)~! is compact
for some zy € p(A) and either Sy(t) is compact for allt >0 or 1/k + o = 0.

Proof: If S,(t) is compact for each ¢ > 0 then the resolvent equation (1.6) for
t — 0+ with @ = (20 — A) "1y, 20 € p(A) implies that (29 — A)~! is compact. This
in turn implies (a* S, )(t) compact for all t > 0, and so S, (\) = 1/a(\)(a*Sq)"(\)
also has this property for all Re A > w,, since a * S, is B(X)-continuous. If
1/k 4+ o < 0o we have by (4.56)

K

— _} -1,
pY a(I b(Ak + a)A)™;

So(\) = Sa(A) — kSy(Ak + @) = Sa(N)

thus 5‘0()\) is compact for all Re A > w,. The complex inversion formula for the
Laplace transform

vt N o
st = Jim 5= [ = hens,vipip, 150,45
—-N

then implies compactness of So(t) for all ¢ > 0, since this limit exists in the
uniform operator topology, thanks to uniform continuity of Sy(t). Therefore in
case 1/k + a < 00, Sp(t) must be compact for all ¢ > 0.

Conversely, if (zg — A)~! is compact for some zy € p(A) then Sy(A) and S,(\)
are compact for all Re A > w,, hence as above Sy(t) has this property for all ¢ > 0.
(4.56) then shows that S, () is compact for all ¢ > 0 if either 1/k+a = 00 or Sp(t)
is compact for all ¢t > 0. O

4.7 Comments

a) For a proof of Bernstein’s Theorem see e.g. Widder [339], which contains also
Proposition 4.1. The notion of Bernstein functions has been introduced by Berg
and Forst [21], although Proposition 4.2 and a representation similar to Proposition
4.3 is already in Feller [115]. Proposition 4.3 is taken from Clément and Priiss [54].
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b) The notion of completely positive functions has been introduced by Clément and
Nohel [50], [51] where also the equivalence (i) < (v) in Proposition 4.5 appears for
the first time. The importance of this class of kernels has also been recognized in
other fields; Berg and Forst [21] study potential kernels, Kingman [198] p-standard
functions, and it turns out that up to certain normalizations these classes coincide.
The equivalences of (i) ~ (iv) appear also in Berg and Forst [21]. Proposition 4.4
is originally due to Gripenberg [152]; for the present approach see Clément and
Priiss [54]. Lemma 4.1 is independently due to Friedman [120] and to Miller [241],
while its last part was obtained by Reuter [290] before; see also Hirsch [182] and
Gripenberg [153].

c¢) The subordination principle for completely positive measures was first observed
by Bochner [26], its application to vector-valued Volterra equations appears in
Priiss [276] where also Theorem 4.1 in a weaker form was obtained. Theorem 4.2
is due to Clément and Nohel [51] while Lemma 4.2 and Theorem 4.3 (ii) are proved
in Priiss [274]. The present approach to Theorems 4.2, 4.3 and Corollary 4.4 based
on the subordination principle is taken from Priiss [276].

d) In Friedman [121] it was observed that in case X is a Hilbert space, A negative
definite, and a = c¢ is nonnegative, nonincreasing, and log-convex, the resolvent
S(t) of (1.1) has the property that (S(t)z,z) is nonnegative, nonincreasing, for
each € X. This is implied by the representation (1.24) of S(t) via the functional
calculus of selfadjoint operators in Theorem 1.1. Obviously this assertion remains
valid if A is merely negative semidefinite and a(t) a completely positive function,
by Proposition 4.5.

e) The propagation function w(¢; 7) associated with a completely positive measure
dc is the main subject in potential theory, where the semigroups in Cp(R) and
L?(R) defined by w(t;7) by means of

(T(r)f)t) = /000 fit—s)dsw(s;T), teR (4.62)

are studied. It has been shown that a positive translation invariant Cy-semigroup
in LP(R) of contractions leaving invariant the subspace LP(R.) of LP(R) is given
by (4.62), where w(t;7) is the propagation function associated with a completely
positive measure; see Berg and Forst [21] and Clément and Priiss [54]. The con-
nection of the propagation function with Volterra equations was first observed and
exploited in Priiss [274] which also contains Proposition 4.9 and Theorem 4.4 in
weaker form. Proposition 4.8 is taken from Clément and Priiss [54]. A physical
interpretation of w(¢;7) will be given in Section 5.4.

f) The following example shows that for each k € N there are k-monotone functions
¢(t) which are not completely positive.

Example 4.1: Define c(t) = (1 —t)! for t < 1,¢(t) = 0 for ¢ > 1; obviously c(t)
is (I 4+ 1)-monotone. Suppose that ¢(t) is also completely positive. Then there are
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ko, koo > 0, k1(t) nonnegative and nonincreasing, such that koc+ (k1 + koo ) k¢ = 1.
This implies

koc(t) + (k1 + koo) * ¢(t) = —(k1(t) + koo )c(0), ¢ >0,
and
koé(t) + (k1 + koo) % E(t) = —k1(£)e(0) — (k1 (t) + koo)é(0), > 0.
With ¢(0) = 1,¢(0) = —1,¢(0) = I(I — 1) these equations yield
—kol = —(k1(04) + koo)  and  kol(l — 1) = —ky (04) + (k1 (04) + koo),
hence
0 < —k1(0+4) = kol(l — 1) = U(k1(04) + koo) = kol(l — 1 — 1) = —kol,
i.e kgl = 0 and so k1(0+4) + koo = 0, which contradicts kgc+ (k1 + koo) *c=1. O

It is not known whether any completely positive function is 1-regular.

g) It follows from Proposition 4.5 that £y + dc is completely positive whenever
€ > 0 and dc is completely positive. However, the class of completely positive
kernels is not closed under addition; in fact, edt 4+ dc is completely positive for
each € > 0 only if dc is completely positive and ¢(t) is a creep function with ¢;(t)
convex. On the other hand, the class of creep functions ¢(t) with ¢ (¢) log-convex
- according to Proposition 4.6 dc is then completely positive - is closed under
addition. It would be interesting to know whether the class of creep functions ¢(t)
such that de(t) is completely positive is closed under addition. This question arises
naturally in viscoelasticity; see Section 5. In the same connection extensions of
Lemma 4.2 and 4.3 in this direction would be of importance.

h) The subordination principle for integral resolvents mentioned at the end of
Section 4.3 reads as follows.

Theorem 4.5 Let A be a closed linear densely defined operator in X and b,c €
Li,o(Ry) such that [ |b(t)le=Ptdt < oo for some 3 € R. Assume
(i) c(t) is a completely positive function;
(i) there is an integral resolvent Ry(t) of (4.23) such that |Ry(t)] < @p(t)evrt for
a.a. t >0, where wy, > 0 and ¢, € L*(R,).

Then there is an integral resolvent R,(t) for (4.26). If moreover w, is defined
according to (4.27) then

|R.(1)] < pa(t)et  for a.a. t >0, for some p, € L'(R,). (4.63)
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For the proof we only verify (K2) of Theorem 1.6; (K1) follows from the definition
of we. With K,(\) = (1/a(\) — A)~! we obtain

ZQ—%WH&WBQwamA\mmw%ﬂWm

n>0 n>0

< / op(T)erT Z()\ —wo)"Le /¥ N dr
0 n>0

z/ @b(T)e“”Te_T/é(‘”“)dT =|ppl1 < 00, A > w,.
0

Hence Theorem 1.6 implies existence of the integral resolvent R, (t) for (4.26) with
property (4.63).

By means of the propagation function a representation of the integral resolvent
can be given as well.

d o0
R =5 [ Rmunan 120

observe that an invariance result similar to Corollary 4.6 is valid for the integral
resolvent, too, as soon as 0 € D, or more generally, for R,(t)/c(t).

i) A compactness result similar to Corollary 4.7 is derived in Hannsgen and Wheeler
[168] in case X is a Hilbert space, A is negative definite with A~! compact, and
a(t) 2-monotone. Then S(t) is compact for each ¢t > 0 provided —a(0+) = oo.

j) If the kernel ¢(t) appearing in the subordination principle is completely mono-
tonic rather than completely positive, much more can be said about the regularity
behaviour of the resolvent S(t). A typical result in this direction, using the frame-
work of resolvents, is the following result which is taken from Priiss [277]. It deals
with the second order case, i.e. b(t) = t, which is of interest in viscoelasticity; see
Section 5.

Theorem 4.6 Suppose A generates a cosine family T(t) in X, and let a(t) be a
Bernstein function; define

—Im@(ip)

x(p) = pReaa(ip)

, peR, (4.64)

and let S(t) denote the resolvent for (4.26). Then

(i) if lim,—copx(p) < 00, then S(t) is an analytic resolvent for (4.26);
(it) if lim,_.o[x(p)logp] =0, then S € C=((0,00); B(X, X4));

(iii) if to = 2lim, oo x(p) logp > 0, then S € C™((tn,00); B(X)) and
AS € C™((tp42,00); B(X)), where t, = (n+ 1)to.
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Observe that by Proposition 3.10,

/p

Uoo/20% + ! tay (t)dt _

ex(p) < = 1/{? ; <c'x(p), peER, (4.65)
ag — fO tal (t)dt

for some constant ¢ > 0. Therefore examples for (i) of Theorem 4.6 are ag > 0
or ai(t) ~ t* L ast — 0, for some a € (0,1), while (ii) resp. (iii) are implied by
ag =0, a1 (0+) < oo, and —ay (t) ~ t*~ ! resp. a,(t) ~ logt as t — 0.

For an equation occuring in one-dimensional viscoelasticity, a result similar to
Theorem 4.6 was first proved by Hrusa and Renardy [185]. Desch and Grimmer
[84] consider hyperbolic systems of first order partial integrodifferential equations
in one space dimension, and present conditions for gradual smoothing of the solu-
tions in time, like (ii) and (iii) of Theorem 4.6, in an L?-setting. While Theorem
4.6 covers linear isotropic viscoelasticity, by means of semigroup methods, Desch
and Grimmer [83] obtained a corresponding result also for nonisotropic materials
which, however, must be completely monotonic; cp. Section 5.

Appendix: Some Common Bernstein Functions
For the convenience of the reader we list below some common Bernstein functions
o as well as the quantities ¢, k, 7, s, w related to them, according to Sections 4.2
and 4.5.

If p(A) is a Bernstein function, recall the following relations:

SR | c o (V)

e(A) = Wa k(A) = \2
o B LP(A) . 1 o B 677'80()\).
S(A,,U) - )\ SD()\> +/1/’ UJ(>\,7') - )\ ’

the function r(¢; u) is obtained from s(t; u) via r(t; u) = (1 —s(t; )/ p; see Section
4.2. We use the standard notation for the complementary error function

2 e 2
erfe(z) = —= e "dr, zeR,

the gamma function

I(z) = /OOO e 't""dt, x>0,
the exponential integral

Ei(x) = /OO e~tdt/t, x>0,
and the modified Bessel function of order 0

Ip(x) = —/ cosh(z cos)dd, =z €R.
0
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In Table 4.1 c(t) and s(t; ) are expressed in terms of elementary functions and
integrals for diverse Bernstein functions ¢(A); here o € (0,1).

e(A) c(t) s(t; 1)
1 1 (14wt
A t e~ Kt
VA t/m e terfe(un/T)
L+ 1—et (14 p) "1+ pe~ (1)
Y 1+t (1 + p) " + et/ (+n)
A+ VA 2y/t/7 + eterfey/t — 1 [T e (i + (r— p)?) e/
>\+>\ﬁ 1+2/t/m (1 + )~ Ler /() erfe( “}ri )
1—e D neo €olt —n) 1= p 3o+ 1)~ eg(t —n)
log(1+ ) | LUy e Tr~Ydrldp/T(p) | 1 — [o° pe= ([ e TP~ drldp/T(p)
A t*/T(a+1) sinam fooo -t M2+T2a‘f:;l;2 5oz dr

Table 4.1

Table 4.2 contains expressions for the creep functions k(t) and the propagation
functions w(¢; 7) associated with several Bernstein functions ().

p(A) k(t) w(t;7)
1 t e 7
A 1 eo(t —7)
VA t/m erfe(T/2v/1)
1+ A 1+t e Teo(t — 1)
5 1—et e T (2VET)e ™t + [ e Io(2y/57)ds]
A+ VA 14 2y/t/m erfe(7/2vt — T)eo(t — 7)
)\+)‘ N 2/t/m + eterfey/t — 1 — [ et/ ) sin(r ?\/i)dr/ﬂ'r
1—e? min{¢, 1} ey T eo(t — n)/n!
log(1 + A) — et +tE(t) fo =S ?(T)
A t=/T(2 — ) — 7t [T et T e sin (s o ) drr [y

Table 4.2

Here we employed the abbreviations ¢, = cosam and s, = sin amw.
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In Figure 4.1 the propagation function w(t; 7) is depicted for ¢ = VX, ¢ = A+V/A,
and p(A) = A+ A/(1+ \), respectively.

Figure 4.1 Typical Propagation Functions

These Bernstein functions serve as typical representatives for the three different
types of qualitative behaviour of w(t; 7): infinite propagation speed, finite prop-
agation speed but no wavefront, and finite propagation speed with wave front,
respectively.



5 Linear Viscoelasticity

A rich source for vector-valued Volterra equations is the continuum mechanics for
materials with memory, i.e. the theory of viscoelastic materials. In this section
the basic concepts of this theory are introduced and the resulting boundary value
problems are formulated. The discussion of the involved material functions shows
that the notion of creep functions introduced in Section 4 appears here naturally.
The well-posedness of some special problems which lead to Volterra equations of
scalar type will be discussed, but also the limits of this class of equations become
apparent.

5.1 Balance of Momentum and Constitutive Laws

Consider a 3-dimensional body which is represented by an open set Q C R® with
boundary 9 of class C'. Points in Q (i.e. material points) will be denoted by
x,y, .... Associated with this body there is a strictly positive function pg € C(£2)
called the density of mass. Acting forces will deform the body, and the material
point z will be displaced to its new position x + u(t,x) at time ¢; the vector field
u(t, x) is called the displacement field, or briefly displacement. The velocity of the
material point €  at time ¢ is then given by wv(¢,z) = 4(t,x), where the dot
indicates partial derivative with respect to ¢. The linearized strain in the body
due to a deformation is defined by

E(t,z) = %(Vu(t,x) + (Vu(t,z))T), teR, z€Q, (5.1)

i.e. £(t,x) is the symmetric part of the displacement gradient Vu.

A given strain-history of the body causes stress in a way to be specified, ex-
pressing the properties of the material the body is made of. The stress tensor will
be denoted by S(t,x); both, £(t,x) and S(¢,z) are symmetric. Let g(¢,z) be an
external body force field like gravity. Then balance of momentum in the body
becomes

po(z)ii(t, x) = divS(t,x) + po(z)g(t,x), te€R, z€Q; (5.2)

in components (5.2) reads
pO ul t CU Z a 1] t T +PO( )gl(t,x)a i=1,2,3.

(5.2) has to be supplemented by boundary conditions; these are basically either
‘prescribed displacement’ or ‘prescribed normal stress (tracti(gl)’ at the surface
09 of the body. Let 9Q = I'y U 'y, where I'y,I's are closed, Io“d = Fd,lo‘s =T,

and such that f‘d N f‘s = (); let n(z) denote the outer normal of Q at x € Q. The
boundary conditions then can be stated as follows.

o
u(t,x) = wg(t,z), teR, x €Ty,
o
S(t,z)n(z) = gs(t,z), teR, z€ls. (5.3)
J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_5, 122
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Observe that the functions g(t, x), uq(t, ), gs(t,x) here are considered as known.
In many practical problems, however, the force field g(t, z) and the traction g4 (¢, x)
are actually depending on w or on its derivatives u and Vu. For example if the
body is subject to an external force field A which depends on the spatial position
only, then f(t,x) = h(x+u(t, z)); other examples are boundary feedback laws like
gs(t, 'T) = —fyv(t, z).

Suppose the body is at rest up to time ¢t = 0, but is then exposed to forces
g(t,x) and g¢,(t,z) and to a sudden velocity change @(0,2) = uy(z). Taking the
inner product of (5.2) with @ and integrating over €2, an integration by parts yields
the energy equality, formally at least.

A lu(t, )| po(x)dx —|—/O /QS(T, x) : E(r, x)dxdr = /Q luy ()| po (x)da
+ [ [ atra)-itram@dodr+ [ [ atm)-itraduan. 6.4

Since the total kinetic energy in the body at time ¢ cannot exceed its initial value
plus the work done by the acting body and surface forces, the inequality

/Ot/QS(T, z) : E(7, z)dadr >0 (5.5)

must hold for all values of ¢ > 0, and for any choice of initials values and forces.
A material is called incompressible, if there are no changes of volume in the
body €2 during a deformation, i.e. if

det (I +Vu(t,z)) =1, teR, ze€Q, (5.6)

is satisfied; otherwise the material is called compressible. (5.6) is a nonlinear
constraint for the system (5.2), (5.3); for the linear theory (5.6) can be simplified
to

divu(t,z) =0, teR, ze€Q. (5.7)

In fact, if the material is linear, then u(¢, ) in (5.6) can be replaced by pu, u > 0;
taking the derivative in (5.6) w.r.t. p at =0, (5.7) follows. As a consequence of
the constraints (5.6) or (5.7), for incompressible materials the stress tensor S(¢, x)
cannot be completely determined by u and its derivatives; it is then convenient to
decompose S(t,x) as

S(t,x) = —w(t,x)] + Se(t,z), teR, zeq, (5.8)

where the scalar function 7 is called pressure, and S.(t,z) extra stress, which
satisfies tr Se(t, ) = 0. Thus we have the relation

1
—m(t,x) = gtrS(t,x), teR, xe€. (5.9)

While for compressible materials (5.9) is just a definition, for the incompressible
case 7(t,z) is an unknown function, which has to be determined by (5.2), (5.3)
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and (5.7), too. For a mathematically oriented introduction to the basic concepts
of continuum mechanics we refer e.g. to the monograph Gurtin [159].

To make the system complete we have to add an equation which relates the
stress S(¢,x) (or the extra stress for the incompressible case) to u and its deriva-
tives; such relations will be referred to as constitutive relations or constitutive laws
or stress-strain relations. Here we concentrate on linear materials. Since the stress
should only depend on the history of the strain, the general constitutive law in
the compressible case is given by

S(t,z) = / dA(T,2)E(t —T,x), teR, z€Q, (5.10)
0

where A : Ry x Q@ — B(Sym{3}) is locally of bounded variation w.r.t. ¢ > 0;
Sym{N} denotes the space of N-dimensional real symmetric matrices. In compo-
nents the latter means

Aijkl(t,x) = Ajikl(t,l‘) = Aijlk(t,x), teRy, z e, (5.11)

for all 4, 5, k,1 € {1,2,3}. The component functions A;;x (¢, z) are called the stress
relaxation moduli of the material.
Alternatively, (5.10) can be written in the form

E(t,x) = / dk(r,z)S(t —T1,2), teR, z€Q, (5.12)
0

where K : Ry x @ — B(Sym{3}) is locally of bounded variation in ¢t € R;. The
components of I are called the creep moduli of the material and also enjoy the
symmetries (5.11). Relations (5.10), (5.12) yield the identity

(Ax*dK)(t,z) = (K xdA)(t,z) = tZ, (5.13)

where Z denotes the identity tensor.
Let us consider some special cases which have been studied extensively in
classical continuum mechanics.

(i) Ideally elastic solids
Classical elasticity postulates the stress-strain relations

S(tyx) = A®(x)E(t,z), teR, zeq,

with A € L>(Q; B(Sym{3})) positive definite, uniformly in . This corresponds
to the stress relaxation tensor

At,x) =tA%(z), t>0, z €,
and to a creep tensor of the form

K(t,z)=Kz), t>0, zcQ,
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where

A®(2)KO(z) = KO(2)A®(2) =T, z€Q.

(ii) Ideally viscous fluids
For such fluids the stress strain relations are

S(t,z) = Ax)E(t,x), teR, ze€,
with AY € L>(Q; B(Sym{3})) positive definite, uniformly in 2. Here we obtain
Alt,z) =A%), t>0, z€,

and
K(t,z) =tK>®(x), t>0,z€Q,

where
AY(2)K>®(z) = K= (2)A%(z) =T, = €.

(iii) Kelvin-Voigt solids
Such materials are governed by constitutive laws of the form

S(t,x) = A%(x)E(t, ) + A (2)E(t,x), tER, x€Q,
with A%, A% € L>°(Q; B(Sym{3})) positive definite, uniformly in Q. This gives
A(t,z) = A%(z) +tA®(z), t€0, xz€Q.
(iv) Mazwell fluids
This class of materials is characterized by the stress-strain relation

St,x) = / pe M AN (2)E(t — s,2)ds, teR, x e,
0

with A € L>°(Q; B(Sym{3})) positive definite, uniformly in Q, and p > 0. In this
case we have

Alt,z) = (1 —e " AY(z), t>0,2€Q. O
A material is called homogeneous if pg, A, KC do not depend on the material points
z € . It is called isotropic if the constitutive law is invariant under the group
of rotations. It can be shown that the general isotropic stress relaxation tensor is
given by
1
Aijkl(ta :c) = g(?)b(t, x) — 2CL(t, x))éw&d -+ a(t, 1’)(5lk5jl + 5il5jk)§

where §;; denotes Kronecker’s symbol; similarly

1.1 1 1
K:ijlk(t,l‘) = g(gl(t,x) — §k(t,x))5ij5kl + ik(t,x)(éikdﬂ + (52'[(5]‘]@).
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This results in the constitutive laws

S(t,z) = 2/000 da(r,z)E(t — T, 2)

+ %I /0 " (3db(r, ) — 2da(r, 2))r E(t — 7, 3), (5.14)

Elt,x) = ;/Ooodk(T,x)S(t—T,m)

1 1 1
+ =7 (zdl(r,x) — =dk(T,2))tr S(t — 7, ).
37 ), '3 2
Taking traces in (5.14) we obtain
trS(t, z) = 3/ db(r,z)tr E(t — 7, ),
0
1 [e°)
&t z) = g/ di(r, 2)tr S(t — 7, 7). (5.15)
0
Introducing the deviatoric stress and the deviatoric strain
Si(t,x) =8S(t, ) — %ItrS(t,x), Ea(t,x) =E(t, ) — %Itré'(t,m), (5.16)

(5.14) and (5.15) yield

Sa(t,z) = 2/0C>o da(r,2)E4(t — T, ),

Ealt,2) % /Ooo dk(r, 2)Su(t — 7 2). (5.17)

Thus the kernels b and [ describe the behaviour of the material under compression,
while a and %k determine its response to shear. Therefore, db is called compression
modulus and da shear modulus; from (5.15) resp. (5.17) there follow the identities

(da*k)(t) =t = (dbx1)(t), > 0. (5.18)

In general, a and b are independent functions, however, if b(t,z) = Ba(t,z) for
some constant 3 > 0 then the material is called synchronous.

For isotropic incompressible materials the corresponding stress-strain relation
becomes

Sty x) = —m(t,x)T + 2/ da(r,2)E(t —T,2), teR, z€Q, (5.19)
0
hence in virtue of the incompressibility conditon (5.7)

1
w(t,x) = —gtrS(t,x), teR, xz €. (5.20)
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The inverse relation then reads

o0
Elt,x) = %/ dk(m,z)Sq(t —1,x), teR, x € (5.21)
0

in other words I(t, z) = 0 for the incompressible case. Observe that incompressible
materials can be considered as the limiting case of synchronous materials when
[ — oo.

Inequality (5.5) leads to the following restriction on the stress relaxation tensor
which will be called dissipation inequality in the sequel.

/T /t[dA(T,x) cF(t—7): F(r)drdt >0, T >0, FeC(Ry;Sym{3}).
o Jo

(5.22)
In other words, the tensor-valued measure dA is of positive type. A special case of
this are completely monotonic relaxation tensors, i.e. dA is of the form

dA(t,z) = A%(x)d + A (z)dt + (/0o e AN (E x)da(€))dt, t>0, z€Q,

’ (5.23)
with A% A% € L% (Q; B(Sym{3})) positive semidefinite three-dimensional ten-
sors, A' : Ry — L*°(;B(Sym{3})) Borel-measurable, bounded, and positive
semidefinite for each ¢ > 0, and « : R — R, nondecreasing, a(0) = «(0+) = 0,
[0+ €)da(€) < oo.

In the homogeneous and isotropic case, dA will be of positive type iff da and
db are of positive type, and d.A will be completely monotonic iff a, b are Bernstein
functions. Observe also that the stress relaxation tensors from Examples (i)~(iv)
above are completely monotonic.

Summarizing, we obtain the equations for linear isothermal viscoelasticity.

po(z)i(t, ) = div(/oOO dA(T,2)Vu(t — 7,2)) + po(x)g(t, ), (5.24)

for all t € R and z € . For homogenenous and isotropic materials (5.24) can be
simplified to

i(t, x)

/000 da(r)Au(t — 7, x)
- db 1d \Y ! 2
+ /0 (db(T) + 3 a(T))VV -4(t — 7,2) + g(¢, x), (5.25)

for all t € R and « € €, where we have put pg(z) = po = 1 for simplicity. If in
addition the material is incompressible, then (5.25) becomes

ii(t, z) = /O T da(M At — 7.3) — Vr(tz) + g(tr),  (5.26)

V- u(t,z) =0, teR, ze€Q.

These equations have to be supplemented by the boundary conditions (5.3).
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5.2 Material Functions
Homogeneous isotropic linear materials are described by means of two material
functions, the shear modulus da and the compression modulus db. If the material
is in addition synchronous or incompressible, the only function needed is the shear
modulus. In this subsection we briefly want to exhibit the physical meaning of
these material functions and to motivate some of their properties which are used
below.

Let da be the shear modulus of a homogeneous isotropic linear material and
dk the corresponding creep modulus, i.e.

(daxk)(t) = (axdk)(t)=t, ¢>0. (5.27)

We will now consider the behaviour of the material in simple shearing motion.
Imagine two parallel plates (of zero mass), let the space between them be filled
with the material under consideration. Keep one of these plates fixed, while a
parallel force f(t) is applied to the second plate.

f(t)

T &(t)

—>
u(t,x)

7]
X

Figure 5.1: Creep and relaxation experiments

If the distance § of these plates is small enough then inertial effects can be ne-
glected, and displacement is only a linear function of z, the variable orthogonal
to the plates. Stress and strain then only depend on time and have only one
nontrivial entry (up to symmetry) o(t) resp. £(t), and the following relations hold.

o(t) = (da*£)(t), (t) = (dk * o) (t). (5.28)

Observe also that o(t) = —f(t), and £(¢)d is the horizontal displacement of the
second plate. We describe now two experiments from which the material functions
can be visualized.

Creep Experiment: Apply a sudden but then constant force at t = 0, and
observe the displacement of the plate. This means o(t) = ey(t), the Heaviside
function, and e(t) = k(t); thus the creep modulus k(¢) describes, how the material
‘creeps’ to its final position, in this experiment. It is natural to expect that k(¢)
is nonnegative, nondecreasing and concave, in other words k(t) is a creep function
in the terminology of Section 4.
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©
v

fluid
Figure 5.2: Creep response

Stress Relaxation Experiment: Displace the material at ¢ = 0 and keep it
there; observe the force f(t) = —o(t). This means o(t) = da(t). The responding
force may have an initial Dirac measure - like in the case of a Newtonian fluid -
but otherwise it should be a nonnegative, nonincreasing function. Therefore a(t)
itself is again a creep function.

a(t+a. a,t)
a) A a, 4
a., e
> t‘ >
0 solid t 0 “ fluid t

Figure 5.3: Stress relaxation

There are two ways to classify materials, according to the behaviour of a(t) and
k(t) at t =0 or at £ = oo.

Behaviour at ¢ = 0: A material is called rigid if ko > 0; ko is the rigidity. A
material is called viscous if ag > 0; ag is termed dynamic viscosity. Since ag-kg = 0
by Proposition 4.4, these notions are exclusive but not exhaustive; there is a third
class corresponding to the case ag = kg = 0. As shown in Section 4.2, a material
is rigid with rigidity ko > 0 iff ag = 0 and a1 (0+) < oo; we then have

1
a1(04) + aoo = —.
ko

Similarly, a material is viscous with dynamic viscosity ag > 0 iff kg = 0 and
k1(0+) < oo; we then have

1
kE1(04) + koo = —.
ag
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Nonrigid, nonviscous materials satisfy ag = ko = 0 which is equivalent to a1 (04) =
k1 (0+) = 0.

Behaviour at ¢t = co: A material is called a solid if as, > 0; as is the elasticity
modulus. Tt is called a fluid if koo > 0; 1/ko is termed static viscosity. Since
G0 - koo = 0 these notions are also exclusive, but not exhaustive; there is a third
class according to aoo = koo = 0. Solids are characterized by k(t) bounded, i.e. by

> 1
ko =0, k€LY (Ry), and Fk(co)=ko Jr/ ki(r)dr = —.
0 Qoo
Similarly, fluids are equally described by a(t) bounded, i.e. by
e 1
oo =0, a; € L*(Ry), and a(o0) =ag +/ a1 (T)dr = /.
0 o0

Materials which are neither solids nor fluids are characterized by aoo = koo = 0
which is equivalent to a1, k1 ¢ L'(R,).

For a fluid the mean relazation time t,, is defined by

bro = /O " tda(t)/ /0 " dat) = ke /0 ()t

A Newtonian fluid is characterized by t,, = 0; in general t,, can be taken as an
estimate for how fast stress in a fluid relaxes.
Similarly, for a solid the mean retardation time t,.q is defined by

ta = /0 t(k(oo)fk(t))dt//o (k(o0) — k(t))dt

B 1 0o ) 0o
- /O 2l (1)t /0 thy (1) dt
~ (a0 /0 a1 (£)dt) Jame + /0 tar (t)dt ) (a0 + /0 a1 (1)dt).

A Hookean solid is characterized by t.q = 0; the mean retardation time gives an
estimate for the time the material needs to creep to its final position.
Let us briefly mention some well known standard models.

(i) Hookean Solid

(ii) Newtonian Fluid
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(iil) Kelvin-Voigt Solid
1 —ut/v
at)=v+ut, k()= ;(1—@ Y > 0.
(iv) Maxwell Fluid
a(t) =v(1—e "), k(t) =

(v) Poynting-Thompson Solid
a(t) = pot + (1 — e 1), k(1) = iy 11— pljug + )L bt b

(vi) Power Type Materials
te tl—oc

k'(t): m, t>0,

R CERT)

where a € (0,1).

Observe that in any of these examples a(t) and k(t) are Bernstein functions. Let
the two basic materials - Hookean solid and the Newtonian fluid - be represented
by the symbols spring and dashpot. A Kelvin-Voigt solid can then be viewed as a
spring and a dashpot in parallel - in this case the forces (stresses) acting on either
element are additive while the Maxwell fluid corresponds to a spring and a dashpot
in series - here the displacements (strains) are additive. Mechanical engineers like
to think of a linear viscoelastic material as a finite network consisting of the basic
elements spring and dashpot.

%/\ASW % Maxwell fluid
Poynting-Thompson solid
dashpot
Kelvin-Voigt solid

Figure 5.4: Mechanical models

The resulting material functions a(t) and k(t) will then be Bernstein functions of
the form

N
a(t) = ap + aset + Y _a;(1—e "), >0, (5.29)

Jj=1
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where a;,t; > 0 for all j. More rigorously, physical chemists have derived (5.29)
from various molecular models. In their approach, the number N of independent
relazation times t; corresponds to the degrees of freedom of a molecule. Therefore,
for complicated materials like high polymers, N will be very large and it becomes
impractical to work with expressions like (5.29); nevertheless a(t) and k(t) can
still be expected to be Bernstein functions.

Here the so-called fractional derivative models should be mentioned, which
are frequently used to describe the behaviour of polymeric materials. The five
parameter fractional derivative model is given by the stress-strain law

o(t) + B Vo (t) = 2(=(t) + ol 5 )¥=(t), TR

where o, 3 >0, v > 0,0 < u <v < 1. This leads to the moduli da, dk via their
Laplace transforms

— v 14+aX =~ 1 148
W =3 T V=0 T
hence a(t) and k(t) are Bernstein functions. Such materials are solid, with as, = 7,
and they are rigid iff p = v, with rigidity ko = 8/a~; for p < v they are neither
rigid nor viscous.
Finally, let us mention that the compression modulus db(t) enjoys the same
properties as the shear modulus da(t), hence b(t) and I(t) can be expected to be
creep functions or even Bernstein functions, as well.

5.3 Energy Balance and Thermoviscoelasticity

Consider first a rigid body © C R? which is subject to temperature changes. Let
e(t,x) denote the density of internal energy at time ¢t € R, ¢(¢,z) the heat flux
vector field, 6(¢, ) the temperature, and r(¢, z) the external heat supply. Balance
of energy then reads as

E(t,z) +div q(t,z) =r(t,z), teR, x e, (5.30)

with boundary conditions basically either prescribed temperature or prescribed
heat flux through the boundary, i.e.

6(t,2) = Oy(t,x), teR, xely,

—q(t,z) -n(z) = qrt,x), teR, =z Elzf, (5.31)

where T'y, I'y C 09 are closed, Io‘b = Fb,f‘f =Ty, lgb N Io‘f: § and T, ULy = 092
For the constitutive laws we shall use the linear relations

e(t,x)

/ dm(r,2)0(t — 7,2) + e (x), tER, x€Q,
0

q(t,z) = —/ dC(r,z)VO(t — ,z), teR, ze€Q, (5.32)
0
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where m € BV, (Ri;L>®(Q)) , and C € BVipe(Ry; L®(£2; Sym{3})). In the
isotropic and homogeneous case these relations simplify to

e(t,x)

/ dm(T)0(t —7,2) + 0o, tER, 2€Q,
0

otz) = —/ de(T)VO(t —7,2), teR, zeQ, (5.33)
0

where m, ¢ € BVjoc(Ry) are scalar functions. Thus (5.30), (5.31) becomes in this
case

dm«0(t,z) = dexAO(t,z)+r(t,x), teR, zeQ,
0(t,x) = 6Oy(t,z), teR, z ey, (5.34)
00 o
de %( xz) = gqf(t,z), teR, zely.

From the literature one can infer that m(¢) is a creep function which is also
bounded; thus mg > 0, ms = 0 and my € LY(Ry). mo = m(0+) is called
the instantaneous heat capacity, while m(oco) = mg + fooo mq (7)dr is termed equi-
librium heat capacity. One should have at least m(oco) > 0 (i.e. m(t) £ 0), but
most authors also inquire mqg > 0. mq(¢) is called energy-temperature relazation
function.

Concerning the function ¢(t), however, the literature is somewhat controversial.
From Meixner [240], Gurtin and Pipkin [157], and Nunziato [261] one can expect
that c(t) is a bounded creep function as well, in particular ¢, = 0 and ¢; € L* (R+)
co = c(0+) > 0 is called instantaneous conductivity, c(co0) = co + [~ c1(r)dr
equilibrium conductivity and ¢y is termed heat conduction relaxation function. At
least on should have ¢(oco) > 0, and there result two different theories according
to cg > 0 or ¢g = 0. Meixner [240] calls a material of relazation type, if m(t) and
¢(t) are Bernstein functions, i.e. if my, ¢; are completely monotonic.

On the other hand, Clément and Nohel [51], Clément and Priiss [54], and
Lunardi [226], write

t
c(t) =co — / ~v(s)ds, t>0, (5.35)

0
with ¢g > [ (s)ds, ¥(t) > 0 nonincreasing; in thib case c(t) ib 2-monotone. Thus
in this theory the equilibrium conductivity ¢(co) = ¢ — fo s)ds > 0 is smaller

than the instantaneous conductivity, in contrast to Nunziato [261].

Next let us consider linear thermoviscoelasticity, i.e. the coupling of balances
of momentum and energy. For this we have to replace the isothermal stress-strain
law (5.10) by

S(t,z) = / dA(r, 2)E(t — 7, 7) — / dB(r, 2)0(t — 7, 2), (5.36)
0 0
and the first equation in (5.32) by

e(t,x) = /000 dm(r,z)0(t — T,x) + /000 dB(r,z) : E(t — 7,2) + eso(x),  (5.37)
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for all t € R, z € Q. Here the second term in (5.36) corresponds to the stress
generated by a nonuniform temperature-history, while the second term in (5.37)
represents the conversion of strain energy into internal energy. In case A(t,z) =
tA>®(x), B(t,x) = tB>®(z), m(t,r) = m®(x), t > 0, then (5.36) and (5.37) yield
the corresponding relations for thermoelasticity.

The equations of linear anisotropic thermoviscoelasticity read now

po(x)i(t,z) = div[/ooo dA(T, 2)Vu(t — 7, x)

/0 " dB(r, )it — 7.2)] + po(@)g(t, ),
/00 dm(r,z)0(t —,x) = div[/C>o dC(1,2)VO(t — T, )] (5.38)
0 0
- /0 dB(r,z) : Vit — 1,2) + r(t, z),

for t € R and x € Q. Observe that B € BV,.(Ry; L (Q; Sym{3})). (5.38) has to
be supplemented with the boundary conditions (5.3) and (5.31).

In the case of isotropic materials, the deviatoric stress Sy(t,z) is only tem-
perature-dependent through the shear modulus da, however, this is a second order
effect which has to be neglected in the linear theory. The normal stresses are on
the other hand influenced by the change in volume due to change in temperature.
This leads to the constitutive law

trS(t,x) =3 /OOO db(r,z){tr E(t — 7, 2) — /000 da(s,z)0(t — 7 —s,2)}, (5.39)

ie.
B(t,z) = I/ db(r,x)a(t —1,2), teRy, ze€q.
0

Here «a(t,z) represents the expansion of a volume element induced by a sudden
temperature change; « is expected to be a creep function, which in addition is
bounded.

We summarize the equations of linear thermoviscoelasticity for homogeneous
isotropic materials; w.l.o.g. let po(z) = pp = 1.

i(t,z) = /000 da(T)Au(t — 7,2) + /Ooo(db(T) + %da(r))VV ou(t —T,x)

- /OO db(T)[/oo da(s)VO(t — 7 — 5,2)] + g(t,2) (5.40)
0 0

/0 dm(T)0(t — 1,2) = /0 de(T)Al(t — T, x)

—/ db(T)[/ da(p)V it — 7 — p,z)] + r(t, x),
0 0
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for all t € R and x € Q. Observe that the equations of classical linear thermoelas-
ticity are obtained from (5.40) with

a(t) = aset, b(t) =bsot, m(t) = mo,
c(t) =cy, alt)=cap forall t>0; (5.41)

the equations then read

U = AU+ (boo + 000 /3)VV -t — booaoVO + f
mol = coAO — beyV - U+ 7. (5.42)

Here the constants ass, boo, Mo, Co, g are all positive and are the shear modu-
lus, compression modulus, heat capacity, heat conductivity, coefficient of thermal
expansion, respectively.

5.4 Some One-dimensional Problems
This subsection is devoted to some specific problems in isothermal viscoelasticity
which lead to one-dimensional boundary values problems.

(i) Simple Shear. The Rayleigh Problem

Consider a homogeneous isotropic viscoelastic fluid filling a halfspace, and which
is at rest up to time ¢ = 0. But then the bounding plane is suddenly moved
tangentially to itself with constant speed 1. The induced velocity field of the
fluid will be parallel to that of the boundary and will depend only on ¢ and the
distance x > 0 to the bounding plane. Assuming non-slip boundary conditions
and the stress-strain relation of homogeneous isotropic materials (5.14) or (5.19),

we obtain the following boundary value problem for the velocity w(t;x) of the
fluid:

t
w(t;x) = /da(r)wm(t—T;x), t,x >0,

0
wt0) = 1, t>0, (5.43)
w(0;z) = 0, xz>0.

This is Stokes’ first problem or the Rayleigh problem of viscoelasticity. Essentially
the same problem arises if the material is a solid, when the boundary is suddenly
displaced; w(t; ) then means the displacement in the body.

Let h(XA;x) denote the Laplace transform of w(t;x) w.r.t. ¢t > 0; a simple
computation yields

8]

1
h(\z) = X exp(—m), Az > 0. (5.44)

Assume that a(t) is a creep function with aq(t) log-convex; then by Lemma 4.2,
there is a completely positive function ¢(t) such that y/a(A) = é(A), A > 0. Thus
w(t;x) must be the propagation function associated with ¢(t); c.p. Section 4.5.
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We may now apply Propositions 4.9 and 4.10 for the description of the solution of
the Rayleigh problem. For this purpose we have to determine the characteristic
numbers k,w, a of ¢(t), defined in (4.35), in terms of those of a(t). With ¢(X) =
1/4/a(X) and by the relations limy_gt Ad1(A) = a1(00) = 0, limy_oo Aa1(A) =
a1 (0+), and limy_, o Aay(A) = @y (0+), we obtain

= 1. =
w Jim @(A) =0,
_ . o 0 ifag >0
K = )\ILH;O @(A)/)\ = { (aoo + a1(0+))71/2 if ag = 0,
lim (5() N 00 ifk=0
a = lim (e(A\) — kA = —aq (04 .
A—00 m if kK> 0.

By Proposition 4.10 the velocity field w(¢; 2) admits the decomposition

—Qax

w(t;z) = wo(t — kx; ) + e~ eo(t — k), t,x >0,

where wy is continuous and even of class Wlicl , provided £ = 0 or a;(t) is locally
absolutely continuous on (0,00). Since w(t;x) = 0 iff ¢ < ka, the perturbation
propagates with speed 1/k into the material; this speed is finite iff ap = 0 and
a1(0+) < oo, i.e. iff the material is rigid, according to the classification in Section
5.2, and x = v/kg, where kg denotes the rigidity of the material. If & < oo then
the wave w(t; z) exhibits a wave front, i.e. a discontinuity at ¢ = xz, which is
damped exponentially with exponent o w.r.t. & > 0. There is no wave front iff
a = 00, le. if Kk =0 or —a;(04) = oo; the wave front is undamped iff o = 0, i.e.
iff —a1(04+) = 0, x > 0 which corresponds to the purely elastic case a(t) = acot.
Observe the coexistence of finite wave speed and absence of the wave front in case
ap =0, a1(0+) < oo but —a; (04) = occ.

We now consider briefly the general problem

up(t,x) = /0 da(T)uge(t — 7,2) + f(t,z), t,xz>0
u(t,0) = g(t), t>0, (5.45)
w(0,2) = wo(z), z>0.

Let X denote any of the spaces Co(Ry) or L4(Ry), 1 < ¢ < oo, and define A by
means of (Au)(z) = v (z),z > 0, where D(A) = {u € X : v/, v” € X, u(0) = 0}.
It is well known that A generates a bounded cosine family Co(7) in X which is
given by

(Co(T)u)(x) = %(u(m +7)+u(|lz — m|)sgn(x — 7)), T,2>0.

Therefore, by Theorem 4.3 we may conclude that (5.45) admits a bounded resol-
vent S(t) in X, if a(t) is a creep function such that a; () is log-convex, in particular
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if a(t) is a Bernstein function. Via the representation (4.50) of S(t) and the varia-
tion of parameters formula, the solution of (5.45) can be represented explicitly in
terms of the propagation function w(t; 7), i.e. the solution of the Rayleigh Problem.

(ii) Torsion of a Rod

Consider a rod of length [ and of uniform circular cross section with radius r > 0
made of a homogeneous isotropic viscoelastic solid. Let the left end (z = 0) of the
rod be fixed, and let at the right end (2 = [) of the rod a tip mass be attached,
with moment of inertia 8 > 0 around the axis of the rod, which is subject to
a torque. After normalization this leads to the following initial boundary value
problem for the angular displacement O(t, z) of the rod.

O:(t,z) = /0 da(1)O4, (t — 7,2) + h(t, ),
O(t,0) = 0, 0(0,z) = Oy(z), t>0, ze (0,1), (5.46)
00:(t,1) = - /0 da(T)0,(t —7,1) + g(t).

Here h(t,z) contains the given strain history as well as a probably also present
distributed torque, and similarly g(¢) corresponds to the given boundary strain
history and the torque applied to the tip mass. Observe that such torsional prob-
lems only involve the shear modulus da, the compression modulus does not enter
the analysis, at least not to first order. We concentrate now on the case 3 > 0; for
B =0 see (iii) below.

Let X = L?(0,1) x C and consider the operator A in X defined by

Au = A(©,9)=(0",-3710'(1)), wuecD(A),
D(A) = {(©,9) € X:0ecW?%0,1),0(0) =0,0(1) = 9}.

With respect to the inner product

1
(u1,u2)x =/ 01(2)O2(z)dx + 102,
0

this operator is selfadjoint and negative definite, as can be shown in the usual
way, hence generates a bounded cosine family. After an integration, with u(t) =
(@(t ) (9( )) (5.46) can be written in the abstract form (1.1) where f(t) =

)+ fo -)ds, O9(1 -1 fo . Thus we may apply Theorem 4.3 to
obtam a bounded resolvent 1f the kernel a( ) is a creep function with aq(¢) log-
convex. Alternatively, we may also apply Corollary 1.2 since we are in a Hilbert
space setting, to the result that (5.46) admits a bounded resolvent if the kernel
a(t) is merely a creep function with da(t) of positive type.

(iii) Simple Tension. The Tensile Modulus
As in (ii) we consider a viscoelastic rod which is fixed at the left end (z = 0), but
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now is subject to a force in axial direction at the right end (z = [). Then the stress
tensor to first order has only one nontrivial component o(t,z) = S11(¢,z); this
situation is referred to as a problem of simple tension. Let da,db denote the shear
and compression moduli of the material and let dk and dl be defined according to
(5.18). The stress-strain relations (5.14) then imply
1 1.1 1
E= 2dk*8+ 3I(3dl 2dk:)*a,

hence &; = 0 for i # j, &1 = §dk* o+ §dl* 0, and &y = E33 = 5(5dl — 3dk) * 0,
where £ = (&;;). With € = £;; this yields the stress-strain relations

1 1
5:§(dk+§dl)*a, U:de*é, (547)

where the tensile modulus de(t) is defined by

1 _db(Wda(\)

de(\) =

A > 0. (5.48)

3
Xak(\) +di(N)/3 3db(\) + da(A)’

Observe that de is at least a completely positive measure if k, [ are creep functions
or, equivalently da,db are completely positive. However, it seems not to be clear
that e(t) is also a creep function without further assumptions on a,b, although
physically it should be. On the other hand, by Lemma 4.3 we see that e(t) is even
a Bernstein function if a,b € BF or k,l € BF. If the material is synchronous, then
b(t) = Ba(t) for some 3 > 0, hence e(t) = [98/(38 + 1)]a(t).

The equations of motion for the axial extension of a viscoelastic rod after
normalization become

up(t,x) = /0 de(T)uzy(t — 7, 2) + h(t, ),
u(t,0) = 0, u(0,2)=1wup(x), (5.49)

/Ot de(T)ug(t —7,1)

g(t), t>0, z€(0,1).

The linear operator defined by

Au(z) = u'(z), z€]0,1], u€ D(A),
D(A) = {ue X : v v € X,u0)=0,4(1) =0}

is well known to generate a bounded cosine family in any of the spaces L(0,1),1 <
g < oo and in the subspace Xo = {u € C[0,1] : u(0) = 0} of C[0,1]. Thus if e(t)
is a Bernstein function (or merely a creep function with e;(¢) log-convex) then
Theorem 4.3 shows that (5.49) admits a resolvent S(t), uniformly bounded by 1,
in any of these spaces. For ¢ = 2 we may apply Corollary 1.2 instead, to the result
that a resolvent exists if de(t) merely is of positive type, and |S(¢)| < 1 then holds
again.



5. Linear Viscoelasticity 139

5.5 Heat Conduction in Materials with Memory
Consider the problem of heat conduction in materials with memory described in
Section 5.3, where the rigid body (2 is assumed to be homogeneous and isotropic.
Here we want to discuss the well-posedness of the resulting boundary value problem
(5.34) in the usual function spaces.

Let X, = L), 1 < g < 00, Xo = Cr,(Q) = {u € C(Q) : u |r,= 0}, and
define

(Agv)(z) = Av(z), z€Q, veD(A4,),

where A denotes the Laplace operator, and for 1 < g < 0o
2,9 — v —
D(Aq):{'UEW ’ (Q) v ‘I“b: O, % |1"f: 0},

D(Ap) = {v € Ng=1D(4,) : Agv € Cr, ()},

and in X; = L'(9), A; is defined e.g. by the closure of Ay. If Q C RY is bounded,
0Q is smooth, and T, NI’y = @, then it is well known that A, is closed linear
densely defined, and o(A,) C (—o0,0] for each ¢ € {0} U [1, 00). Moreover, for
each ¢ and ¢ € [0, 7/2) there is a constant M (¢, ¢) such that

(2 — Ag)7Y] < MTf’ 9,

holds, i.e. A, generates a Cy-semigroup which is analytic in C; and bounded on
each sector X(0, @), ¢ < 7/2. In the Hilbert space case ¢ = 2, the operator As is
even selfadjoint and negative semidefinite, hence A, generates a bounded cosine
family in Xy = L2(Q).

As motivated by thermodynamics, we assume that m(t) is a bounded creep
function with m(04) = mg > 0, and denote by b(¢) the corresponding completely
positive function, i.e. the solution of dm x b = 1; cp. Proposition 4.4. Without
specifying more properties of ¢ € BVjo.(R4) the initial value problem in X, for
(5.34) with homogeneous boundary conditions is then equivalent to

z€X(0,¢+7/2),

u(t) = (ax Agu)(t) + f(t), t>0, (5.50)

where a = b dc and f contains b * r as well as the temperature history.
Following the discussion of the physical properties of ¢(t) in Section 5.3, we
divide into two cases.

Case 1: ¢g = ¢(0+) > 0; ¢ € BVjoe(Ry) arbitrary otherwise.

This means that the instantaneous heat conductivity is nonvanishing; w.l.o.g. we
may assume cg = 1. In this case a = b+ dk xb, where k € BVj,.(Ry) is continuous
at t = 0; this shows that the perturbed equation (3.18) arises naturally in this
context. Since b(t) is completely positive, it is of positive type. Hence the equation

u(t) = (b* Aqu)(t) + f(t), t>0, (5.51)
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is parabolic by Corollary 3.1. To show that b(t) is also 1-regular, write

_ I;/()\) _mo + (Mg (N) mo —t/d']\nl()\) .

Since my(t) is 1-monotone and belongs to L*(R.) by assumption, we have
| fdma (V) |< / tdmy (t) = / mi(t)dt < 00, Re A >0,
0 0

On the other hand, mg+m1(A) # 0 for Re A > 0, and converges to mq as |A\| — oo,
hence is bounded from below. This proves that b(t) is 1-regular. Theorem 3.1
then shows that (5.51) admits a bounded resolvent S(t), and Theorem 3.2 yields a
resolvent for (5.50). Thus in case ¢y = ¢(0+) > 0, (5.34) is well-posed in any space
Xy, g € {0}U[1, 00). Moreover, if b(t) is in addition 2-regular, e.g. if m4(¢) is also
convex, then Theorem 3.3 shows that (5.50) has the maximal regularity property
of type C“ in any of the spaces X,.

Observe that classical heat conduction belongs to Case 1, since then m(t) = mg
and ¢(t) = ¢ for t > 0.

Case 2: m,c € BF bounded; materials of relaxation type.

Having the case ¢y = 0 in mind, one cannot expect well-posedness in each space
X, since m(t) = mo, ¢(t) = (1 — e®")/a, a > 0 corresponds to the damped wave
equation

Uy + oy = Au+ g,

which for g # 2 is not well-posed in X, at least for dimensions N > 1, A, then
does not generate a cosine family. Therefore, we restrict to ¢ = 2 in this case.

Well-posedness in L2(2) of (5.50) is an easy consequence of Corollary 1.2.
In fact, since mo > 0, and m; € L'(R;) we obtain b € W (R,), and even
b e L*(Ry); therefore a € BV (R,) and

da(ip) = Re (iph(ip)de(ip)) = Re -0 C10R)
Re da(ip) = Re (ipb(ip)dc(ip)) = Ri mo + 7 (ip)

[co + Re é1(ip)][mo + Re mi(ip)] + Im é;(ip) Im 1y (ip)
| mo + 1 (ip) |?

>0

)

and so Corollary 1.2 yields a resolvent S(t) for (5.50) in L?*(£2), bounded by 1, if
only m,c € CF are bounded, mg > 0, and my, c; are of positive type.

However, if m, c € BF we may also apply the results of Section 4, in particular
Theorems 4.3 and 4.4. In fact, by Lemma 4.3

bNde(N) = e/ | )

1
Y
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is the Laplace transform of a Bernstein function e(t); observe that 1+ b € BF by
Proposition 4.6. Therefore, Theorem 4.3 (ii) as well as Theorem 4.4 apply, hence
the resolvent S(¢) exists and is of the form

S(t) = Co(t/k)e " + Sy(t), t>0,

where Co(t) denotes the cosine family generated by As. For the characteristic
numbers £, «,w (cp. Section 4.5) we obtain

ko= lim 1/A 8(A)dA(A)Z{ N mo/e1(0+) ﬁ Eﬁig

A—00
. 2N\ T _ . + 1m1(A)
- /2 _ mo 1/2 _
w = Jim (O)A) 7 = lim (TN =0,
: 7 7 — . +m1()\) mo
—  Tim (BN de(A)" Y2 — kA = lim [T y12 1/2)
o Jim (b(A)de(A)) kA = lim [( 0T a0 (c1(O+)) ]
1, mi(0+) my2en(04),
= 35 - 0
2 (m001(0+))1/2 01(0+)3/2 ] in case k >0,
a = oo otherwise.

Thus (5.34) has the finite propagation property iff ¢ = 0,mg > 0,¢1(0+) < oo,
and no wavefront iff k = 0 or m1(0+) — ¢1(0+) = oo.

One of the motivations of the paper of Gurtin and Pipkin [157] was to remove
the defect of the infinite propagation speed of classical heat flow. They already
observed that this corresponds to mg > 0,¢9 = 0,¢1(04+) < oo. On the other
hand, the solutions of (5.34) should have the property of positivity, i.e. if r(t,z) >
0,0p(t,z) > 0,¢s(¢t,x) > 0 for all ¢,z, then the solution 6(¢,z) of (5.34) should
satisfy 0(t,z) > 0 for all ¢, .

Assume that (5.34) enjoys the property of positivity for all domains  C R3
which are bounded with 002 smooth. Since the eigenvector corresponding to the
first eigenvalue A\; = A1(Q2) > 0 of —A with say Dirichlet boundary conditions
is positive, and as {2 varies, the range of A1(Q) is all of (0,00) this implies that
()\J;z()\) + ude(N))~t is completely monotonic w.r.t. A > 0, for each > 0. As
a result we then obtain with y — 0+ that ()\Jr\n()\))_l is completely monotonic
on (0,00) - which is consistent with m € CF - but also that 1/c/l\c(/\) belongs to
CM, as p — oo. This obviously implies ¢y > 0, i.e. we are in Case 1; if one even
assumes ¢ € CF like is the case for materials of relaxation type, then c(t) = ¢ > 0
is constant. By Theorem 4.2 and Corollary 4.6 we then obtain the positivity alone
from m € CF, but on the other hand the wave speed is in this case necessarily
infinite, the problem is parabolic. Thus there is no coexistence of positivity and
finite wave speed for the linear heat conduction problem.

5.6 Synchronous and Incompressible Materials
In this subsection we want to discuss the well-posedness of some problems of three
dimensional viscoelasticity and thermoviscoelasticity.
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(i) Isotropic Incompressible Fluids

Consider a homogeneous isotropic incompressible viscoelastic fluid which occupies
a region ) C R3. According to Section 5.1, the velocity field v(¢,z) of the fluid is
governed by (5.26), hence the corresponding initial value problem becomes

t
ve(t,x) = / da(T)Av(t — 1,2) — Vr(t,z) + g(t,z), t>0, z€Q,
0
V-u(t,z) = 0, t>0, z€, (5.52)
v(t,z) = 0, t>0, z€dQ,
U(O,ZL’) = ’Uo(l'), T e Qa

where we employed the nonslip boundary conditions; here 7 (¢, 2) denotes the hy-
drostatic pressure in the fluid. The kernel da(t) is the shear modulus introduced
in Section 5.1; according to Section 5.2, a(t) should be at least a creep function
with da(t) completely positive. The case a(t) = ag for ¢ > 0 corresponds to a
Newtonian fluid with viscosity ag > 0, and (5.52) then becomes the well known
linear Navier-Stokes system.

We want to discuss the well-posedness of (5.52) in L%(Q)3 where 1 < ¢ < o0,
in particular for ¢ = 2. Define

E1Q) = {Vr:meWl (Q),Vre LI(Q)%},

loc
Cor () {ue CP(Q)?:Vou=0}, and LL(N) = e, (%),

where the closure is taken in L?(Q)3. It is known that
LY(Q)% = BY(Q) @ LL(Q) (5.53)

holds topologically if €2 is open and connected, and 0f2 is compact and of class
C'. This is the so-called Helmholtz decomposition of L1(Q)3. Let P, denote the
projection of L4(Q)% onto L2(£) along E4(Q) associated with the Helmholtz de-
composition; P, is bounded and even orthogonal for ¢ = 2. Let the Stokes operator
A, be defined in X, = LZ(Q) according to

(Aqu)(2) = (P,Au)(z), €9, ueD(A,), (5.54)

with domain

D(A,) = {u e W»1(Q)* N X, : u |sq= 0}.

It is known that A, is a closed linear densely defined operator in X, with o(A4,) C
R_, and for each 0 < ¢ < /2 there is a constant M (¢, q) > 1 such that

M(¢,q)
2]

Thus A, generates a Co-semigroup which is analytic on C and uniformly bounded
on each sector %(0,¢), ¢ < /2. In the Hilbert space case ¢ = 2, Ay is even

(2 — Ag)Yx, < 2 € 50,6+ 7/2). (5.55)
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selfadjoint and negative semidefinite. Since P,V (¢;-) = 0 by the definition of P,,
application of P, to (5.52) shows that this equation can be written in abstract
form as

o(t) :/0 a(t — ) Ayo(r)dr + f(t), t>0, (5.56)
where

t
f() =vo +/0 Pyg(T)dr, t>0;

here we assumed vy € X,.

We are now in position to apply the existence results of Sections 1~4. Since
completely positive measures are of positive type by Corollary 4.1, Corollary 1.2
yields a resolvent Sa(t) in X which is bounded by 1. If in addition loga;(t) is
convex, we may apply Theorem 4.3 instead, as well as Theorem 4.4 to obtain the

decomposition
Sa(t) = Co(t/ﬁ)e_‘”/” + So(t), (5.57)

where Co(t) denotes the cosine family generated by As, and «, k are the charac-
teristic numbers of a(t) defined in Section 5.4(i).

For ¢ # 2, (5.56) is not well-posed in general, restrictions on the kernel a(t)
are needed. Suppose aq(t) is 3-monotone,

— ! fot Tay(7)dr

t—=0 go — fot Ta1 (7)dr

00, (5.58)

and consider the case of a fluid a,, = 0, a; € L'(R;). Then we are in the situation
of Corollary 3.3, to the result that the resolvent S, (¢) of (5.52) is bounded on Ry, as
is tS’q (), and (5.56) has the maximal regularity property of type C*, by Theorem
3.3. The remark following the proof of Corollary 3.3 yields the same result also in
case oo # 0 or a; ¢ L' (R, ) if the domain € is bounded, since then A, is invertible.
If a(t) is even a Bernstein function and (5.58) holds then it is not difficult to show
that |arga(N)| < 7/2 4+ ¢ < m for A € ¥(0,7/2 + ¢),e > 0 sufficiently small, and
so Theorem 2.1 shows that the resolvent S,(t) is even analytic. This discussion
covers the case when (5.52) is parabolic.

(ii) Isotropic Synchronous Materials

Equations (5.25) for general homogenous isotropic viscoelastic materials in three
dimensions involve two kernels, the shear modulus da and the compression modulus
db. A priori there are no physical reasons why these kernels should be related,
and so (5.25) cannot be transformed into an equation of the form (1.1) in some
function space, except for very special configurations. For example, if ) = R3
then decomposing u(t, z) as

u(t,x) = Vo(t,z) + V x v(t, x)

where V-v(t, ) = 0, it is possible to reduce (5.25) to two independent equations for
 and v which separately only involve the kernels (4/3)da+db and da, respectively.
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This shows the limitations of the theory of equations of scalar type. However, if
the material is synchronous, i.e. if there is § > 0 such that b(t) = SBa(t), t > 0,
then (5.25) can be rewritten as an equation of the form (1.1).

In fact, let 2 be a bounded domain with boundary 0 of class C' and define
in X = L?(Q)? an operator A by means of

(Au)(z) = Au(z) + (B+1/3)VV - u(z), x€Q (5.59)
with domain
D(A) = {u € W*?(Q)? : ulp, =0, (% + (V)T - n+n(B - g)v “u)|p, = 0}.

It is well known that the elasticity operator A is selfadjoint and negative semidef-
inite and 0 € p(A) iff T'y # 0, N(A) @ R(A) = X if I'y = 0. Thus we can write the
initial value problem for (5.25) as

v(t):/o a(t — 7)Av(r) + f(t), >0,

in the space R(A) € X and apply Corollary 1.2 or Theorems 4.3 and 4.4 to
obtain well-posedness of linear isotropic viscoelasticity in L?(Q)3 for the case of
synchronous materials, where a € CF is such that a; is log-convex, say. For
X = L4(2)3,q # 2, remarks similar to the case of incompressible materials apply.

(iii) Synchronous Isotropic Thermoviscoelasticity

In the simplest case of thermoviscoelasticity, the equations for homogeneous iso-
tropic materials (5.40) already involve five kernels which in general should be
considered as independent. Therefore a reduction of (5.40) to a Volterra equation
of scalar type is in general not accessible. However, such a reformulation is possible
in the case of synchronous materials which are defined by the relations

—

dm
A2q’

2

~ —~ —2 —
db= Bda, & =v*dm a, do =~> (5.60)
with some positive constants 3, v,y. Recall that a, b, ¢, m, « should be creep func-
tions with ¢, m, a in addition bounded. Considering the shear modulus da and the
heat capacity dm as the principal quantities, (5.60) are then definitions for the
remaining material functions. Observe that classical isotropic thermoelasticity is
covered by (5.60); cp. with (5.41).

If a(t) and m(t) are Bernstein functions and b(t), a(t), ¢(t) are defined by (5.60),
then b, € BF. In fact, this is trivial for b(t); for a(t) we obtain

a(n) = 1/ mNkQ), k() =1/(XF%a(N), A>0,

hence k,a € BF by Proposition 4.6 and Lemma 4.3, respectively. However, «(t)
will be bounded iff da(0) = a(oc0) < oo which is equivalent to m(co) < oo and
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aoo > 0; the last relation in (5.60) is consistent with physics only for solids. How-
ever, c(t) defined by (5.60) will not always be a Bernstein function again, for this
to happen, a(t) and m(t) cannot be completely independent. For example,

de(\) = di(1/+/a(N)), dm()) = vdl(1/v/a()/(AWa(N), A >0,
with some bounded ! € BF is consistent with (5.60), and m,c € BF are bounded
if ax, > 0, by Proposition 4.7 and Lemma 4.3, since y/a(A)/A is a complete

Bernstein function, as Lemma 4.2 shows. Observe that de(\) = 1, i.e. [(t) = eo(t),
is a possible choice and compare the discussion at the end of Section 5.5.

Now suppose the material is synchronous; choose X = erf(Q)?’ x L2(Q)3 x
L?(Q) with inner product

1
(Zl,ZQ)X = / (le : va + (ﬂ+ 5)(V . wl)(V . wg) + v1 - Vg +'l91’l92)d1',
Q

where z; = (w;,v;,9;)T. Here we assume mes(T'y) # ) for simplicity and use the
notation

W ()% = {w e W(Q)* : wlp, = 0}
Define A in X by means of

v
Az=| Aw+(B+3)VV-w— V0 |, (5.61)
vAY — BV v

for

2 € D(A) = {(w,v,9) € W22(Q)3 x WE2(Q)3 x W22(Q) :

09
U‘Fd = w|Fd = 07'l9|1"b = 07 %'Ff — O7 (562)
w ’ 2 o,
(%—&—(Vw) ‘n+(5—§)VOW—576—n) r, =0}

Then A is precisely the classical thermoelasticity operator in X. The variables
w, v, ¥ in our setting differ from the classical ones. We define

w=ex*xv, v=u, U=dl*0O, (5.63)

where the kernels e(t) and [(t) are related to a(t) resp. m(t) by
e\ =a(\), di(\) =/dm(\), A>0; (5.64)
observe that e(t) is completely monotonic by Lemma 4.2 and [ is a Bernstein

function by Proposition 4.7, in case a, m € BF. A simple computation then shows
that the initial boundary value problem for (5.40) becomes

2(t) = /Ot e(t — m)Az(T)dT + g(t), t>0. (5.65)
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Since A generates a Co-semigroup of contractions, and e(t) is completely mono-
tonic, Theorem 4.2 applies and yields a resolvent S(¢) which is bounded by 1.
Concerning wave propagation, observe that the characteristic numbers w, Kk,  of
e(t) are important; these are precisely those which we computed in Section 5.4.

5.7 A Simple Control Problem

In manufacturing polymeric materials there arises frequently the problem of glue-
ing. For this purpose the surfaces of the pieces first have to be heated in such a
way that a surface layer of prescribed depth exceeds a certain given temperature,
but stays below another critical temperature, beyond which the material would be
destroyed. An effective means which meets these requirements is heating by means
of radiation, e.g. infrared or microwave radiation. In a very simplified model this
leads to a control problem for a one-dimensional heat equation for materials with
memory. It is in particular assumed that the absorption of the radiation in the
material follows an exponential distribution ae™**, where x denotes distance from
the surface and a > 0 is a constant. If 6(¢,z) denotes the temperature, 0o = 0
the (constant) temperature of the environment, and if the constitutive laws for
isotropic homogeneous materials with memory (5.33) with m € BF, mo > 0,
m(o0) < 00, ¢(t) = ¢g > 0 are employed, this leads to the problem

dm*0 = colps + i(t)ae™ ", t,x >0,
0(0,2) = 6(t,00) =0, t,z>0, (5.66)
cob:(t,0) = pO(,0), t>0.

Here i(t) denotes the intensity of the radiation which serves as the control variable;
it is subject to the constraints

0 <i(t) <io, t>0, (5.67)

where iy denotes the maximal available intensity. The constant § > 0 accounts for
heat radiation of the surface of the body into its enviroment. Given a temperature
0o > 0, the surface temperature to be reached, the problem consists of two parts.

Part 1: Let i(t) = ip; find 6(¢,z), and the first time 0 < t; < oo, such that
0(to,0) = Oy, i.e. the desired surface temperature 6y is reached at time ¢t = ty.

Part 2: Find a control i(t) for ¢t > to, subject to the constraints (5.67) such that
0(t,0) = Oy for t > tg, i.e. the surface temperature 6y is maintained, and determine
0(t, x).

Obviously, for ty < oo to exist, the maximal intensity must be large enough. But,
concerning the second part, it is not at all clear whether such a control exists.
However, we show that this problem is in fact uniquely solvable.

To obtain an abstract reformulation, we let a € CM be defined by a(\) =

1/)\d/n\1()\), A >0, and f(zx) = ae™**, x > 0. A good choice for the state space
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is X = Cp(Ry), and with A0 = 0", D(A) = {u € C3(R;) : ¢0'(0) = 36(0)},
(5.66) can be rewritten as

0(t) = ax AO(t) + (axi)(t)f, t>0. (5.68)

With f* € Co(R4)* defined by < 6, f* >=0(0), the observation y(¢) is given by

yt) =<0(t), f* >, t>0. (5.69)

Since A generates a bounded analytic Cyp-semigroup in X and a(t) is completely
monotonic, (5.68) is a well-posed parabolic problem, its solution is given by the
variation of parameters formula involving the integral resolvent R(t) for (5.68)

0(t) = /O "Rt— D) fi(ndr. £30. (5.70)

Hence the observation becomes

t
o(0) = [ et =iy, t=0. (5.71)
0
where the scalar function c¢(t) is given by
ct) =< R@O)f, f"> t=0. (5.72)

Observe that by maximal regularity of type C", 6 will be a strong solution on R
whenever i € C"(R;). It is not difficult to compute é(A); in fact, with

o2) = <(-A >
Vit ava) it iive -€E0m. 67)

one obtains

e = <R fr>=<1/a\) - A7 >

= o(1/a(N), A>0. (5.74)
Next 1
S = ot Vet Bllava)VE+p, 2 e B0,

shows that 1/p(2) is a complete Bernstein function, and so ¢(z) itself is the Laplace
transform of a completely monotonic function, cp. Proposition 4.6. The subordi-
nation principle Proposition 4.7 then implies that ¢(¢) is completely monotonic as
well. It is this property of the involved kernel which leads to the well-posedness
of the control problem in question.

For Part 1 of the problem we see that y(t) = i fot c(t)dr, t > 0, is a Bernstein
function; hence tg < oo exists if and only if

B0 < o, (5.75)
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since
t

y(oo) =g lim [ ¢(r)dr = i0é(0) = iop(1/a(0)) = iop(0) = io/f-

t—o0o 0

For Part 2 we have to solve the Volterra equation of the first kind for the function
J(t) =i(t + o) resulting from (5.71) with y(¢t + to) = 6o, i.e.

/ et —7)j(r)dr = io/ O(C(T) —c(t+7))dr, t>0. (5.76)
0 0

Defining the Bernstein function k(t) by JE(/\) =1/Xé(N), ie.

dk(\) = o~ dm(A) + (v + B/ (ay/e))V/i(A) + B/A, A >0,
the unique solution of (5.76) is given by

i) = io/o dk(T)%/o0(0(3)—c(t—T—|—s))d$

= Z'O/O dk(T)/OO—C'(t—T+5))d5
_ Z-O/O dk(7)(c(t — ) — e(t + to — 7))
= ¢0(1_/0 dk(T)c(t + to — 7).

Since dk(t) > 0 and ¢(¢) > 0 is nonincreasing there follows easily 0 < j(¢) < 1, i.e.
j(t) is subject to the constraints (5.67).

5.8 Comments

a) For the early history of linear viscoelasticity one should consult the papers of
Boltzmann [28], Maxwell [236], and Volterra [332], [333]. These papers date back
to the end of the last turn of the century and contain the isothermal field theory
formulation of viscoelasticity.

b) For today’s theory of viscoelasticity we refer to the monographs of Bland [24],
Christensen [42]; Fliigge [117], Mainardi [233], Pipkin [269], and Renardy, Hrusa,
and Nohel [289], for thermoviscoelasticity see Christensen [42] and Pipkin [269],
and for heat conduction in materials with memory see Gurtin and Pipkin [157],
Meixner [240], and Nunziato [261].

¢) The network approach to linear isothermal viscoelasticity mentioned at the end
of Section 5.2 is worked out in detail in Bland [24]. For an approach based on
molecular theory see e.g. Bird, Armstrong and Hassager [23].
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d) Usually a viscoelastic material is called a solid if it is not a fluid. Our definition
of a solid is slightly different from this; however, for symmetry reasons it seems to
be more natural.

e) The discussion of the Rayleigh problem is standard in viscoelasticity. Pipkin
[269] mentions that w(-;x) is increasing if a is a Bernstein function. Renardy
[288] first observed the possibility of the finite propagation speed together with
absence of the wave front; see also Hrusa and Renardy [185], where the regularity
of w(t;T) away from {¢t = 7} is studied. The continuity across this line in case
—a1(04) = 00, a1 (t) log-convex as well as the monotonicity of w was first proved
in Priiss [274].

Torsion of a rod is also one of the standard problems in viscoelasticity. It
has been discussed in detail in the papers of Hannsgen, Renardy and Wheeler
[166], and Hannsgen and Wheeler [167], [170], [171], in particular stabilization and
destabilization by means of boundary feedbacks; see also Desch and Miller [89].

f) Composed relaxation moduli like the tensile modulus de defined in (5.48) occur
in many other problems involving linear viscoelastic rods, beams and plates; see
Bland [24], Hannsgen [165], and Noren [259]. Here Lemma 4.3 proves its usefulness
if a(t) and b(t) are Bernstein functions, at least. It would be of interest to know
whether this lemma remains true if a,b € CF are such that da and db are only
completely positive.

g) There has been a considerable interest in heat conduction in materials with
memory in the 1960s and 1970s as the many publications from this period show.
The main emphasis at that time was on the derivation of the equations from basic
principles and on uniqueness results as well as on wave propagation. We refer to the
papers of Coleman [57], Coleman and Gurtin [58], Gurtin [158], Gurtin and Pipkin
[157], Nunziato [261], [262], Meixner [240], Finn and Wheeler [116], Nachlinger
and Wheeler [254], and Davis [78], [79]. The first proofs for well-posedness in the
linear case for very special configurations appear in Grabmiiller [134]; Miller [244]
contains the first general treatment based on perturbation techniques. Since then
the heat equation with memory has been used as motivation and application in
many research articles.

h) The properties of the Laplacian in L(2),1 < g < oo, used in Section 5.5 are
wellknown; cp. e.g. Fattorini [113] or Tanabe [319]. The analyticity of the Cp-
semigroups in Cr, (2) and in L!(2) generated by the Laplacian is more recent, it
is due to Stewart [317], [318], and to Amann [8], respectively.

The Helmholtz decomposition of L7(2)? for bounded domains has been ob-
tained by Fujiwara and Morimoto [126]; for N = 3 and exterior domains see
Solonnikov [311], Miyakawa [253], and von Wahl [334]. The most general result
which covers domains in R with compact boundary of class C' seems to be the
paper of Simader and Sohr [304].
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Boundedness and analyticity of the semigroup generated by the Stokes operator
was proved by Giga [129] and Solonnikov [311] for bounded domains, and by
Borchers and Sohr [29], and Giga and Sohr [131] for exterior domains.

The selfadjointness of the elasticity operator in Section 5.6(ii) is also wellknown;
see e.g. Marsden and Hughes [234] or Leis [208]. These references contain also
proofs for the m-dissipativity of the thermoelasticity operator defined by (5.61)
and (5.62) in Section 5.6(iii).

i) Concerning the positivity of the solutions of (5.34) in Case 1 of Section 5.5 we
refer to Clément and Nohel [51] and to Lunardi [226] where sufficient conditions in
terms of m(t) and c(t) are given. A complete characterization of positivity seems
to be unknown.
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Nonscalar Equations



6 Hyperbolic Equations of Nonscalar Type

The basic properties of Volterra equations of nonscalar type are discussed in this
section. Resolvents for such problems are introduced and their relations to well-
posedness and variation of parameters formulae are studied. The latter are then
used for perturbation results which yield several well-known existence theorems.
The generation theorem for the nonscalar case is proved and then applied to the
convergence of resolvents and to existence theorems for equations in Hilbert spaces
involving operator-valued kernels of positive type.

6.1 Resolvents of Nonscalar Equations

Throughout this section X and Y denote Banach spaces such that Y SN X, and
Ae L} (Ry;B(Y,X)). We consider the linear Volterra equation

loc
u(t) = f(t) +/ At — ul(r)dr, te (6.1)
0

where f € C(J;X),J = [0,T]. Observe that the scalar case which has been con-
sidered so far corresponds to A(t) of the form A(t) = a(t)A, where a € L}, .(R), A

a closed linear densely defined operator in X, and Y = X4, the domain D(A) of
A equipped with the graph norm of A.

Definition 6.1 A function u € C(J; X) is called

(a) a strong solution of (6.1) if u € L>°(J;Y) and (6.1) holds in X on J;

(b) a mild solution of (6.1) if there are (f,) C C(J;X) and strong solutions
(un) C C(J; X) of (6.1) with f replaced by fn, such that f, — f and u, — u in
C(J; X).

Comparing these solution concepts with the corresponding notions for equations
of scalar type (see Definition 1.1) it is apparent that ‘strong solution’ in the sense
of Definition 6.1 is the natural extension of Definition 1.1 (a). However, there is
no direct analog of Definition 1.1 (b) for (6.1), and so a new concept for ‘mild
solution’ had to be introduced. It is clear that strong solutions are also mild ones.

As before, the central object associated with (6.1) will be the resolvent S(t).
However, its definition differs somewhat from the corresponding concept intro-
duced in Section 1.1 since (S2) no longer has a meaning. This leads to a number
of complications.

Definition 6.2 A family {S(t)}:>0 C B(X) is called pseudo-resolvent for (6.1)
if the following conditions are satisfied.

(S1) S(t) is strongly continuous in X on Ry, and S(0) = I;

(S2) U(t) = fot S(r)dr is leaving Y invariant, and {U(t)}>0 C B(Y) is locally
Lipschitz on Ry ;

(S3) the resolvent equations

Sty=y+ /Ot At —71)dU(r)y, t>0,y€eY, (6.2)
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Sty =y + /Ot St —1)A(T)ydr, t>0,yey, (6.3)

hold. (6.2) resp. (6.3) are called the first resp. second resolvent equation for
(6.1). A pseudo-resolvent S(t) is called resolvent for (6.1) if in addition

(S4) foryeY, S(-)y €Y a.e. and S(-)y is Bochner-measurable in' Y on R4

is satisfied. A resolvent or pseudo-resolvent S(t) is called a-regular, where a €
LI (R)), ifax Sz € C(Ry;Y) for each x € X.

loc

Observe that for each y € Y, the function A(-)y belongs to L}, .(R4; X); therefore
the convolution S* Ay appearing in (6.3) is well-defined by the strong continuity of
S(t) in X, even pointwise as a Bochner integral. On the other hand, the definition
of the convolution A+dUy in (6.2) needs some care, since A(t) is not assumed to be
continuous. However, we may proceed as follows. For y € Y the function g(t) =
U(t)y is locally Lipschitz in Y by (S2), hence belongs to BVj,.(R4;Y’). Since
U(0) = 0 this shows that the convolution F * dg for each F € C(Ry;B(Y, X)) is
well-defined pointwise, e.g. as a Riemann-Stieltjes integral, and F'xdg is continuous
on Ry, (F % dg)(0) = 0. Moreover, the estimate

| (F'xdg)(t) |< L(t)/0 | F(r)|dr, t>0, (6.4)

holds on Ry, where L(t) denotes the smallest Lipschitz constant of g in Y on [0, ¢].
By means of (GoF)(t) = (F *dg)(t),t > 0, the function g defines a linear operator
Go: C(Ry;B(Y, X)) — C(R4; X); (6.4) shows that Gy admits a unique bounded
extension G to L}, .(Ry; B(Y, X)). We then define

(Axdg)(t) = (GA)t), t=0, A€ Lj,(Ry:B(Y,X));

observe that A * dg is continuous on R4, (A * dg)(0) = 0, and (6.4) holds with F
replaced by A. These arguments also show that

(Axg)(t) = (1+(Axdg))(t), t=0,

holds. The resolvent equations can therefore be rewritten as
t
Uty =ty+ / At —71)U(r)ydr, t>0,y€eY; (6.5)
0
t
Uty =ty +/ Ut—7)A(T)ydr, t>0,yeY. (6.6)
0

Sometimes it is more convenient to work with (6.5), (6.6) instead of (6.2), (6.3).
Let us show that pseudo-resolvents are always unique.

Proposition 6.1 Suppose S1(t), S2(t) are pseudo-resolvents for (6.1). Then
S1(t) = Sa(t) for allt > 0.
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Proof: Let y € Y be fixed and let U;(t) = fot Si(T)dr,i = 1,2. Since U;(t) satisfies
(6.5) and (6.6) we obtain

txUsy = Usx (U —AxUpy
= UpxUyy— (Uzx A) xUry
= UsxUyy— (Uy —t) x Uy =t x Uyy,

hence ¢« U1y = t * Usy on R . Differentiating twice this yields Si(t)y = Sa(t)y for
allt >0, y €Y, and since Y by assumption is dense in X we obtain S;(t) = Sa(t)
forallt>0. O

For the case of scalar equations A(t) = a(t)A, a moment of reflection shows that
a pseudo-resolvent is already a resolvent, and also a-regular by Proposition 1.1.
Therefore Definition 6.2 is an extension of the previous case. We are mainly
interested in resolvents rather than pseudo-resolvents, so let us show that under
some additional restrictions on A(t) or on the space Y a pseudo-resolvent is already
a resolvent.

Proposition 6.2 Suppose S(t) is a pseudo-resolvent for (6.1) and assume one of
the following conditions.

(i) Y has the Radon-Nikodym property.

(i) There is a dense subset Z C Y such that A(t)z € Y for a.a. t > 0 and
A()z € L, (R4;Y) for each z € Z.

(iii) S(t) is a-regular, A(t) = (a * dB)(t) for t > 0, where a € Li,(R}) and
B € BVioe(Ry; B(Y, X)) is such that B(-)y has a locally bounded Radon-Nikodym
derivative w.r.t. b(t) = VarBl}, for each y €Y.

Then S(t) is a resolvent for (6.1). In cases (ii) and (i), S(t) is even strongly
continuous in Y.

Proof: Let S(t) be a pseudo-resolvent for (6.1) and U(t) = fot S(7)dr. Consider
first case (i). Since for each y € Y the function g(t) = U(t)y is locally Lipschitz
in Y, and Y has the Radon-Nikodym property (c.p. Diestel [98], Chapter 6),
g(t) is a.e. differentiable in Y and ¢ € L (R4;Y). Since ¥ — X we obtain
gt)=S{t)yeY forallt € Ry \ N(y), y € Y, where N(y) has Lebesgue-measure
zero, and so (S4) follows.

Next assume (ii), and let z € Z. The second resolvent equation then shows
S(t)z € Y forall t > 0 and S(-)z € C(R4;Y); in fact, by the remarks following
Definition 6.2 the function S * Az = dU * Az belongs to Y and is continuous
there. Thus by (S2), Un(t) = h=Y(U(t + h) — U(t)) is locally bounded in Y and
Up(t)z — S(t)z in C(R4+;Y), hence by the Banach-Steinhaus theorem, Uy (t) —
S(t) strongly in Y, uniformly on bounded intervals. This proves (S4).

For the third case, fix y € Y and write

(SxA)(t)y = ((a*xS)*xdB)(t)y = /0 (axS)(t —7)h(r)db(r),
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where h(t) = dB(t)y/db(t) denotes the Radon-Nikodym derivative of the function
B(t)y in X. Since a* Sz is strongly continuous in Y, we see that (S* Ay)(t) belongs
to Y and is continuous there. The second resolvent equation then implies (S4).
O

Note that reflexive spaces have the Radon-Nikodym property, as well as separable
dual spaces. If Y is reflexive and S(¢) is a pseudo-resolvent then we even have
S(t)Y CY for each ¢ > 0 and S(-)y is weakly continuous in Y'; S(¢) inherits some
regularity in Y from the embedding Y — X, strong continuity of S(¢) in X and
reflexivity of Y.

Concerning (iii), observe that kernels B(t) of the form

B(t) = Z BiX(ti,oo) (t) +/0 Bo(S)dS

with B; € B(Y,X) and Bo()y € Li, . (Ry;X),|Bo(t)ylx < bo(t)|yly such that

loc

b(t) = bo(t) + >4, ¢ | Bils(v,x) < oo for each t > 0 are covered.

6.2 Well-posedness and Variation of Parameters Formulae
Suppose S(t) is a pseudo-resolvent for (6.1), let f € C(J; X) and u € L>®(J;Y)
be a strong solution of (6.1). Then by (6.1) and (6.3)

Sxu=1xu+(S*xA)xu=1xu+S*x(u—f)=1xu+S*xu—Sx*f,

hence
lxu=9Sxf.

If w is merely a mild solution, then there are f, € C(J;X), f, — f in C(J; X)),
and strong solutions u, € L*®(J;Y) of (6.1) with f replaced by f,, such that
tn, — w in C(J; X). The identities

1xu, =85x* f,

then imply 1+ u = S % f again. Thus, if w € C(J;X) is a mild solution of (6.1)
then S x f € C1(J; X) and

u(t) = %/o St —7)f(r)dr, teJ, (6.7)

i.e. the variation of parameters formula (1.8) also holds for the general equation
(6.1), in particular mild solutions are again unique.

Conversely, (6.7) defines a function u € C(J; X) whenever f € Wh1(J; X) and
we then have

wt) = SEFO) + /0 S(t — o) f (r)dt (6.8)

= S(t)f(0)+/ dU(T)f'(t—71), teJd.

0
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Thus if even f € WHH(J;Y) and £(0) = 0 then w € C(J;Y) is a strong solution
of (6.1). Approximating f € W(J; X) with f(0) = 0 in this space by functions
fn € WHY(J;Y) with £,(0) = 0, it becomes apparent that (6.8) yields a mild
solution of (6.1). Thus Proposition 1.2 (i), (ii), (iv) remain valid for (6.1). However,
in this general framework there is no analog of (iii) of this proposition, unless the
resolvent S(t) has more special properties, e.g. is a-regular in the sense of Definition
6.2. Let us summarize.

Proposition 6.3 Suppose S(t) is a pseudo-resolvent for (6.1), and let f €
C(J;X). Then
(i) If u € C(J; X) is a mild solution of (6.1), then S  f is continuously differen-
tiable on J and

u(t) = %/015(1? —7n)f(r)dr, teJ; (6.9)

in particular, mild solutions of (6.1) are unique.

(ii) If f € WHL(J; X), £(0) = 0, then

u(t) = /0 St —7)f(r)dr, teJ, (6.10)

is a mald solution of (6.1).
(iii) If f € WHYH(J;Y), £(0) = 0, then

u(t):/o dU(T)f'(t—7), teJ, (6.11)

is a strong solution of (6.1).
(iv) If S(t) is a-reqular and f = ax*g, g € WHH(J; X), then u(t) given by (6.10)
is a strong solution of (6.1).

Observe that in case S(t) is a resolvent for (6.1), S(¢)x is a mild solution of (6.1)
with f(t) = x, and a strong solution if € Y. In this situation, the assumption
f(0) =0 in (ii) and (iii) of this proposition can be dropped.

The following example shows that a resolvent S(¢) for (6.1) is in general only
O-regular in which case (iv) of Proposition 6.3 is empty, and that time-regularity
of f(t) alone cannot be sufficient for existence of strong solutions, in general.

Example 6.1 Let a € BV,.(Ry) be such that da is of positive type and let
s(t) = s(t;1) denote the solution of (1.18) with g = 1; observe that |s(t)] < 1.
Consider X = [?(N), Y = X4, where (Ax),, = nx,, n > 1, D(A) = {(x,) €
X : (nzy,) € 1>(N)}. Then both spaces X and Y are separable Hilbert spaces and

Y <& X. Define A € L}, .(Ry;B(Y, X)) by means of (A(t)z), = —a(t)z,, t > 0,

n € N; (6.1) then admits a resolvent S(¢) which is given by (S(¢t)z), = s(t)zn,
t >0, n € N. Suppose u(t) is a strong solution of (6.1) on an interval J = [0, T];
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then

[F (Bl

IN

[u(®)ly +[(Axu)(@)ly

T
[u(®)ly + [(axu)®)]y < (1 +/O la(t)]dt)|uly,co < 00

IN

for all t € J, ie. f € L®(J;Y). Thus if f € C(J;X) but f ¢ L*>(J;Y) there
cannot be a strong solution of (6.1). O

For a large class of equations (6.1) existence of a pseudo-resolvent S(¢) already
implies a-regularity of S(¢). Since this class is important for applications we state
this result as

Proposition 6.4 Suppose A € L}, (Ry;B(Y, X)) is of the form

loc
A(t) = a()A + /t a(t —7)dB(r), >0, (6.12)
0

where A is a closed linear densely defined operator in X such that Y = X4 and
p(A) # 0, and B € BVjoe(R4; B(Y, X)) is left-continuous and B(0) = B(0+) = 0.
Then each pseudo-resolvent S(t) for (6.1) is a-regular, and it is even a resolvent
if B satisfies in addition (i) of Proposition 6.2.

Proof: Let p € p(A) be fixed and let K(t) = —B(t)(u — A)~%, t > 0. Then
K € BVj,.(R4; B(X)), hence by Theorem 0.5 there is L € BV,.(R4; B(X)) such
that

L=K-dKxL=K—-LxdK

holds; observe that K (0) = K(04) = 0. Rewrite the first resolvent equation as
Sy—y—paxSy=(0+dK)*x(A—p)laxdU)y, yeY,
where do(t) denotes Dirac’s distribution, and convolve with dy — dL to the result
AlaxdUy) =Sy —y —dL * (Sy —y — pa * Sy).

Since A is closed, p(A) # 0 and a *dUy = a x Sy in X, we obtain (a * Sz)(t) € Y
for each t > 0, z € X and A(a * Sz)(t) is continuous in X, i.e. a * S is strongly
continuous in Y. O

In the sequel, (6.1) will be said to have a main part if A(t) is of the form (6.12).
In analogy to the case of scalar equations, well-posedness of (6.1) is defined as
follows.

Definition 6.3 (i) Equation (6.1) is called well-posed, if for each y € Y there
is a unique strong solution u(t;y) of

u(t)=y+ [ At —1)u(r)dr, t>0, (6.13)
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and u(t;yn) — 0 in X, uniformly on compact intervals, whenever (y,) CY and
yn — 0 in X.

(ii) Let a € L}, (Ry). (6.1) is called a-regularly well-posed, if it is well-posed
and if the equation

u(t) = ( /O a()dr)z + /O At — Pyu(r)dr, >0, (6.14)

admits a strong solution for every x € X.

Suppose S(t) is a resolvent for (6.1). From its definition and Proposition 6.2 it
is then evident that (6.1) is well-posed, and even a-regularly well-posed if S(t) is
also a-regular. Conversely, suppose (6.1) is well-posed. Then we define

Sty =u(t;y), t>0,yeY;

as in Section 1.1 it then follows that S(t) extends to all of X is strongly continuous
in X, strongly measurable and locally bounded in Y, and satisfies the first resolvent
equation. Thus S(t) satisfies (S1), (S4), the first part of (S3), hence also (S2); it
remains to show that S(t) satisfies the second resolvent equation, or equivalently
that mild solutions of (6.1) are unique. However, it does not seem possible to derive
the latter from the well-posedness of (6.1) alone; further properties are needed.

Proposition 6.5 (a) If (6.1) admits a resolvent S(t) then (6.1) is well-posed.
(b) If (6.1) is well-posed and (ii) of Proposition 6.2 holds, then (6.1) admits a
resolvent S(t).

(c) Let a € L}, (Ry),a # 0. Then (6.1) is a-reqularly well-posed if and only if
there is an a-reqular resolvent S(t) for (6.1).

Proof: (a) is already clear. To prove (b) we are left with the verification of the
second resolvent equation. Suppose (ii) of Proposition 6.2 holds, let z € Z and
consider (6.1) with f(¢) = fg A(T)zdr. Then f € C(J; X)NWH(J;Y), hence by
Proposition 6.3 the function u = S * f' = S % Az is a strong solution of (6.1). On
the other hand, we have for v = Sz — z

v=AxSz=1xAz+ Axv,
i.e. v is also a strong solution of (6.1) and so by uniqueness of strong solutions
Sz—z=v=u=9%Az

This shows that the second resolvent equation holds for each z € Z; since by
assumption Z C Y is dense, it follows also for each y € Y.

(c) It is clear that existence of an a-regular resolvent S(¢) implies that (6.1)
is a-regularly well-posed. Conversely, to prove the second resolvent equation let
fit) =ax1x% Ay, y € Y. Then by Proposition 6.3, u = S f/ = a* S x Ay is
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a strong solution of (6.1); on the other hand v = a * Sy — 1 % ay is also a strong
solution of (6.1), hence by uniqueness of strong solutions we obtain u = v, i.e.

ax(Sy—y—S+Ay)=0, yevY.

Titchmarsh’s theorem implies then the second resolvent equation since a Z 0.

To show that S(¢) is also a-regular, observe that by Definition 6.3 and a-
regularity of (6.1), a x U(t) is locally Lipschitz in B(X,Y) and (d/dt)a x Uy(t) =
a*dU (t)y is continuous in Y for each y € Y. The Banach-Steinhaus theorem then
implies that a * dUz = a * Sz is continuous in Y for each z € X, ie. S(¢) is
a-regular. O

6.3 Hyperbolic Perturbation Results
Consider the perturbed equation

ut) = f(t) + (Axu)(t) + (B*u)(t), ted, (6.15)

where XY, A(t), f(t) are as before and B € L} (Ry;B(Y,X)). Suppose (6.1)
admits a resolvent S(t) and (6.15) a resolvent R(t); then by the variation of pa-
rameters formula (6.9) we have the relations

R(t)y = S(t)y + %(S xBxR)(t)y, teR yey, (6.16)
Rty =S{t)y + %(R *BxS)(t)y, teR, yeY. (6.17)

Under appropriate assumptions on B(t), these identities can be used as in Section
1.4 to show that (6.16) admits an a-(pseudo-)resolvent iff (6.1) does.

Theorem 6.1 Let a € L}, (R}), and suppose B € L}, .(Ry;B(Y, X)) is of the
form
B(t)y = Bo(t)y + (a* B1)(t)y, teR, yeYy, (6.18)

where {Bo(t) }1>0 C B(X)NB(Y) and {B1(t) }1>0 C B(Y, X) satisfy

(i) Bo(-)y € BVipe(Ry;Y) for eachy € Y; Bo(-)x € BVjoo(Ry; X) for each x € X;
(ii) B1(-)y € BVipe(R4; X) for eachy € Y.

Then (6.15) admits an a-regular (pseudo-)resolvent R(t) if and only if there is an
a-regular (pseudo-)resolvent S(t) for (6.1)

For the proof we need the following simple

Lemma 6.1 Let X;,7 = 1,2, be Banach spaces, J = [0,a]. Then

(i) Suppose {T(t)}i>0 C B(X1,X2) is strongly continuous and f € BV (J;X7).
Then uw =T * f is Lipschitz in X on J.

(i) Suppose {U(t)}hi>0 C B(Xi1,X2) is locally Lipschitz, U(0) = 0, and f €
BV (J; X1). Then v =U xdf is Lipschitz in X on J.



160 Chapter II. Nonscalar Equations

Proof: (i) Define f(t) = 0 for t < 0, and let p(t) = Var f|-

nondecreasing and

; then () is

[oon)

|f(t) = f(s) S e(t) —(s), s<t<a.
Therefore

) =@l < [ @I =) - s - lar

IN

IN

M/ (t—7)— (s —71))dr
= M/ T)dr < Mp(a)(t—s), s<t<a,

where M = sup; [T(1)].
(ii) Define U(t) = 0 for ¢ < 0, the convolution v = U * df exists even as a
Riemann-Stieltjes integral and we obtain

o(t) — v(s)] = | / U(t—7) — Us — )df (7)]
< L-9) [ W@ =LV fige-5), s<t<a
0

where L—bup{|M| 0<s<t<a}. O

Proof of Theorem 6.1: Suppose (6.1) admits an a-regular (pseudo-)resolvent S(t),
and let U = 1% S. For each x € X, S % Box is locally Lipschitz in X, by Lemma
6.1, hence Ky = S* By is so in B(X), as the uniform boundedness principle shows.
Similarly, Ky = U *dBy is also Lipschitz on compact intervals in B(Y"), by Lemma
6.1 (ii). The same argument yields K7 = S * Bj locally Lipschitz in B(Y, X) and
by a-regularity of S(t), a * K1 = (a % S) * By is locally Lipschitz in B(Y). Note
that neither Ky nor K; have a jump at ¢t = 0.
Consider the equation

Wz =(axS)r+dKoxWz+ (dlax K1)« Wz, z€ X; (6.19)

since (a * S)z is strongly continuous in Y for each x € X, by Corollary 0.3, there
is a unique family of operators {W(¢)};>0 C B(X,Y") which is strongly continuous
and satisfies (6.19). (W will be a * R lateron.) Next we consider the equation

Rr =Sz +dKy* Rx +dK * Wz, z¢€X; (6.20)

since S(t) as well as dK; * W are strongly continuous in X, by Corollary 0.3 there
is a unique strongly continuous solution {R(t)};>0 C B(X) of (6.20). Convolving
(6.20) with a and comparing the result with (6.19) in the space X, we obtain
W = a x R by uniqueness. In the next step we consider

Vy=Uy+dKo+«Vy+ (dlax K1) *Vy, ycY; (6.21)
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since U(t) is locally Lipschitz in Y, by Corollary 0.3 there is a unique family of

operators {V(t)}1>0 C B(Y), strongly continuous in Y but also locally Lipschitz,

satisfying (6.21). Integrating (6.20) for x = y € Y and from W = a * R, by

uniqueness of the solution of (6.21), we then obtain Vy = 1% Ry for each y € Y.
If S(t) is even a resolvent, we may consider the equation

u=Sy+dKy*u+d(axKy) *u, (6.22)

for a fixed y € Y. Since S(-)y € L{2.(R4+;Y), there is a unique solution u €

loc
LY (R4;Y) of (6.22), and again by uniqueness we obtain u(t) = R(t)y a.e.

So far we have shown that our candidate R(t) for the resolvent of (6.15) satisfies
(S1), (S2), and also (S4) if S(t) is a resolvent, and is a-regular. It remains to verify
the resolvent equations; we use their integrated forms (6.5), (6.6). Here we restrict
attention to the case a # 0, the other case is even simpler. (6.21) implies fory € YV’
by the definition of Ky and K3

ax1x[(A+ B)*xVy—Vy+ty]
=ax1*x[AxUy—Uy+tyl+[AxaxS+axl—axS]|«B*xVy=0,

since S(t) is a pseudo-resolvent for (6.1); hence by Titchmarsh’s theorem
Vy=ty+(A+B)*xVy, t>0,yeY,

which is the first resolvent equation for (6.15). To prove the second resolvent
equation observe that for y € Y we have W« (A+ B)y = (a*S) * (A+ B)y +
d(S * B) x« (W % (A+ B)y) by (6.19), but also

(W—-1%xa)yy=(axS—1*xa)y+d(S*B)y*1*xa+d(Sx*B)*x (W —1xa)y,
hence by uniqueness of the solution and in virtue of
(axS—1xa)y+d(S«Byxlsxa=ax*(S*A+Sx*B),
we may conclude
Wx(A+B)y=Wy—1xay, yeY,teRy;
since W = a * R, again Titchmarsh’s theorem implies
Rx(A+B)y=Ry—y, yeY, teR,,

i.e. R(t) satisfies the second resolvent equation for (6.15).
Interchanging the roles of (6.1) and (6.15), the ‘only if’ part follows as well,
and the proof is complete. O

Observe that Theorem 1.2, first part, is contained in Theorem 6.1. Let us consider
some special cases which combined with the results of Chapter 1 lead to first
existence results for resolvents of nonscalar equations.
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Corollary 6.1 Let A be a closed linear densely defined operatorin X, setY = X g,
let a € L} (Ry), By, By as in Theorem 6.1, and let A(t) be of the form

loc
A(t) = a()A + (a * B))(t) + Bo(t), teR.. (6.23)

Suppose (1.1) admits a resolvent. Then (6.1) admits an a-regular resolvent.

For a(t) =1, t > 0, in the situation of Corollary 6.1, (6.15) is formally equivalent
to

As a consequence of Corollary 6.1 we then obtain

Corollary 6.2 Let A,Y, By, B be as in Corollary 6.1.

Then (6.24) is well-posed if and only if A generates a Cy-semigroup in X . If this
is the case, the resolvent S(t) for (6.24) is a-regular with a(t) = 1, and S(-)y is
continuously differentiable in X for each y € Y.

For a(t) = ¢, in the situation of Corollary 6.1, (6.15) is formally equivalent to
it=h+ Au+dBy x4+ By xu, u(0) =z, u(0) =y. (6.25)

For this case Corollary 6.1 yields

Corollary 6.3 Let A,Y, By, By be as in Corollary 6.1.

Then (6.25) is well-posed if and only if A generates a cosine family in X. If this
is the case, the resolvent S(t) for (6.25) is t-reqular, and S(-)y is continuously
differentiable in X for each y € Y, even twice a.e. if By € V[/ll’l(R+;B(X)),

oc

Observe that for equations with main part one of the conditions in (i) of Theorem
6.1 on By(t) can be replaced by By = a * dC, for some C' € BV,.(Ry;B(X));
this follows from the resolvent equations. In particular, for the first order case
considered in Corollary 6.2, one of the conditions in (i) is sufficient. This remark
will be useful in Section 9.

6.4 The Generation Theorem
In this subsection the extension of the generation theorem, Theorem 1.3, to the
case of nonscalar equations is considered. This discussion is restricted to pseudo-
resolvents and kernels which are of exponential growth, w.o.l.g. of subexponential
growth.

So we let X, Y, A(t) as before and assume in addition

/ e " A(t)|p(v,x)dt < 0o for each & > 0, (6.26)
0
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i.e. A(t) is growing subexponentially; a € L, (R, ) is also assumed to be of subex-

ponential growth. Suppose S(t) is a pseudo-resolvent for (6.1) and for each € > 0
there is a constant M, such that

1S()|sx) + sup (t—s)"HU(t) = U(s)|pry) < Mee™  for each t > 0; (6.27)
0<s<t
then for each y € Y the resolvent equations in integrated form yield the relations

(I — ATy =TI — ANy = % Re A > 0.

With H(A) = S()\) and U(\) = S(A\)/A this equation can be rewritten as
MI—AMN)HN)y = HMMI —AN)y =y, ReA>0. (6.28)

Observe that {H(A)}re x>0 C B(X) N B(Y) is holomorphic in both spaces, B(X)
and B(Y'), and {A(A)}re >0 C B(Y, X) is holomorphic in B(Y, X). (6.28) implies
that (I — A())) is invertible in Y (more precisely, the part of I — A(\) in Y is

invertible), and

_1!

N ANy, ReA>0,yeY.

H(A)y
Since Y is dense in X, and H ()) is also bounded in X, this implies that (I—A(X)) !
is closable in X and

(I—AN)~!, ReA>0,

in X. Note that it is unclear in general, whether the operators A()\) considered as
unbounded operators in X with domain D(A(X)) =Y are closed or even closable!
However, if S(t) is in addition a-regular for some nontrivial function a, and for

each € > 0 there is a constant N, such that

la* S(t)|px,y) < Nee  for each t > 0, (6.29)
holds, then a(\)H(A\) = (a*S) () forms a holomorphic operator family in B(X,Y).
Since the zeros of a(A) in Re A > 0 are isolated, the latter implies that H(\) €
B(X,Y) for each Re A > 0. (6.28) then implies that the operators A()) are closed
in X with constant domain Y.
After this preliminary discussion the extension of Theorem 1.3 to the nonscalar
case can be stated as follows.

Theorem 6.2 Suppose A € L}, (Ry;B(Y, X)) satisfies (6.26) and a € L}, (R})
is of subexponential growth, a £ 0. Then (6.1) admits a pseudo-resolvent S(t)
such that (6.27) holds if and only if the following conditions are satisfied.

(N1) For each A > 0 the operators I — A(X\) are injective, the part of I — A(\) in

Y is surjective, and (I — A(X))~! is bounded in X and in'Y ;
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we let H\) = (I — A(N)=1/X, A > 0.
(N2) For each & > 0 there is a constant M. > 1 such that

(R H a0 + 1) H O sy < Mend(A =)=+, (6.30)
for alln € Ng and A > €. If this is the case, then S(t) is a-reqular and (6.29)
holds if and only if

(N3) for each X > 0 the operators A(\) in X with domain D(A(\)) = Y are
closed, and for each € > 0 there is a constant N. > 1 such that

d

() N HWlsxy) < Nend(d =)™, neNo, A>e (6.31)

is satisfied.

Proof: (Necessity.) For the necessity it only remains to prove the estimates (6.30)
and (6.31); these follow directly from Theorem 0.3 by (6.27) and (6.29).
(Sufficiency.) If (N1) and (N2) hold, by Theorem 0.3 there are locally Lipschitz
functions U € C(Ry; B(X)), V € C(Ry; B(Y)), U(0) = V(0) = 0 with

UN=HMN/Xx inX, V(A)=HQX)/Xx inY, X>0,
and for each € > 0 there is M, such that

sup (¢ — )" U(t) — U(s)]s(x)
0<s<t

+ sup (t—s) V() = V(s)|pry) < Mee™, t>0. (6.32)

0<s<t

Since Y is dense in X, we have U(t)y = V(t)y forally € Y, ¢ > 0, hence U(t)Y C Y
and U (t) is locally Lipschitz in Y, i.e. (S2) holds. The identities (6.28) further imply

Uty =ty+ (AxU)t)y=ty+ (U *A)(t)y, t>0,yeY, (6.33)

i.e. the resolvent equations hold in integrated form. Since U (t) is locally Lipschitz
in X, the family Uy (t) = (U(t+ h) — U(t))/h is uniformly bounded for 0 < h < 1,
and bounded ¢ > 0. For y € Y we have

(UxA)(t)y=1x(dU = A)(t)y, t>0,

and (dU * A)(t)y is continuous in X; see the remarks following Definition 6.2.
Therefore, (6.33) shows that the functions U(-)y are continuously differentiable in
X, for each y € Y. Defining S(t)y = U'(t)y, t > 0, y € Y, S(t) is bounded in
X, uniformly for bounded t > 0, hence extends to a strongly continuous operator
family in X, i.e. (S1) is satisfied. Differentiating (6.33) yields (S3), the resolvent
equations. Finally (6.32) yields (6.27).
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Suppose in addition that (N3) holds. Then, by Theorem 0.3 there is a locally
Lipschitz family {W(¢)};>0 C B(X,Y)) with the property that for each ¢ > 0
there is a constant N, such that

sup (t—s) W (t) — W(s)|px,y) < Nee®'  for each ¢ >0, (6.34)

0<s<t

andW(\) = a(\)H(A)/A, A > 0. By uniqueness of the Laplace transform, we
have W(t) = (a % U)(t),t > 0. Then W'(t)y = (a * dU)(t)y exists for each
y € Y and is continuous in Y. By the uniform boundedness principle W'(t)x
exists in Y for each z € X and is strongly continuous on R, . Finally, we have
W' (t)x = (a*dU)(t)z = (a* S)(t)x for each x € X, t > 0, i.e. S(t) is a-regular;
(6.34) implies (6.29). The proof is complete. O

The following example shows that not every resolvent can be obtained via the
Generation Theorem; even if A € BV (R, ;B(Y, X)) the resolvent S(t) if it exists
need not be exponentially bounded.

Example 6.2 Let X = [2(N), A the skew-adjoint operator defined by (Ax), =
inz,, n € N, with D(A) = {z € >(N) : (nz,) € ?(N)}, and Y = X4. Define
B(t) € B(Y, X)) by means of

(B(t)x)n = ne™ X, o0)(t)2n, n€ N, t>0,

where (t,) C Ry is an increasing sequence with ¢, — oo which will be chosen
later. We consider (6.1) in differentiated form, i.e. the equation

=g+ Au+Bxu, u(0)==z.

Observe that (B(t)x), # 0 only for finitely many n, independent of X, hence we
even have B € BVj,.(R4+; B(X,Y)); Theorem 6.1 therefore implies that a unique
resolvent S(t) exists, which is even 1l-regular, since A generates a bounded Cpy-
group in X. The important point is that |B(t)|g(y,x) < 1 holds, but |B(t)|gx) ~
et’. as we shall see.

The resolvent S(t) can be explicitely computed, it is given by (S(t)x), =
e, (t)xn, n € N, t > 0 where

o0

r(t) =Y I (t—jta)Y /(25)!, >0, neN;
=0

observe that for a given t, we have r,(t) = 1 for n > n(t), where n(t) is defined by
n(t) = max{n : t, <t}. The Laplace-transforms of r,, are easily computed to the
result

(A = AN —ne M) 7L N> /i, neN;

If S(t) is exponentially bounded, say by w, then 7, (\) cannot have poles in a
halfplane Re\ > w. Now choose t,, > 0 such that ¢2 th = n, n € N; then \ = ¢,
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is a pole of 7, (\). Since the function ze” is strictly increasing to infinity, we have
(t,,) strictly increasing and ¢, — oco. Thus S(t) cannot be exponentially bounded.

It is easy to see that logn > t2 > logn — 2loglogn, i.e. t, ~ \/logn, hence
n(t) ~ e!*. This implies for the norm of B(t) in X and also in Y the asymptotic
relations | B(t)|s(x) ~ |B(t)|py) ~e'". O

It is very unpleasant that in the sufficiency part of Theorem 6.2 one has to verify
the estimates on the derivatives of H(\) not only in X but also in Y, and maybe
even for a(A\)H(\) in the a-regular case. However, if A(t) has a main part as in
(6.12) then the estimates for H(\) are sufficient, as we show now.

Corollary 6.4 Suppose A(t) is of the form
t
A(t) = a(t)A +/ a(t —7)dB(r), t>0, (6.35)
0

where A is a closed linear densely defined operator in X with p(A) # 0, a €

L (Ry), a(t) # 0, and B € BVe(Ry;B(Y, X)) is left-continuous and B(0) =

B(0+) =0, where Y = X 4. Assume that a and B are of subexponential growth.
Then (6.1) admits a pseudo-resolvent S(t) such that for some M > 1, w > 0,

1S(t)|x) < Me**, t>0,

if and only if the following two conditions are satisfied.

(N1°) For each A > w the operators A(\) with domain Y = D(A) are closed,
I — A()\) is bijective.

(N2°) H(\) defined by H(A) = (I — A(X))"1/A, A > w, satisfies

d
“V"HN)|sx) < MO —w)~ ™) neNg, A> w. 6.36
d\ (x)

If this is the case then S(t) is already a-regular.

Proof: Tf A(t) has the form (6.35) then by Proposition 6.4 any pseudo-resolvent
of (6.1) is already a-regular. Thus the necessity part as well as the last statement
follow from Theorem 6.2. For the sufficiency part, it remains to show that (N2’)
implies (N2), probably with A replaced by A + «, for some a > w.

For this purpose, we fix any u € p(A) and let K(t) = —B(t)(p — A)~, and
denote by L(t) the solution of the Volterra equation L = K — dK % L. Then we
have

(@(N)A+a(\dBA)H(A) = H\) (@A) A+ a(\)dB(N),

hence
(I +dE(N)(u— A)H(A) = HA)(I +dE(\)) (1 — A)

for X\ sufficiently large. From these relations we obtain

(= AVH\) (1 — A" = (I — dLO\)HN (I + dK ().
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It is not difficult to show that the estimates (N2’) for H(A) imply (N2’) for the
similarity transform (u—A)H (\)(u—A)~! of H()\) with w replaced by some a, since
K(t) and L(t) are exponentially bounded. Since p — A induces an isomorphism
between Y and X, (N2) for H(A + «) follows. O

6.5 Convergence of Resolvents
Consider the sequence of problems

un(t) = fu(t) + /Ot At — Tuy(T)dr, teJ, neNy, (6.37)

where f, — fo and A, — Ag in an appropriate sense as n — oo. Assuming
existence of the pseudo-resolvents S, (t) for (6.37) as well as the stability condition

|Sn(t)\g(x)—l—osupt{(t—s)_l|Un(t)—Un(s)|B(y)} < Me*', t>0, neNy, (6.38)
<s<

as in the case of the Trotter-Kato theorem on convergence of Cy-semigroups, the
strong convergence S, (t) — Sp(t) in X can be shown.

Theorem 6.3 Let {A,}n>0 C LZOC(RJF,B(Y X)) satisfy
(i) there is ¢ € Li, (Ry.), [;° e “to(t)dt < oo such that

[AnWylx <@®)lyly, foryeY, neN, aa. t>0;

and
(ii) there is a dense subset Z C'Y such that

Ap(t)z = Ap(t)z in X as n— oo, forzeZ, a.a. t>0.

Suppose S, (t) are pseudo-resolvents for (6.37), n € Ny, such that the stability
condition (6.38) holds. Then Sy (t)x — So(t)x as n — oo, for each x € X, t > 0,
and the convergence is uniform on compact subsets of Ry x X.

Proof: Without loss of generality, we may assume w = 0. Next observe that (i)
and (ii) imply A, (t)y — Ao(t)y in X for a.a. t > 0,y € Y as well as (i) also for
n = 0. We therefore may set Z = Y. By virtue of (i), the Laplace transforms
An(N\) of A, (t), n € Ny, exist for A € C,, are holomorphic on C with values in
B(Y,X), and A, (\)y — Ag(A\)y in X as n — oo, for each y € Y and uniformly on
right halfplanes Re A > n > 0.

By the generation theorem, Theorem 6.2, I — An()\) are invertible in X but
also in Y and with H,,(\) = S, (\) we have

as well as
IAH,(N)[5(x) + [AHn(N)|sv) <M, A>0, n €N, (6.39)



168 Chapter II. Nonscalar Equations

note that the choice € = 0 in Theorem 6.2 is possible, due to the stability condition
(6.38).
We show next

H,(M)x — Hy(M)x asn—oo inX, forallA>0, zeX. (6.40)

In fact, for each y € Y we have

(I— A, (\) "y — (T = Ag(N) hy = (I = An(N) 7 (An(N) — Ao (\) (T = Ao(N) 'y,
hence
H,(N)y — Ho(N\)y = AH, (M) (A, () = Ag(N)Ho(N)y, A >0, y €Y.

Since H,(A\)Y C Y for each n € Ny, A > 0, by the strong convergence A, (\) —
Ag()) and by (6.39) this identity implies (6.40) for each y € Y, hence also for each
x € X, since Y is dense in X, and by (6.39) again. Observe that the convergence
(6.40) is even uniform on compact subsets of (0, o), hence also uniform on compact
subsets of (0,00) x X.

Define operators T, € B(L'(R,; X), X) by means of

T.f = /000 Sp(T)f(r)dr, feL'Y(Ry;X), neNy. (6.41)

If f is an exponential polynomial of the form
N
fe)=> e, t>0, (6.42)
i=1
where {\;}IV C (0,00) and {z;}} C X, then by (6.40)

N N
Tnf = ZHn()\z)xz — ZHO()\z)xz = TOf, as n — oo.
i=1 i=1

The estimate
Toflx < M|fli, fe€L'(Ry;X), ne N,
implies uniform boundedness of the family {T},}n,>0 C B(L'(R4;X),X). In
Lemma 6.2 below we show that exponential polynomials of the form (6.42) are
dense in L' (R, ; X), hence by the Banach-Steinhaus theorem we obtain T}, f — T f
as n — oo for each f € L' (Ry; X).
To prove the convergence of Sy, (t), choose

fin(s) = An(t —8)y - X0,4, s>0,

where y € Y. By assumptions (i) and (ii) it is not difficult to show that the set
{fim :0<t<7,nmeNg} C L'(Ry; X) is relatively compact as long as y € Y is
fixed. Thus we obtain

(Sn * Any)(t) = Tnft,n - TOft,O = (SO * AOy)(t) as n — o,
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uniformly for ¢ € [0,7T]. The second resolvent equations for (6.37) finally implies
Sn(t)y — So(t)y as n — oo for each fixed y € Y, uniformly for ¢ € [0, 7], and the
stability condition (6.38) then yields the strong convergence S, (t)x — So(t)x for
each x € X, uniformly for ¢ € [0, 7], by the Banach-Steinhaus theorem, since Y is
dense in X. The proof is complete. O

In the proof of Theorem 6.3 we used the following

Lemma 6.2 Consider EP C L'(Ry; X) defined by
N
EP={f:f(t) = Zef)""t:z:i, for some N € N, \; >0, z; € X}.
i=1

Then EP is dense in L'(Ry; X).

Proof: (a) We first derive a representation for functionals f* € (L'(Ry;X))*.
Define z*(t) € X* by means of

<z, (t) >x =< x@q7, > reX, t>0;
obviously, we have £*(0) = 0, and for t > s

|27 () — 2™ (s)| = lSl|1<pl| <X(s0® f7 > <= s][f7].
I_

This shows z* € Lip(Ry; X*). Moreover, for a step function f € L'(Ry;X) of

the form
N

F6) = Xt ®)zi, >0,

i=1
where 0 =ty < t; < --- <ty < 00, by linearity we obtain

N N
<ffr> = Z < X(tioy ) Tis [* > = Z <@, @t (t) — @ (tim1) >x
i=1 i=1

= /OOO < f(t),dz*(t) > .

Since such step functions are dense in L!'(R,;X), by continuity we obtain the
representation

<f,fr>= /OOO < f(t),dz*(t) > forall f e L'(R,;X). (6.43)

It is clear that the function z*(¢) is uniquely determined by f*, and by the con-
vention z*(0) = 0.

(b) Suppose EP C L*(Ry;X) is not dense. By the Hahn-Banach theorem,
there is f* € (LY(Ry; X))*, f* # 0, such that f* 1 EP. Let x* € Lip(Ry; X*)
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denote the representation of f* from (a). Then for all functions of the form
f(t) =e Mz, A > 0,2 € X we obtain with (6.43)

O=—< ff'> = /OOO < f(t),dz" (1) >

(oo} o0
/ <e My da*(t) >=< x,/ e Mdz*(t) >,
0 0

hence dz*(\) = 0 for all A > 0, which implies 2*(¢) = 2*(0) = 0; (6.43) then yields
f* =0, a contradiction. Thus EP is dense in L'(R;;X). O

Observe that in Step (a) of this proof we have shown
(LM(Ry5 X))* = Lipo(Ry; X*)

via the duality given by (6.43), where the subscript 0 refers to u(0) = 0. If X* has
the Radon-Nikodym property, then every Lipschitz-function z* € Lipo(Ry; X™*)
has an a.e. derivative #* € L*°(R4; X*); hence in this case Lipo(R4; X*) =
L% (Ry; X*), and the usual duality (L')* = L° applies again.

Let us briefly specialize to the case of scalar equations with a fixed operator
A, considered in Chapter 1, i.e.

Un () = fo(t) + (an * Au,)(t), te€J, neNg. (6.44)
In this situation, Theorem 6.3 can be strengthened and simplified as follows.

Corollary 6.5 Let {an}n>0 € Li,.(R1), A closed linear and densely defined, such

that [} |an(t) — a(t)|le™"dt — 0 as n — co. Assume (6.44) admits a resolvent
Sn(t) in X for each n € N and that the stability condition

IS ()] < Me*t, teRy, neN, (6.45)

holds. Then there is a resolvent Sy(t) of type (M,w) for (6.44) with n = 0 and
Sn(t)x — So(t)x as n — oo, uniformly on compact subsets of Ry x X.

Observe that in contrast to the general case, existence of Sy(t) need not to be
assumed, but can be proved. In fact, the convergence of a,, implies

(- @A) = (- @NA) " in BX)

for all Re A > w with ap()\) # 0. Since points with dp(A) = 0 are isolated in Re
A > w, one then shows as in Section 1.5 that there are none. The stability condition
yields (H1) and (H2) of the generation theorem for the scalar case, Theorem 1.3,
and existence of Sy(t) follows. The asserted convergence finally is obtained as in
the proof of Theorem 6.3.

6.6 Kernels of Positive Type in Hilbert spaces
In the following, the spaces X and Y will always be Hilbert spaces.
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Definition 6.4 Let A € BV,.(R4; B(Y, X)) be of subexponential growth, i.e.
/ e |dA(t)|pv,x) < oo for each e > 0.
0

The operator-valued kernel dA(t) is called of positive type, if

Re / / dA(T)u(t — 7),u(t)) xdt >0 (6.46)
for each u € C(Ry;Y) and T > 0.

For instance, if A is a positive semidefinite selfadjoint operator in X, Y = X4, and
a € BVio(Ry) is such that da(t) is of positive type in the scalar sense (see Section
1.3), then dA(¢) is of positive type in the sense of Definition 6.4, as we shall see
below. As another example consider A(t) = A where A is linear, densely defined
and accretive; then dA(t) = 6(t)A is of positive type. Examples of nonscalar type
will be given in Section 9, where kernels of positive type appear naturally.

Kernels of positive type give rise to quite strong a priori estimates, the energy
inequality.

Proposition 6.6 Let A € BV,,.(Ry;B(Y, X)), f € WHH(J; X), and suppose
—dA(t) is of positive type. Then any mild solution of (6.1) verifies the energy
inequality

¢
uO)lx <|fO)x+ [ 1f@lxdr, te (6.47)
0
In particular, mild solutions of (6.1) are unique.

Proof: Since u € C(J;X) is by assumption a mild solution of (6.1), there are
(fn) € C(J;X) and strong solutions (u,) C C(J;X) of (6.1) with f replaced
by fn., such that f, — f and u, — u in C’(J X) as n — oo. Choose mollifiers
pe € C§°(0;¢) with p. > 0 and [*_p.(r)dr = 1, and define fn. = fo * pe,

Una—un*peafe—f*psvue—u*ps- Thenfneec(a )7“"660(5 )and
we have

ans:dA*uns‘i’fne» uns(o):fns(o)zo
From this we obtain

d

7 —|tne (£)]? = 2Re(tine (t), Une (1)) = 2Re(dA * Une (t), tne () + 2Re(fre (t), tne (1)),

hence after integration and by (6.46)

[tne (1)

IN

zRe/uA*um()um()dsm | e () [tne ()| ds

IN

/‘fﬂe |uns )|d7' teJ
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Denote the right hand side of this inequality by ¢(¢); then

d o= YO 2ne@llune ()
dt 2V/9(1) 2\/9(1)

for each t € J, such that ¢ (¢) > 0. Therefore we conclude

< [ fue(t)]

fune (8)] < V(D) < / Foo(r)ldr, te

Letting first n — oo we obtain

t

()] < () |dr < t -(7)d 0 . x| f d
o <t></0 )l T<</O pe(r)dr)|( >|+/O<p )y
and then with € — 0+ Inequality (6.47) follows. O

As in the scalar case, operator-valued kernels can be characterized in terms of
their Laplace transforms. This characterization is useful in theory but even more
in applications.

Proposition 6.7 Let A € BVjoo(Ry; B(Y, X)) be of subexponential growth. Then
dA(t) is of positive type if and only if

Re (cﬁl(A)y,y)X >0 foreach ye€Y, Rel>D0. (6.48)

Proof: (=) Suppose dA(t) is of positive type, and let y € Y, A € C be given.
Choosing u(t) = e "y, t > 0, (6.46) yields

T _ -
Re / / (dA(T)e =Ty e~ y)dt > 0,  for each T > 0;
o Jo

since A(t) is of subexponential growth, the limit as T'— oo of the left hand side
exists. From this we obtain

[e%e] t _ _
Re/ /(dA(T)e_)‘(t_T)y,e_)‘ty)dt
o Jo
= Re / ( / e~ NG AT (dA(T)y, y)
0 T

1 BN N 1~
= Re/ O AT (G A(r)y, ) = ——Re(dA(N)y, ),
0

o
IA

2ReA 2Re\

and so (6.48) follows.
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(<) Conversely, assume (6.48) holds and let u € C(J;Y") be given. Extending u(t)
by zero to all of R and using Parseval’s identity in the Hilbert space L?(R; X) we
obtain for any p > 0

27rRe/ / =P (dA(TYu(t — 7), u(t))dt
—re [ ( / dA()eTult = 7)](p), i(p))dp
—Re [~ (@G + ip)i(p), a(p)dp = 0

and with g — 0+, (6.46) follows. O

As a consequence of Proposition 6.7, if —dA(t) is of positive type then the operators

31\4()\)7 Re A > 0, with domain Y are dissipative in X; in particular they are
closable, and the inequality

Re Alylx < [(A—dA(N)ylx, y€Y, ReA>0

is satisfied. If in addition the range of A — 071\4( A) is dense in X, then H()\) =

(A= cﬁ()\)) =(A— dA()\)) is well-defined and we have the estimate |H(\)| <
1/Re A. If in addition dA( ) with domain Y is closed in X for each A > 0, or
equivalently A — dA(\) is surjective for each A > 0 then the following result holds.

Theorem 6.4 Let A € BV,.(Ry; B(Y, X)) be of subexponential growth, suppose
that —dA(t) is of positive type and that A — 81\4(/\) is surjective for each A > 0.
Then .

(i) HO\) = (A — dA(N)) " satisfies

()" HWlsx) < A" for all X > 0, noe Np. (6.49)
(ii) There is a unique weak resolvent S(t) for (6.1), i.e. a family {S(t)}+>0 C
B(X) satisfying (S1) and the second resolvent equation (6.3).

(iii) |S(t)|p(x) < 1 for each t >0, and S(-)y € Wllofo(lRJr;X) for eachy €Y.
Proof: (i) Define operators A% in X with domain D(A%) =Y by means of A9 =
dA(n), n € N. Then A% is m-dissipative, hence generates a Cp-semigroup of
contractlons in X; note that Y = X o for each n € N. Next we define B, €
(R4+; B(Y, X)) by means of

loc

n2k) /\(k) & tk—l ot
Bu(t) =Y _ ——dA" (n)(-1) CESTA t>0, neN; (6.50)
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a simple estimate yields

= 2 2k k) B
/ e 6t|Bn(t)|B(Y,X)dtSZﬂ|dA () svx) - (n+2)*
0 :

o > ]. n2t —n > _ net
= [ e Al = [ ¢ FE Ol < o

for each € > 0, n € N, showing that B,, is of subexponential growth. A straight-
forward computation gives

— n

Bn()\) = dA( )—dA(n), A>0, neN. (6.51)

A+n

Differentiating (6.50) we see that B,, € W (IR+, B(Y, X)) and

/ e =B (t)|pv.x)dt < (2n +5)/ 67%|df4(t)|6(Y,X) < o0
0 0

for each e >0, n € N.
By Corollary 6.2, there is a resolvent S, (t) for the problem

=A%+ B, xu+f, u(0)=uz,

since AY generates a Cp-semigroup in X and B, € Wllocl([RQ;B(Y,X)). Let

A, (t) be defined by A, (t) = A% + [} Ba(s)ds; then A,(\) = (A% + B,(\)/A =

dA()\+n)/)\, by (6.51), and so

Re (@, (\)y.y) = Re (dA(-

o )y,y) <0 foreachy €Y, Re A >0;

observe that Re 32~ > 0 for each Re A > 0, n € N. By Proposition 6.7, —dA,(t) =

—A%5(t) — By (t )dt is of positive type, and so from Proposition 6.6 we obtain the
uniform bound [S,(t)|px) < 1,t > 0, n € N. Taking Laplace transforms this
gives

SuMlsx)y <m(Re N)"™*D forall Re X >0, myn€N. (6.52)

Theorem 6.2 yields S,(\) = (I = A, (V)71 /A= (I - A(2%))7Y /A A>0,neN,
and therefore S, (\) — H(X) as n — oo, for each A > 0. From the holomorphy of
Sp(A) on Re A > 0 and (6.52) we now conclude that (6.49) is valid.

(ii) Theorem 0.2 and (6.49) imply the existence of a Lipschitz family {U(¢)}>0 C
B(X) such that U(\) = H(A)/A, A > 0 holds. The definition of U(t) yields the
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second resolvent equation in integrated form (6.6). Since A € BV,.(R1;B(Y, X))
by assumption, U(t)x is C* for each x € Y, hence even for each = € X, by the
Banach-Steinhaus Theorem. Thus S(t) = U(t) satisfies (S1) and (6.6), hence also
(6.3) by differentiation, i.e. S(t) is a weak resolvent.

(iii) The first assertion is obvious, and the second follows from the second resolvent

equation. O

It is clear that for weak resolvents S(t) the variation of parameters formula (6.7)
is still valid, since in its derivation at the beginning of Section 6.2 only (S1) and
the second resolvent equation were used. In particular, mild solutions are then
unique. On the other hand, (6.10) makes sense for such S(t) if f € Wh1(J; X),
however, it is not clear that the resulting function v € C(J; X) is a mild solution,
even if f is much better, say f € W1(J;Y). The reason for this is of course that
S(t) or even U(t) cannot be expected to leave the space Y invariant, unless some
further conditions are satisfied. We mention two such conditions in the following
corollaries.

Corollary 6.6 In the situation of Theorem 6.4, assume in addition that A(t) has
a main part, i.e. is of the form (6.35) of Corollary 6.4. Then the weak resolvent
S(t) of Theorem 6.4 is an a-reqular resolvent for (6.1).

Proof: Combine Theorem 6.4 with Corollary 6.4 and Proposition 6.2; observe that
X has the Radon-Nikodym property since it is even a Hilbert space. O

Corollary 6.7 In the situation of Theorem 6.4, assume in addition that there is

a third Hilbert space Z <, Y, such that the restriction A,(t) of A(t) to Z fulfills
the assumptions of Theorem 6.4 with X and Y replaced by Y and Z, respectively.
Then the weak resolvent S(t) of Theorem 6.4 is a resolvent in X.

Proof: By Theorem 6.4, H()\) verifies (6.30), hence there is a pseudo-resolvent
S(t) in X for (6.1) by Theorem 6.2, which is already a resolvent by Proposition
6.2. By uniqueness, S(t) coincides with the weak resolvent from Theorem 6.4 in
X and alsoinY. 0O

6.7 Hyperbolic Problems of Variational Type

Let V and H denote Hilbert spaces such that V <, H, and let ((-,-)) resp. (-,-)
denote the inner products in V resp. H, and || - || resp. | - | the corresponding

——% d —x
norms. Identifying the antidual H of H with H, by duality we also get H — V',
where V' means the antidual of V. The relation between the antiduality < -,- >
—x%
between V and V' and the inner product in H is given by

(v,h)=<wv,h> wveV, heH.

The norm in V" will be denoted by || - ||...
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Let a: Ry x V x V — C be such that a(t,-,-) is a bounded sesquilinear form
on V for each t > 0, and

la(t, u,v) — a(s,u,v)| < (aop(t) —ao(s))||ull ||v]l, forallt>s>0, u,veV,
(6.53)
where «q is nondecreasing. Suppose f € C(J; V*) is given and consider the
Volterra equation of variational type

(w,u(t)) + /Ot alt —s,w,u(s))ds =< w, f(t) >, ted weV. (6.54)

Representing the forms a(t, -, -) by bounded linear operators A(t) € B(V, V') as
alt,w,u) = — <w,Al)u >, t>0, w,u€eV, (6.55)

it is clear that (6.54) can be written as (6.1) in X = V' with Y = V; observe
A € BVipo(Ry; B(V, V7)) by (6.53).

Exploiting the variational structure of (6.54), by the methods introduced in
Section 6.6 it is possible to prove existence of the resolvent S(¢) of (6.54) in v
and to derive a number of further properties of S(t), provided the form « is coercive
in the sense of the following definition.

Definition 6.5 A form a: Ry xV xV — C as above is called coercive if there
is a constant v > 0 such that

2Re/ /dasu u(t — s)) t>fy||/ (t)dt||?, (6.56)

for allu e C(Ry; V) and T > 0.

Suppose u € C(J;V) is a solution of (6.54) and let f € WEL(J; V"), f(0) € H.
Similarly to Proposition 6.6, the coercive estimate (6.56) then yields the inequality

|2+7||/ (r)dr|? < |£(0 >|2+2Re/0<u<r>,f<f)>dn (6.57)

for all ¢ > 0. This is the basic energy inequality for (6.54) in the case of coercive
forms. If « is only positive, i.e. ¥ = 0, (6.57) is still valid; however, we then do
not obtain bounds on any quantity related to the solution «(t) in V. It turns out
that (6.57) implies estimates for mild solutions as well.

Proposition 6.8 Suppose u € C(R+;V*) is a mild solution of (6.54). Then
(i) f €e W' (Ry; H) implies u € C(Ry; H), 1xu e C(R.;V), and

loc

|2+w|/ (r)dr|? < (I£(0 |+/|f Jdr)?, > 0; (6.58)
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(i) f € W2HRL; V), £(0) =0, imply u € C(Ry; H), 1xu e C(RL; V), and for

loc

each 6 € (0,7)

WO + (=0l [ el < e PO+ [ Follar?, 659
for all t > 0, where ¢(v,0) = 71/2 +(y— (;)71/2'

Proof: Since u € C(R+;V*) is by assumption a mild solution of (6.54), there are
(fn) € C(Ry; V") and strong solutions (u,) € C(R; V) of (6.54) with f replaced
by fn, such that f, — f and u,, — u in C(R+,_*) as n — oo. Choose mollifiers
pe € C§°(0,e) with p. > 0 and [*_p.(r)dr = 1, and define fn. = fo * pe,

Une = Up * Pe, fo = f % pe, Us = U * Pg. Then frne € CYRL; V), upe € CHR; V)
and we have from (6.57)

t ¢
|um(t)|2 + 9| um(T)dTH2 < 2Re/ < Une (T), f,'LE(T) > dr, (6.60)
0 0

for all ¢ > 0, since fng( ) =0.
(i) Let o(t) = 2f0 | fre (T)||tne (7)|d7 for t > 0; then

d 1/1(t) 2|fne( )Huns(t)| ¢
V() = NN < | fne(t)],

for each t € Ry, such that ¢(t) > 0. Therefore we conclude
t t
(June (1) +7|/ une(T)dr )2 < V(1) < / |fne(T)ldT, T €Ry.
0 0
Letting first n — oo we obtain

e (8) 2 + 1) / ue(r)dr|? < ( / | (oldr)? < ( / (pe * [df ) (7)dr)?,

and then with e — 0+, inequality (6.58) follows.
(ii) For the proof of (ii), let w(t) = 1 x u(t), w,(t) = 1 *u,(t), and § € (0,7);
we integrate by parts in (6.60), rearrange, and estimate.

t
e ()2 + llwme (0)| | < 2Re / < tune(7), foe (1) > dr
0
t
=2Re < wm(t),fm(t) > —2Re/ < wnE(T),f;w(T) > dr
0

< 6l [wne (DI + 67| fue ()12 +2/0 e (T)]] || e (7).
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Setting .
G(t) = 07| fe (D)2 +2/ [[wne (T)I] - || Fne (7) |,
0
we obtain
() < 20| fae@®)]w - Fne(O]s + 2l[wne (©)]] - ] fre (£)]]
< 2 fne @)l - (672 + (v = 0) 72V (0),

hence we conclude as in (i)

(e + (7 — 8)] / e (T)d|2)V2 < (57172 4 (3 — 5)"V/2) / e (7)o,

for all ¢ > 0. Letting first n — oo and then € — 0, assertion (ii) follows. O

Since aq is assumed to be of subexponential growth, coerciveness can be charac-
terized in terms of Laplace transforms; similar to kernels of positive type. For the
sake of completeness, we include an indication of proof, although it is similar to
that of Proposition 6.7.

Proposition 6.9 Let a(t;-,-) be a sesquilinear form on V such that (6.53) is
satisfied, where oy is nondecreasing and of subexponential growth. Then « satisfies

(6.56) iff

Re E&()\; u,u) > yRe(1/N)||u||?,  for each u € V, and Re A > 0. (6.61)
Proof: Replacing a(t;-,-) by a(t;-,-) — (v¢/2)((-,-)), it is sufficient to verify the
equivalence of (6.56) and (6.61) for v = 0.

(=) Suppose « is of positive type, and let u € V, A € C; be given. Choosing
u(t) = e Mu, t > 0, (6.56) yields

T
2 Re / / da(r; e Mu, e M Dy)dt > 0, for each T > 0;
o Jo

since ap(t) is of subexponential growth, the limit as T'— oo of the left hand side
exists. From this we obtain for T' — oo

o) t
0 < 2Re/ /da(T;e_)‘tu,e_A(t_T)u)dt
o Jo

2Re/ (/ e_(’\+X)tdt)eXTda(T;u,u)
0 T

1 o] _ — 1 —
_ —(AHN)T AT . _ .
Ro /\Re/o e e’ da(T;u,u) Re X )\Re da(X; u,u),

and so (6.61) with v = 0 follows.
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(<) Conversely, assume (6.61) holds and let u € C(R4; V') be given. Redefining
u(t) = 0for t ¢ [0, T] and using the Fourier inversion formula and Fubini’s theorem,
we obtain for any p > 0

T
277Re/0 /0 e " da(r;u(t), u(t — 7))dt
= Re/ﬁOo < ﬂ(—t),/o e M dA(T)u(t —7) > dt
—Re [ <alp).dAu+ip)ilp) > dp
=Re /_oo da(p — ip;a(p), a(p))dp > 0,

and with g — 04, (6.56) with v = 0 follows. O

Examples for coercive forms in linear thermoviscoelaticity will be given in Section
9.4.
The result announced above reads as follows.

Theorem 6.5 Suppose a: Ry x V x V — C satisfies
(V1) a(t,-, ) is a bounded sesquilinear form on V, fort > 0, and «(0,-,-) = 0;
(V2) af,u,v) € WE2(R,) for each u,v € V, and

loc
la(t,u,v) — (s, u,0)] < (a1 () —ar(@)ull loll,  wv eV, £ 2520,

where ay(t) is nondecreasing and of subexponential growth, ay(0) = 0;

(V3) « is coercive with coercivity constant v > 0.

Define A € V[/llo’fo([R?_,_;B(V,V*)) by means of (6.55). Then for X = V' and
Y =V, (6.1) admits a t-regular resolvent S(t). Moreover, with R = 1% S and
T =t S we have in addition

(a) {S(t)}1=0 € BV)NB(V )NB(H) is strongly continuous in V", H, and V, and

1SM)svys 15O gy < 1+2v" aa(t), |SO)sry < 1, for all t > 0;

(b) {R(t)}1=0 € BV, H)NB(H, V), {T(t)}>0 C B(V", V) are strongly continu-
ous, and

‘R(t)|3(v*,H), |R(t)|B(H,V) < 771/27 |T(t)|B(V*,V) < 27717 Jor all t > 0;

(¢) {S(t)}s0 C B(V,H) N B(H, V") is strongly continuously differentiable, even
twice a.e. in B(V, V*), and for a.a. t > 0 we have

SO v,y SOy <7 au(t),

and 3
19(8) gy < (O + 2y ().
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Before we turn to the proof of Theorem 6_5* several remarks are in oid*er. As-
sumption (V2) means A € BV,.(R4+; B(V,V ")), even in BV(R; B(V, V")) if a4
is bounded. Therefore (6.54) is equivalent to the equation of second order

b(t) :/0 dA(T)v(t — 1)+ g(t), t>0, (6.62)
v(0) =vg, ©(0) = v1.

For the solution of (6.62) we have the following variation of parameters formula.
t

o(t) = S(t)vo + R(t)or + / R(t— 1)g(r)dr, t>0. (6.63)
0

Thus the resolvent S(t) corresponds to the cosine family, R(t) to the sine fam-
ily of second order differential equations. The following corollary describes the
solvability behaviour of (6.62) implied by Theorem 6.5.

Corollary 6.8 Let the assumptions of Theorem 6.5 be satisfied, vy, v1 € V*,
ge Ll (Ry; V), and let v(t) be given by (6.63). Then

(i)vo € V,v1 € H, g € C(Ry; H) implyv € C(Ry; V), v € C(Ry; H), 5—A(-)vg €
C([R?+;V*), and v(t) is a strong solution of (6.62);

(ii) vo € V, v1 € H, g € Wl’l([R{+;V*) imply v € C(Ry; V), © € C(Ry; H),
B — A()vo € C(Ry; V), and v(t) is a strong solution of (6.62);

(iii) vo € H, v € Vg€ C(R+;V*) imply v € C(Ry; H), v € C(R+;V*), and
v(t) is a mild solution of (6.62).

Proof: The construction is similar to the proof of Theorem 6.4, therefore the
exposition will be kept brief, here. Introduce sesquilinear forms «,, by means of

R = 2k (k) Lt
dn(t7uvv) :a(nauﬂ})_'_ZFa (’I’L,’U,,’U)(—l) (k_1)|eint7
1 '

fort > 0, u,v € V, n € N; these forms «,, are obviously bounded and sesquilinear;
they are exactly those forms corresponding to the operator A, (¢) in the proof of
Theorem 6.4, and so the approximating equations with A(t) replaced by A, (t)
admit resolvents S, (¢) in V. Since

don (1, 0) = da( 2

,u,v), ReA>0,neN, u,veV,
A+n

ay, is coercive with the same constant v of coercivity. A priori estimates (6.58)
and (6.59) yield for f(t)=h € H resp. f(t) =tv* € V"

|Sn(t)|B(H) <1, |Rn(t)|B(H,V)a |Rn(t)|B(V*7H) < '7_1/27 ‘Tn(t”B(V*,v) < 27_17
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for all ¢ > 0, where R, = 1% .S,, T,, =t .S,. These inequalities imply

‘(%)’“SH(A)IB(H) < fip— (D)

‘(d%)k[g”(A)MHB(V*,H) <y R
‘%W[Sn(”/ﬂlgm,w) ]
\(%)k[énu)/vng(v*yv) < 9y TR (D),

foralmn > 1, £k > 0, A > 0. Hence passing to the limit n — oo the same
estimates are valid for H()) = (A — A(\))~%; note that {H(A\)}ge x>0 C BV, V)
exists and is holomorphic, as standard coerciveness arguments show, and that
S,(Lk)(/\) — H®(X) in B(V", V) uniformly on compact subsets of C,, and for all
k. The identities
H\) = I/X+dAN)HWN) /N = I/X+ [H\)/N|dA(N), X >0,

by (V2) imply for each € > 0

d d 15 ke
I(a)kH(/\)IB(V*)» (G HEWN ) < (14277 dan(@))kA —2)F 0, A > g

this follows from the estimate for H(\)/A? and from

> — (k) oo . —
Z()\ — 5)k|dA M|/k! < / 6_8t|dA(t)| <dai(e), e>0.
k=0 0

Therefore, the assumptions of the generation theorem, Theorem 6.2, are satisfied
=%

in X =V with Y = V, hence with a(t) = ¢, there is a ¢-regular resolvent S(t)

for (6.1). The remaining assertions follow easily from the a priori estimates (6.58)

and (6.59) and from the resolvent equations in V. O

To compare Theorem 6.5 with Corollary 1.2, let «(t,u,v) = a(t)(u, Av) for some
positive definite selfadjoint operator Ain H, V = D(A'/?) equipped with the inner
product ((u,v)) = (AY2u, AY?v), and a(t) = axot + fot a1 (7)dr, where as > 0,
and a1 of positive type. Then « is coercive if v = a, > 0, and Theorem 6.5
applies if in additon a; € BVj,.(Ry) and «a1(t) = Var a1]f) is of subexponential
growth.

Another coercivity concept different from Definition 6.5 is based on an inequal-
ity of the form

— 1
Re da(\,v,v) > yRe e n\|v||27 veV, Re A >0, (6.64)
where 7 and 7 are positive constants; compare with (6.61). Forms satisfying (6.64)
will be called n-coercive in the sequel. By the same methods as in the proof of
Theorem 6.5 the following result for n-coercive forms is obtained.
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Corollary 6.9 Suppose a : Ry x V x V. — C is n-coercive for some n > 0,
and satisfies (V1), (V2) of Theorem 6.5. Let A(t) be defined by (6.55) again.
Then for X =V ,Y =V, (6.1) admits a t-regular resolvent S(t). Moreover, with
R, (t) = (e7" % S)(t), T,(t) = (e~ * R,)(t) we have the estimates

SO sn <1 1 Ra®la s Ba@lsyy <7772 [Ty®lse ) < 277

and
IRy ()zll2 < 20y) 22l (1T ()l < 2(207°) 2| ..

In the situation of Corollary 6.9 one can also obtain bounds for the remaining
quantities, i.e. S(t) in B(V) and B(V"), S(t) in B(V, H) and B(H,V"), as well as
S(t) in B(V,V"), to the result that similar estimates as in Theorem 6.5 are valid;
in particular, all of these operator families are bounded on R if a4 is bounded.

Concerning the proof of Corollary 6.9 we only mention the basic energy in-
equality corresponding to (6.58) which is implied by 7-coercivity.

@) +llw(®)]* + 2777/0 [lw(s)|[*ds < [f(0)]* +2 Re /0 <w(s), f(s) > ds,

(6.65)
for all t > 0, where w(t) = e % v(t).

6.8 Comments .
a) The setting for (6.1), i.e. Y — X, A € L} (R ;B(Y;X)), is fairly general

and seems to cover all abstract treatments of Vlgfterra equations which have been
considered so far. Of course, this is not the most general approach one can think
of, e.g. the domains D(A(t)) of the operators A(t) could be imagined to vary with
t in a much stronger way. However, then it becomes very difficult to develop a
reasonable theory. From the applications point of view, our setting covers most of

the equations arising in linear viscoelasticity, at least for the variational approach.

b) By far the most papers in the literature deal with first order equations of the
form

= Au+ Bxu+ f, u(0) =z, (6.66)

where A generates a Cp-semigroup in X or even an analytic semigroup, and B(t)
is ‘dominated’ by A in the sense that at least B(-)x is measurable in X for each
z € D(A), and |B(t)z| < ¢(t)(Jz| + |Az|) a.e. for some ¢ € L}, (R}); see e.g.
Chen and Grimmer [40], [41], Grimmer [139], Grimmer and Kappel [140], Grimmer
and Pritchard [144], Grimmer and Schappacher [146], Miller [243], Miller and
Wheeler [245], Da Prato and Tannelli [65], Tsuruta [329], and many others. Further
references are given below. Grimmer and Priiss [145] contains the first general
treatment of (6.66), i.e. the connection between well-posedness and resolvents, the
generation theorem, the 1-regularity of the resolvent and several counterexamples,
some of which have been mentioned before. Observe that (6.66) is of the form
(6.12) with a(t) = 1, hence Propositions 6.2, 6.4 and 6.5(c) as well as Corollaries
6.2 and 6.4 are applicable.
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c¢) Although Corollary 6.2 with By = 0 has many predecessors, its present form is
originally due to Desch and Schappacher [93], who used the semigroup approach
via history spaces for the proof. Grimmer and Priiss [145] gave an independent ar-
gument based on operator-valued bounded Volterra equations. This approach was
later improved and extended in Priiss [276], and by Pugliese [286]. Theorem 6.1
and its corollaries unify most results of this nature, although in special situations
better results are known.

d) The scalar version of the generation theorem, i.e. Theorem 1.3 for the case
a € BVj,.(R;), is due to Da Prato and Iannelli [65]. Grimmer and Priiss [145]
generalized their result to first order equations of the form (6.66), while Pugliese
[286] contains a version of Theorem 6.2 for the case A € BVj,.(R4; B(Y, X)); see
also Sforza [300]. The simple but nevertheless interesting Example 6.2 is a slightly
modified version of an example due to Desch and Schappacher [93].

e) A second class of problems of the form (6.1) which has been considered by many
authors is the class of second order equations

it=Au+ Bxu+ f, u(0) ==z, 4(0) =y, (6.67)

where A is the generator of a strongly continuous cosine family in X, and the
operator family B(t) belongs to BVj,.(R4; B(X 4, X)); see e.g. Adali [2], Dafermos
[76], [75], Desch and Grimmer [82], and Tsuruta [330]. The results in the literature
as well as Corollary 6.3 for (6.54) are not optimal for the complete second order
differential equation

it = Au+ Bu+ f, u(0) =z, u(0) = y;

see Clément and Priiss [53] Fattorini [114], Obrecht [263], [264] and Watanabe
[335] for stronger results.

f) The convergence theorem, Theorem 6.3, seems to be new. The proof follows an
idea of F. Neubrander, who proved a general convergence theorem for vector-valued
Laplace transforms. It would be interesting to have a version of this result which
does not assume the existence of the limiting pseudo-resolvent, and only involves
the convergence of the Laplace-transforms of the approximating resolvents, not of
the kernels itself, similar to the classical Trotter-Kato theorem; see e.g. Goldstein
[133] for the latter. Other versions of Corollary 6.5, in which the kernel a(t) is
fixed but A depends on n € Ny, can be found in Lizama [216].

g) It is of course very well known that the duality (6.43) yields L'(R;; X)* =
Lipo(R4; X); see Diestel and Uhl [99] and Hashimoto and Oharu [173].

h) The results in Section 6.6 on operator-valued kernels of positive type are dif-
ferent from but similar to those obtained by Da Prato and Iannelli, [65]; see
also Barbu, Da Prato and Iannelli [18] for results on asymptotic behaviour in
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the setting of the paper just cited. An interesting special case of such kernels is
A(t) = a(t)A+ b(t)B, where a,b are scalar kernels such that da, db are of positive
type and A, B are selfadjoint and positive semidefinite. Even in this situation the
regularity of the weak resolvent S(t) is unknown except if A, B commute.

i) A theory for nonautonomous linear problems has been developed for first order
equations of the form

u(t) = A(t)u(t) +/ B(t,m)u(r)dr, wu(s) ==z, t>s, (6.68)

where the operator family A(t) generates an evolution operator in X, and B(t, s) is
subordinate to A(t) in a suitable sense; see Chen and Grimmer [40], [41], Grimmer
[139], and Priiss [270] for the hyperbolic case, and Acquistapache [1], Di Blasio
[95], Friedman and Shinbrot [123], Lunardi [225], Priiss [270], and Tanabe [320],
[321] in parabolic situations. In all of these papers the idea is to consider the
integral term as a perturbation of the evolution equation u(t) = A(t)u(t) + f(t)
and to use the variation of parameters formula. This is similar to the approach
taken in Sections 6.3 for the hyperbolic case, and to that of Sections 7.4, 7.5, 7.6
as well as of Sections 8.5 and 8.6 below in the parabolic case.



7 Nonscalar Parabolic Equations

The results on existence of analytic resolvents in Section 2 and on resolvents for
parabolic problems in Section 3 as well as the corresponding results on maximal
regularity of type C'“ are here extended to nonscalar equations. Particularly easy
to verify are the conditions in the variational approach in Section 7.3 which con-
tinues the discussion begun in Section 6.7. The remaining subsections are devoted
to a far reaching improvement of the perturbation theorem from Section 6.3 in the
parabolic case.

7.1 Analytic Resolvents
Consider again (6.1) in a Banach space X, i.e.

u(t) = f(t) +/O A(t — r)u(r)dr, teJ, (7.1)

where Y <% X, A € LL_(Ry; B(Y, X)), f € C(J; X), and J = [0, T]. We begin the
study of (7.1) in the parabolic case with an extension of Theorem 2.1 on analytic

resolvents for scalar equations to (7.1). In analogy to Definition 2.1 we introduce

Definition 7.1 (i) A weak resolvent S(t) for (7.1) is called analytic if the
function S(-) : Ry — B(X) admits analytic extension to a sector X(0,6p), 0y <
w/2. Then S(t) will be said to be of type (wo,00), if for each w > wy, 8 < Oy, there
is a constant M > 1 such that

1S(2)|5(x) < Me“Fe*, 2 € 2(0,9). (7.2)

(ii) A resolvent S(t) for (7.1) is called analytic if the function S(-) : Ry —
B(X)NB(Y) admits analytic extension to a sector 3(0,6p), 0o < /2. Then S(t)
will be said to be of type (wo,bp), if for each w > wq, O < Oy there is a constant
M > 0 such that

1S(2)|B(x) + 19(2) By < Me® %, 2 € 5(0,0). (7.3)

Obviously, Corollary 2.1 remains valid for weak analytic resolvents of type (wp, 6p)
since its proof only involves Cauchy’s integral formula and Estimate (7.2). If S(¢)
is an analytic resolvent we have even

1S ()] 5x) + 1S (#) 5y < Mnle' 1) (at)™, >0, n €N (7.4)

where M = M (w, ), a =sinf, and w > wg, 0 < 6.

Theorem 2.1 can be extended directly to the case of nonscalar equations of the
form (7.1).
Theorem 7.1 Suppose A € L}, (Ry; B(Y, X)) and [}~ |A(t)|pv,x)e”“Atdt < oo,
for some wy > 0. Then Equation (7.1) admits an analytic resolvent S(t) of type
(wo,00) if and only if the following conditions are satisfied.
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(AN1) There is Ao > wa such that T — A(X) is injective, the part of T — A(N) in
Y is surjective, and (I — A(X\))™" is bounded in X and in'Y, for each X\ > X\o; we
let HA) = (I —AN)="1/A, A > Ao.

(AN2) The family {H(N)}asr, C B(X)NB(Y) admits analytic extension to the
sector X(wo, /2 + 6p).

(AN3) For each w > wy, 0 > 0y there is a constant C = C(w,0) such that

HN s + HW sy < C/A—wl, AeSwm/246).  (15)

Proof: Necessity. Let S(t) be an analytic resolvent of type (wo, ) of (7.1). Theo-
rem 6.2 implies then (AN1) as well as H(A) = S(A) for A > XAg. As in Section 2.1,
Cauchy’s formula and the holomorphy of S(¢) in X and in YV yield

:/ S(tew)e_ktewewdt7 A > wo, 6] < 6.
0

This gives the analytic continuation of H(A) to X(wqg,7/2 + 6p) as well as the
estimate (7.5), i.e (AN2) and (AN3) hold.

Sufficiency. Conversely, suppose (AN1) ~ (AN3) hold. Then (N1) of Theorem 6.2
holds for A > Ag, and Cauchy’s formula yields the representation

n |
H™()) v /H )Tz A>w, neN, (7.6)

where w > wp, 0 < 6y, and I" denotes the contour
{w + (—o0, Rle~"™/240V | {w + Rell=m/2=07/2+0) | {w + [R, 00) e’ (/240

Choosing e.g. R = (A —w)/(n+ 1) a direct estimate then yields (N2), hence there
is a pseudo-resolvent S(t) for (7.1), by Theorem 6.2. However, by uniqueness of
the Laplace transform, as in the proof of Theorem 2.1, S(¢) is given by the contour
integral
1
S(z) = — / e H(N)dN, |argz| < 6o, (7.7
2 Jr

and this representation formula yields analyticity of S(z) in ¥(0,6), as well as

the type estimates, in X and alsoin Y. O

Similarly, one can also characterize analyticity of weak resolvents of (7.1). We
state this as

Corollary 7.1 Suppose A € L} (Ry;B(Y,X)) and [;° |A(t)|prv,x) e “Atdt <
00. Then (7.1) admits a weak analytic resolvent of type (wo,80) if and only if the
following conditions are satisfied.

(WA1) There is Ao > wa such that I — A()) is injective and admits a left-inverse
AH (X)) € B(X) for each A > \g.
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(WA2) The operator family {H(A)}). ), C B(X) admits analytic extension to
E(wo, 7T/2 + 90)
(WA3) For each w > wg, 0 > 0y there is a constant C = C(w, ) such that

IH(\)|sx) < C/IA—w|, A€ S(w,n/2+0). (7.8)

The proof is similar to that of Theorem 7.1 based on (7.6) and (7.7) in X and is
therefore omitted.

In practice, the analytic extensions of H(\) required in (AN2) and (WA2) are
obtained by extending A()) analytically to the required sector, and then to study
invertibility of 7 — A(A) in X and in Y. As seen in Corollary 2.3, this usually will
only work if the family {A(¢) }+>0 C B(Y, X) itself has some very strong smoothness
properties, like analyticity in 3(0, 6p).

Next we consider a-regularity of weak analytic resolvents.

Corollary 7.2 Under the assumptions of Corollary 7.1, let in addition a €
Li,(Ry) be of exponential growth, such that a()\) admits analytic extension to
Y(wo, /2 + 0p), and that in addition the following condition holds.

(AN4) For each w > wy, 0 > 0y there is a constant C = C(w,0) such that

la(MH(N)|gx,y) < C/IA=w|, AeX(w,m/2+0). (7.9)

Then the weak analytic resolvent S(t) for (7.1) is a-regular. T(t) = (a x S)(t)
admits analytic extension to X(0,00), and for each w > wy, 6 > Oy there is a
constant M > 0 such that

IT(2)|5(x,v) < Me*F, 2 € 5(0,0). (7.10)

The proof employs the same arguments as that of Theorem 7.1 and is therefore
omitted.

If (7.1) admits an analytic resolvent, the Cauchy estimates (7.4) show that the
arguments in the proof of Theorem 2.4 still can be applied. This leads to the
following result on maximal regularity of type C* for (7.1).

Corollary 7.3 Let S(t) be a weak analytic resolvent for (7.1), f : J — X con-
tinuous, J = [0,T], and let u(t) formally be defined by the variation of parameters
formula

u(t) = f(t) —|—/O S(t—s)f(s)ds, te.J (7.11)

Then (i) If f € C§(J;X) then w € C§(J; X); if in addition S(t) is a pseudo-
resolvent then u is a mild solution of (7.1).

(i) If f € C§(J;Y) and if S(t) is an analytic resolvent for (7.1) thenu € C§(J;Y)
and u is a strong solution of (7.1).
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(i11) If (AN4) holds and if f = a* g with g € C§(J; X) then u € C§(J; X) is a
strong solution of (7.1).

For the proof one only has to follow the proof of Theorem 2.4 to obtain u € C'¢
in X resp. Y, and then apply the usual approximation arguments.

7.2 Parabolic Equations

For parabolic equations of the form (7.1) the methods leading to Theorem 3.1
can also be employed, we briefly discuss this now. Definition 3.1 is extended to
nonscalar equations by the following

Definition 7.2 Let A € L} (Ry;B(Y, X)) be of subexponential growth. (7.1) is
called weakly parabolic if the following two conditions are satisfied

(NP1) For each Re A > 0, the operator A(\) with domain Y is closed in X, and
I — A()) is invertible in X .

(NP2) There is a constant M > 1 such that

(I —AN)Ysxy <M, for all Re A > 0.

(7.1) is called parabolic if it is weakly parabolic and in addition
(NP3) There is a constant M > 1 such that

(I —AMN) pry < M,  for all Re X > 0,
s valid.

The second notion needed for the announced extension of Theorem 3.1 is intro-
duced in

Definition 7.3 Let A € L}, (Ry;B(Y, X)) be of subexponential growth and sup-

pose A(N) is closed with domain Y, for each Re X\ > 0; let k € N. Then A(t) is
called weakly k-regular, if there is a constant C > 0 such that

ATAD )yl < Clylx + [ANYlx), ReA>0,yeY, n<k  (712)

holds. A(t) is called k-regular if it is weakly k-regular and

AAD Ny yly < Cllyly +1ANIvyly),  ReA>0, y € DAWNy), n < k.
(7.13)

is satisfied for some constant C' > 0.

Here A (X)|y denotes the part of A(™()) in Y, as before. Obviously, in the scalar
case A(t) = a(t)A, Y = X4, A(t) is k-regular if a(t) is k-regular in the sense of
Definition 3.3.

Theorem 7.2 Let A € L} (Ry;B(Y, X)) be of subezponential growth, and assume

loc
that (7.1) is parabolic and k-regular for some k > 1. Then there is a resolvent
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S € C*1((0,00); B(X)NB(Y)) for (7.1), and there is a constant N > 1 such
that
t"S™ ()| gxynsry N, >0, n<k-1, (7.14)

and

tESE=D (1) — sF SE=D (5) |5 x)mp(vy < Nt —s|[1+1log ], 0<s<t (7.15)

t—s

If (7.1) is merely weakly parabolic and A(t) weakly k-regular for some k > 1, then
there is a weak resolvent S € C*~1((0,00); B(X)) for (7.1), and (7.14), (7.15)
hold in B(X), instead of B(X)NB(Y).

Proof: The proof of Theorem 7.2 is based on Theorem 6.2 and results on the
inversion of the Laplace transform in Section 0. As before we let

H\) = (I—-AN)"Y/A,  Re\>0,

which exists by weak parabolicity and satisfies the parabolic estimate
M
|H()\)‘B(X) Sm, Re A > 0.
For H'(\) we have
H'(\) = —HM\)/A+HMNA NI —AN)™",  Re >0,

hence by weak 1-regularity and weak parabolicity

M
|H'(N)|px) < W, Re A > 0.
By induction we obtain
n Mn
|H™ (\)]gx) < T Re A >0, n <k,

for some constants M,,. Theorem 0.4 now implies

Mon!
|H(n)()\)|B(X) < %7 for all A >0, n € Ny,

and as in the proof of Theorem 6.4 this yields a weak resolvent S(t) for (7.1),
which by Theorem 0.4 satisfies estimates (7.14), (7.15) in B(X). If (7.1) is even
parabolic and k-regular, we may repeat the arguments just given in Y, and conclude
the existence of a pseudo-resolvent S(¢) by Theorem 6.2 which is subject to (7.14),
(7.15), and a resolvent by Theorem 0.4. O

By similar arguments also a-regularity of (weak) resolvents for parabolic problems
can be obtained. Without proof we state this as
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Corollary 7.4 Assume that (7.1) is weakly parabolic, A(t) weakly k-regular for
some k> 1, and let a € L}, (R}) be k-regular and such that
(NP4) |a(\)(I — A(N)~ Ypx,y)y <M, Re X > 0, for some constant M.
Then the weak resolvent S(t) for (7.1) is a-reqular and T(t) = (a = S)(t) satisfies
in addition

T () gxyy) <N, t>0,n<k—1, (7.16)

and

t
(ETHE=D (1) — sPTRD (5)[5x,vy < Nt — s|[1 + log b 0<s<t, (717)
— S

with some constant N > 1.

The (weak) resolvent constructed in Theorem 7.2 can be used as in the proof of
Theorem 3.3 to obtain maximal regularity of type C'*.

Corollary 7.5 Let the assumptions of Theorem 7.2 be satisfied with k =
f:J — X be continuous, and let u(t) formally be defined by (7.11). Then

(i) If f € C§(J; X) then u € C*(J; X) is a mild solution of (7.1).

(i) If f € C§(J;Y) then uw € C*(J;Y) is a strong solution of (7.1).

(iii) If (7.1) is weakly parabolic and A(t) weakly 2-regular, then f € C§(J;X)
implies u € C*(J; X).

(iv) If the assumptions of Corollary 7.4 hold, then f = axg, g € C§(J; X) implies
that w € C*(J;Y) is a strong solution of (7.1).

7.3 Parabolic Problems of Variational Type

As in Section 6.7, let V and H denote Hilbert spaces such that V' &, H, and let
((+,-)) resp. (+,-) denote the inner products in V resp. H, and || - || resp. | - | the
corresponding norms. Again we identify the antidual H of H with H and by

d —x —x
duality we also get H — V ; the relation between the duality < ;- > of V,V
and the inner product in H is

(v,h)=<wv,h>, forallveV, heH.

As before, the norm in V" will be denoted by || - ||
Let @ : Ry x V x V — C be such that «a(t,-, ) is a bounded sesquilinear form
on V for a.a. t > 0. « is said to be locally integrable, if there is ap € L, (Ry)
such that
la(t, u,v)| < ap(t)||ul|||v]] for all u,v € V, t & Ey, (7.18)

where Ey has Lebesgue-measure zero. « is called uniformly measurable if for each
T > 0, € > 0 there are N + 1 measurable disjoint subsets E; of J = [0,7] with
U;-V:OEj = J, mes(Ey) < ¢, and bounded sesquilinear forms a; on V such that

a(t, u,v) ) aj(u,v)| < ellul||Jv]] forallu,v eV, te J\ Ey. (7.19)

H'Mz
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By the Riesz-representation theorem there are operators A(t) € B(V,V') such
that

a(t,u,v) = — <u,A(t)v > forall u,v €V, a.a.t > 0; (7.20)
It is readily verified that uniform measurability and local integrability of o imply

Ae Ll (Ry;B(V;V)).

loc
Consider the Volterra equation of variational type (6.54), i.e.

(w,u(t)) + /Ota(t —s,w,u(s))ds =< w, f(t) >, teJ wevV, (7.21)

where f € C(J;V"). As in Section 6.7, with X = V' | Y = V, and A(t) defined by
(7.20), Equation (7.21) can be rewritten in the form (7.1). Assuming a parabolic
coercive estimate as well as some regularity of «, the results of Sections 7.1 and
7.2 can be directly applied to (7.21). The main assumptions will be stated in the
frequency domain; they read

(PV1) There is a function ¢ : 3(0,0) — (0,00) such that
&\ u,v)] < W)[ull [Jo]],  for all u,v € V, X € ¥(0,0).
PV2) There is a constant v > 0 such that
Y
|a(\, u,u)| > yoN)||ul?,  for all u € V, X € (0,0).
(PV3) There is ¢ € (0,m) such that

|arg G(\, u,u)| < ¢, forallu eV, A € £(0,0).

Here we tacitly assumed that ag € L}, (R ) appearing in (7.18) is of supexponen-
tial growth, so that &(\, u,v) is well-defined for Re A > 0, at least. We want to
stress that the function ¢(X) appearing in (PV1) and (PV2) is meant to be the
same; this will be crucial in the sequel.

Assume now that (PV1), (PV2), (PV3) are satisfied. We are going to show
that (7.1) resulting from the variational equation (7.21) becomes parabolic in the
sense of Definition 7.2. Since for each ¢t > 0 and z € (0, 7) we have with ¢) = arg z

[t 4 2" =7+ |2 + 2t]z| cos ) = o(¥)* (8 + |2]),
where
o(w) = 1 for || < 7/2
Tl V2cos(v/2)  for [¢| > /2,
(PV2) and (PV3) yield

llul| - [[tw — A(A)ul | | < utu— ANu > | = [ tu® + (X, u,w)]
(@) (Eul* + |a(A, u, u) )/

c(@)yeMN)||ul?,  for all u € V, X € (0,6).

(A\VARAVARIY]
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Therefore, for t > 0 the operators t — fl()\) are bijective and boundedly invertible,
we obtain the estimates

. 1
[t — A sy < sy A€ X0,0), t > 0. (7.22)

On the other hand, (PV1) implies

AN gy = swp | <u,AXNw>[= sup |a(hu,v) <p(N), (7.23)
llull, o] <1 Il llv]|<1

hence by (7.22),

A -1 1+ C(¢>
(= A) gy < W

Combining (7.24) with (7.23), and (7.22) for ¢ = 0 yields

(t— AN sy = AN 1t = AN) AN s,
<A

A€ x(0,0), t > 0. (7.24)

s vy 1= AO) @)  AM s

< (ve(N)e(@)) T (1 +7¢(9) (re(9)t) T () = 1(+ ch)g) ;

t >0,

- |(t — A()‘))_1|B(V) < Cl(¢)/t7 A€ 2(0, 9), t > 0. (725)

In particular, (7.24) and (7.25) with ¢ = 1 imply the parabolic estimates, provided
0 > 7/2;if 6 > 7 /2 we even see that the assumptions of Theorem 7.1, in particular
(7.5), with wg = 0, 8y = 6 — /2 are satisfied, hence in this situation we obtain an
analytic resolvent of type (0,6y) for (7.21), without any further assumption.

An interesting special case arises if ¢(A) can be chosen as

e(A) =la(M)], A eX(0,0), (7.26)
for some a € L}, (R;) of subexponential growth. Then (7.22) implies
AV H vy < 2@/, A€ 5(0,6), (7.27)

which is the basic estimate for a-regularity of the resolvent for (7.21).

In case § = 7/2 only, Theorem 7.2 can be applied if in addition A(t) is k-
regular for some k > 1. For the variational setting this assumption seems to be
too stringent; however, the condition

(PV4) there is C > 0 such that

d
Ta(A u,v)| < CoN)||ulllv]], forallu,v eV, ReA>0,1<n<kEk,

()60 u0)] <



7. Nonscalar Parabolic Equations 193

is easily seen to imply weak k-regularity of A(t), by (PV2). It turns out that
(PV4) is in fact enough to obtain a resolvent, as a small modification of the proof
of Theorem 7.2 shows; namely to estimate |H ()\)|zy) we write

H'(A) = =HN)/A+ HO) AN = A)™
and obtain with the aid of (7.25), (PV4), and (7.22)

[H' Nlsey < [HN) o) /I + HN) s@ )| A V) g m  MH N s

< et (@I/IAP + (ve(Ne(9) T Ce(N) /A )er (6) /1]
= c3(¢)/ A

Similarly, the estimates for H (”)()\), n < k, are obtained, and then the remaining
part of the proof of Theorem 7.2 applies again.

Summarizing we have the following result on resolvents and maximal regularity
of type C* for parabolic problems of variational type.

Theorem 7.3 Let a : Ry x V xV — C be such that a(t,-,-) is a bounded
sesquilinear form on 'V for a.a. t > 0, uniformly measurable and locally integrable
with ag from (7.18) of subexponential growth.

(i) Suppose &(A,u,v) admits analytic extension to the sector %(0,0), 0 > 7/2,
and assume (PV1), (PV2) and (PV3) on 3(0,60). Then there is an analytic resol-
vent S(t) for (7.21) in V" of type (0,0,), where 6y = 6 — /2.

(ii) Assume (PV1), (PV2) and (PV3) with 6 = 7/2, as well as (PV/) for some
k > 1. Then there is a resolvent S(t) for (7.21) in V' of class C*=1 on (0,00),
and Estimates (7.14) and (7.15) hold in V" and V.

(iii) If o(X) = la(\)], X € X(0,0), for some k-reqular a € L},.(R) then the
resolvent S(t) for (7.21) in V' is a-regular, and (a * S)(t) is of class C*~1 on
(0,00) in B(V",V).

(iv) In case (i) and in case (i) for k > 2, (7.21) has the mazimal regularity
property of type C*, « € (0,1), as stated e.g. in Corollary 7.5.

7.4 Maximal Regularity of Perturbed Parabolic Problems
In the remainder of Section 7 we consider the perturbed problem

t t s
u(t) :/ A(t—T)u(T)dT—f—/ a(t—s)(/ dB(T)u(s—7))ds+ f(t), teJ, (7.28)
0 0 0
where a € L}, (R}), A € L}, (Ry;B(Y, X)), B € BV(Ry;B(Y, X)) is such that
B(0) =B(0+) =0, f € C(J; X), and J = [0,%]. The unperturbed problem (7.1)
is assumed to admit an a-regular resolvent Sy € C'((0,00); B(X) N B(Y)) such
that

10 () 5(x)nB(v) + [ESo()B(x)nB(Y) < N, tE€J, (7.29)
|t — s

. . t
1So(t) — So(s)lsx)nB(Y)) < N T[l + log m], 0<s<t<ty,
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and Ty = a * So € C1((0,00); B(X,Y)) is subject to

To(®)|5(x.v) + [1To()sx vy < N, te, (7.30)
. . t— t
To(t) — To(s)|sxyy < N%[l tlog ], 0<s<t<t.

The resolvents obtained in Theorems 2.1 and 7.1, as well as those from Theorems
3.1 and 7.2 for k > 2 have these properties and are good candidates for the sequel.
An important special case is A(t) = A the generator of an analytic semigroup, and
a(t) = 1; then Sy(t) = e, Y = X 4, and (7.28) is equivalent to

w(t) = Au(t) —|—/0 dB(T)u(t —7) + g(t), u(0) =ug, teJ,

where g(t) = f(t) and ug = £(0).
We begin with an extension of the maximal regularity results of type C'¢ to
the perturbed problem (7.28).

Theorem 7.4 Under the assumptions stated above, (7.28) has the mazimal reg-
ularity property of type C*. More precisely, with o € (0, 1),

(i) if f e C§(J; X) there is a unique mild solution uw € C§(J; X) of (7.28);

(i) if f € C§(J;Y) there is a unique strong solution u € C§(J;Y) of (7.28);
(ii3) if f =axg, g € C§(J; X) there is a unique strong solution u € C§(J;Y) of
(7.28).

Proof: By the variation of parameters formula, (7.28) is equivalent to
d d
u(t) = %(So*f)(t)—i—E(So*a*dB*u)(t), t e (7.31)
The latter will be considered as a linear equation
u=uo+ Ku (7.32)
in the Banach space U = C§(J;Y) with norm

lully,aw = sup e “"u(t) —u(s)|y (t — s)~%,
0<s<t<tg

where ug = (So * f) in case f € C¢(J;Y), and ug = Ty x g if g € C§(J; X). The
operator K is defined by

Ku=TyxdBxu, wuel. (7.33)
Given u € U, we obtain for 0 < s < t < to with u(s) =0 for s <0

(B *u)(t) = (dB * u)(s)[x = I/O dB(7)(u(t — 1) —u(s — 7))|x

Y,o,w

t
< [ 1B lsen - e 57l
0

to
= ¢t — ) ully.a - ( / e dB() s0vx)),
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ie. dBxu e C§(J;X) and

1B * ul|x 0w < n(w)l|ully.aw, ueU. (7.34)
Here n(w) = foto e “'dB(t)| — 0 as w — oo since B(t) has no jump at zero, by
assumption.

On the other hand, following the proof of Theorem 2.4, by (7.29) we obtain
(So * fy €U for each f € U, and

d
15 (So* Nllvaw < @l fllvaw. feU (7.35)

where
cla) < N1+2/a+ 3/00(1 +log(147r)r* tdr/(1+7)) < o
0

is independent of w. Similarly, we also get
1o * ully,aw < cl@)||ullx,aw, € C§(J; X). (7.36)
Therefore ug defined above belongs to U and K € B(U) satisfies
IKlsw) < cla)nw) <1, (7.37)
provided w is chosen large enough. Hence I — K is invertible, and so (7.32) admits
a unique solution u € U = C§(J;Y); this proves (ii) and (iii).
Concerning assertion (i), observe that by (iii) there is a unique strong solution
v of (7.28) with f replaced by a x f. But then there is a unique mild solution u of
u=Axu+dB*xv+ f,

since dB xv € C§(J; X); u is given by

d(SO*f)+i(SO*dB*v).

S dt

Convolving this identity with a we obtain v = a*u by uniqueness, hence u is amild
solution of (7.28). O

There are many other function spaces for which the solution map f — wu of (7.28)
has the maximal regularity property, namely the classes Bg?(J; X) defined by

By(J;X) = {f € LP(J; X) : [fIX

a,q;p

< 00}, (7.38)

where, with f(¢t) =0 for ¢ < 0,

[l ap = |flp + (/Ooo(h_”‘lf(- —h) = f()lp)*dh/h)M 1, (7.39)
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and
X coip = 1 Flp + sup h™*|f(- = h) = ()l (7.40)

1<p<oo,1<g<oo,ac(0,1). It is well known that
By (T3 X) = (LP(J; X), Wy P (J: X))a,

are the real interpolation spaces between LP(J; X) and Wol’p(J; X); cp. Butzer and
Berens [36]. Similarly, we let

BXA(J; X) = (Co(J; X),C5(J; X))ayg, a€(0,1), 1 <q< oo, (7.41)
and with this notation we have
BL*(J;X) = Cg(J: X), a e (0,1).

Observe that the index 0 always refers to vanishing at ¢t = 0.
The following maximal regularity result is a considerable extension of Theorem
7.4.

Theorem 7.5 Under the assumptions stated above, let S : f — u denote the
solution map of (7.28), and let a € (0,1), p,q € [1,00]. Then S enjoys the
following properties.

(i) S € B(BL(J; X)) N B(B9(J:Y)):

(ii) ax S = S(ax-) € B(By4(J; X), By1(J;Y)).

Proof: The proof parallels that of Theorem 7.4, the estimates (7.34) on dB * u
and (7.35), (7.36) being the main ingredients. Therefore we only have to establish
the analogues of these estimates in By9(J; X).

Choosing the norm on the base spaces LP(J; X) resp. Co(J; X) as

to
Iflp,w:(/ FOPe )P, 1< p< oo,
0

resp.
|f|<><>,w = sup ‘f(t)|e_m’,
0<t<to

it follows by a direct estimate (or by interpolation)

[dB x* u]iq;p < n(w)[u]qu;p, u€ ByI(J;Y), (7.42)
with n(w) as in the proof of Theorem 7.4. Thus it remains to prove the estimates
for (d/dt)(So * f) and Ty  f. We concentrate here on [(d/dt)So * f]3y ., since the
others are analogues, by assumptions (7.29) and (7.30). Writing as in the proof of

Theorem 2.4

u(t) = So(t)f(t) +/O So(T)(f(t —7) = f(¢))dr,
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we obtain for ¢ > 1 with 1/¢+1/¢' =1
to
e € Nl + N [ 116 =7) = )it/

to
< Nflpw + N / rod 1) (X
S C(aat07Q)[f]§q;pa

and similarly for ¢ =1

IN

‘u‘p,w

to
Nlflpa + N [ 7% 77U =) = FOputr 7
0
— N|f|P,W+Nt8[f]a1p <C(OZ tovl)[f]gil;p'
This shows u € LP(J; X) for 1 < p < co. Next we have with the decomposition
u(t) —u(t —h) = So(h)(f(t) — f(t —h))+ (So(to) — So(to — h))f(t — h)
/ SO fE—7)—f(¥)dr

A

+ / (So(r) — Solr — W) (F(t— 1) — f(t — h))dr
h
and by (7.29)
() =t — D)o < NIFC) = FC = D)o + 0] Flps

h oo
+N If(')—f(‘—T)lp,wdT/TJr/ P(r/Mf(-=7) = FO)lpwdr/T,
0 0

where ¢(h) = 2N min(1, 2h/tg) and ¥ (s) = N(1+ s)~ (1 + log(1 + s)) for s > 1.
Since

0 to [e%e]
/ (h™%p(h))4dh/h < 2th1/ RI=1gp 4+ N [ B dh < oo,
0 0 to

and

/OO sY(s)ds/s = N/Ooo(l +5) 711 + log(1 + 5))s* tds < oo,

0
there follows the estimate

] gop < elto, )Y gy f € BRI X), (7.43)

a,q;p —

with some constant ¢(q, tg,q) < oo, thereby proving the theorem. O

7.5 Resolvents for Perturbed Parabolic Problems
Consider again (7.28) under the assumptions stated at the beginning of Section
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7.4. We now show that there is an a-regular resolvent for (7.28). The resolvent
will be constructed as follows. If (7.28) admits a resolvent S(t) then it must be
the solution of

d
S(t) = So(t) + %(a*SO*dB*S)(t), teRy. (7.44)
From (7.44) we obtain with T' = a % S the following three integral equations.
T(t) =To(t) + (Tp xdB + T)(t), teR,. (7.45)
d
S(t) = So(t) + E(SO xdBx«T)(t), teR,. (7.46)
S(t) = So(t) + (Th xdB = S)(t), te€R;. (7.47)

Since Ty € C1((0,00); B(X,Y)), (7.45) will turn out to admit a solution with
values in B(X,Y). (7.46) is merely the definition of S(¢t) in B(X) after T(t) is
known to exist, and (7.47) shows that S(t) is leaving Y invariant.

To solve (7.45) in B(X,Y) we employ the maximal regularity result of type
By, Theorem 7.4. This approach works, since by (7.30)

|T0(t) — To(t — h’)|B(X7Y) < Nmm{?, t> h,

h
P

hence

i

h oo
T =To(=hl, < N[ e [y

= N[@2P71. 3R+ RP - (h/2) P (p — 1) YP = O, RY?,

ie. To(-) € Bp/P*°(J;B(X,Y)) for each p € (1,00). Similarly, one can show
Ty € By9(J;B(X,Y)) whenever ap < 1, p,q € [1,00], @ € (0,1). Clearly this
excludes p = oo, and so by means of this method one cannot obtain uniform L°°-
bounds on T'(t), for this a different approach must be used. The L*°-bounds are
quite delicate to obtain, Section 7.6 is devoted to this aim. Here we construct
the resolvent and show its continuity properties assuming L°°-bounds. The result
reads as follows.

Theorem 7.6 Let A € L} (Ry;B(Y, X)), B € BVo(Ry; B(Y, X)) satisfy
B(0) = B(0+) =0, b(t) =VarBl}), and let a € L}, (Ry). Assume that (7.1) admits
an a-regular resolvent Sy € C*((0,00); B(X)NB(Y)) with Ty = a* Sy € C1((0,0);
B(X,Y)) such that (7.29) and (7.30) hold on each interval J = [0,to], with con-
stant N = N(to). Then there is an a-regular resolvent S(t) for (7.28). S(t) and
T(t) = (a*S)(t) have the following additional properties.

(i) S € L, (Rys BX) N B(Y)), T € Lk, Ry B(X, Y));

(i) S(t) resp. T(t) is left-continuous in B(X)NB(Y) resp. in B(X,Y) on (0,00);
(i) S(t) resp. T(t) is right-continuous in B(X)NB(Y) resp. in B(X,Y) fort & N,
where N, denotes the set of jump points of the resolvent kernel r of b;
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(iv) S and T have the following additional regularity:

Se [\ B (Re:BX)NB(Y)),

p,loc
p€E(1,00)

and
Te () BLE(RGBX,Y)).
PE(1,00)

Note that the resolvent kernel r(¢) of b(¢) is defined as the solution of r = b+dbx*r;
therefore N, = {t > 0 : r(t) # r(t+)} is the additive semimodule generated by
the jump points of b, i.e. Ny = {t > 0: b(t) # b(t+)}. Recall our convention that
BV -functions b are always normalized by left-continuity and by b(0) = 0. Example
1.1 shows that Theorem 7.6 is optimal; the discontinuity of B(t) = Aeg(t — 1) is
reproduced in the resolvent S(t) of this example at ¢, = n, i.e. at each t € N, = N.

Proof of Theorem 7.6: (a) By the estimates derived in the proof of Theorem 7.5,
ie. (7.42) and (7.43) and its analogs in Y and for Tp  f, it is readily seen that

B (Ry;B(X,Y)) of (7.45) as well as

pe(l,00) “p,loc

Bl/pee (Ry; B(Y)) of (7.47). Then S defined by

pe(l,00) “p,loc

a unique solution S; €
(7.46) belongs to (¢ (1 o) B;/l]g’c (Ry; B(X)). Integrating (7.45), (7.46) and (7.47)

and convolving the latter two with a(t) we obtain

there is a unique solution 7" € [

1«T=1xTo+To*xdB*xT in B(X,Y),

lxaxS=1xaxSy+axSy*xdB*T in B(X),

lxaxSy=1%xaxSo+axTy+*dB=+S, inB(Y),

hence by uniqueness and by Y 4 X we obtain 1+Ty = 1xa*Sy = 1*ax*Syy for
each y € Y, ie. S = S|y, and T = a x S; this proves (iv). It is also clear from the
construction that S satisfies the resolvent equations for (7.28), e.g. in integrated
form.

(b) Let p. € C§°(R) be nonnegative, supp pe C (0,¢), [~ p-(t)dt =1, and let

B.(t) = /000 dB(T)pe(t —7), teR; (7.48)

then B, € C*(R; B(Y, X)), supp B: C (0,00), and fo |B<(7)|dt < b(t), as well as
Joe e @t B(t)|dt < [1° db(r)e*".

By Theorem 6.1, there is an a-regular resolvent S, (¢) of (7.28) with dB replaced
by B., and as solution of (7.45)~(7.47), with dB replaced by Be, S. and T. = a*S.
also have property (iv). In Section 7.6 we shall prove the following
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L>-estimates: For each ty > 0 there is a constant C' = C(tg) such that
1Se()B(x) + [Se®)|sv) + 1 T=(O)sxv) <C, t€J, e€(0,1).
Assume that these L°°-estimates are true. Then we have

T—T.=To*(dB*T. — B.+T.) + Ty xdB (T —T.) inB(X,Y),
d
dt
SfSE:TO*(dB*SEfBE*SE)+TO*dB*(Ssz) in B(Y).

S —S.=—(So*(dB*T — B:*xT.)) inB(X), (7.49)

Since fot |B<(t) gy, xydm < b(t), t > 0, {T:}ec01) C B,l,/p’oo(J;B(X, Y)) is uni-
formly bounded, {dB * T.}.c(,1) C B;/p’oo(J;B(X)) is as well, and therefore
dB*T. — pe xdB +T: — 0 as ¢ — 0 in each By>(J;B(X,Y)), ap < 1. By (7.49)
this implies 7. — T in By»>°(J; B(X,Y)), for each ap < 1, in particular 7. — T
in LP(J; B(X,Y)). Similarly we also obtain S. — S in LP(J; B(X)NB(Y)), where
J =1[0,%0], to > 0 being arbitrary. Passing to a subsequence &, — 0 if necessary,
we obtain a.e. convergence, thereby proving the L*-estimates also for S(t), i.e.
(i) of Theorem 7.6 follows.

(c) To prove that S(¢) is an a-regular resolvent of (7.28) in the sense of Defi-
nition 6.2, observe that the first resolvent equation implies T' € C(Ry; B(X)) and
S € C(Ry;B(Y, X)); in particular, S(¢)y can be extended as a continuous function
in X for each y € Y. Since Y is dense in X, the family {S(¢)}+>0 C B(X) is every-
where defined, and |S(t)|p(x) < C(to), for all ¢ < o, and so {S(t)}+>0 is strongly
continuous in X by the Banach-Steinhaus theorem. Similarly, the second resol-
vent equation shows T' € C'(Ry;B(Y)), and so by the same argument {T'(¢)}:>0 is
strongly continuous in B(X,Y). This shows that S(¢) is a resolvent for (7.28) in
the sense of Definition 6.2.

The proofs of the remaining continuity properties (ii) and (iii) do not follow from
the L>°-estimates alone and will be postponed until Section 7.6. O

Let us pause to state some additional regularity properties of S(t) if B(¢) has
better properties, these follow directly from the integral equations (7.45), (7.46),
(7.47), and Theorem 7.6.

Corollary 7.6 Let the assumptions of Theorem 7.6 be satisfied. Then the resol-
vent S(t) of (7.28) has the following additional properties.

(i) If Be C(Ry;B(Y, X)) then S — So € C(R; B(X)NBY)) and T =a*S €
C(Ry; B(X,Y)).

(i) If B € C§(R4;B(Y, X)) then S — Sy € Cpt (Ry; B(X)NB(Y)) and T — T €
C (R B(X,Y)).

As a consequence of the continuity properties of the resolvent S(¢) for (7.28),
observe that in Proposition 6.3 for (7.28) the conditions ‘f € W1 in (ii) and (iii)
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resp. ‘g € WH in (iv) can be replaced by ‘f € BV N C’ resp. ‘g € BV NC". This
follows from the fact that S x df resp. S * dg is now well-defined and continuous,
as a short reflection shows.

7.6 Uniform Bounds for the Resolvent

Throughout this subsection we use the same notation as in Sections 7.4 and 7.5.
Our aim is to prove the L>-estimates for the resolvents S, (¢) of the approximating
equations (7.28) with dB replaced by B., as stated in Section 7.5. This will be
done by a term by term estimate of the Neumann-series corresponding to the
solutions of (7.45), (7.46), and (7.47), i.e

Z (To* B)™ « Ty in B(X,Y), (7.50)
S. =S5y + Z(Sg * B: + Be¢) * (To * B)™ « Ty, in B(X), (7.51)
n=0
Se=> (Th*Bo)™ xSy inB(Y). (7.52)
n=0

Since the arguments are the same for each of these series we shall concentrate only
on the first one, (7.50).

Claim 1 Let )
R,(t) =Ty * B.)"" xTo(t) forteJ neN, (7.53)

denote the n*" summand of the series (7.50) for T.. Then

L L
/T Tyt = 50)Be(ra) T (50 — 50-1)Be(7a_1) (7.54)
B:(11)To(s1 — 7)ds1 ... dspdm ... dTy,

holds, where t;, =t — >, 7jand 7 =) | 7;.

Proof: Since the integrand is continuous, we may change the order of integration
as we please. The induction step from n to n + 1 is verified as follows.

Rialt) = ToxBosRu(0) = [ Toe—s) [ " Ba(p)Ra(s — p)dpds

/Ot /pt To(t — 8)Be(p)Rn(s — p)dsdp
LLLL



202 Chapter II. Nonscalar Equations

/Oz / / [t e

Bs(Tl)TQ(Sl — T)d51d52 . dSndTl e dTndep

The transformation s; — s; + p and 7 = 7 + p yields

i = [ L[ [E L[ o

To(s — sn)Be(11)To(s1 — 7')dsy ... dspdry ... dTpdsdp,

and commuting the integral over s with those over 7 ... 7, leads to

R (t //n+1 / // /{ Jdsy ... dspdsdry ... drpdp

where t; =t —p— > 7 7x, i.e (7.54) holds for n +1. O

The representation (7.54) of R, () suggests to consider

(8 :/Tt /T/ To(t — 50)Be(m) ... Be(m)To(s1 — 7)ds1 ....dsn (7.55)

first, where the dependence of Z,, on 71,...,7, has been dropped. To obtain the
desired estimates we decompose Z,,(t) according to

Claim 2 We have
t t
Zn(t) = / To(t — s)Up(t, s)ds + / To(t — s)Viu(t, s)ds + To(t — )Wy (t), (7.56)

where U,, V,,, W,, are defined inductively by

Ui(t,s) = Be(m1)(To(s — 1) = To(t — 7)),

V1 (t, S) = O7 Wl(t) = Bg(Tl)TO(t — 7'), (757)
and
Wha1(t) = Be(Tna1)To(t — 7)Wa(t), (7.58)
Vis1(t,8) = Be(mny1)[To(t — )Un(t, s) + To(t — s)Viu(t, 5)], (7.59)
Unt1(t,s) = Be(mns1){To(s — T)Wp(s) — To(t — 7)Wi(t)

S

(To(s — ) Un(s,r) — To(t — r)Un(t,r))dr (7.60)

S

[To(s — m)Va(s,r) — To(t — )V, (¢, r)]dr.}

+
— 5
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Proof: For n =1 we have

Z1(t)

/t To(t — 8)Bo(m)To(s — 7)ds

/ To(t — 8)Bo(m)(To(s — 7) — To(t — 7))ds
+(/ To(t — 5)ds) Bo(m)To(t — 7),

hence (7.56), and (7.57) hold for n = 1. Let the assertions be true for n; then we
have

Zas®) = [ Talt = Bl Zalo)is
_ /TtTo(t—s)Be(TnH)/: To(s — r)Un (s, r)drds
+/Tt To(t — S)BE(Tn_H)/rS To(s — 1)V (s, r)drds
+ /Tt To(t — 8)Be(Tns1)To(s — 7)Wy(s)ds
= [ dute ~ Bt [ Tl ~ 105, ~ Folt — U
+/TS[TO(5 Wi, r) = To(t — PVt P)]dr

+[To(s — )Wy (s) — To(t — T)W, ()] }ds + / To(t — 8)Be(Tns1)

-{/S[To(t =) Un(t,r) + To(t — )V (t,7)]dr + To(t — 7) W, (t) }ds
= / To(t — s)Up41(t, s)ds
+/ To(t — T)Vn+1(t, T’)dT’ + T()(t — T)WnJrl(t),

hence the assertion also holds forn +1. O

To obtain the desired estimate for Z,,(t) we have to estimate U, V,,, W,, separately
by induction. This is easy for W,.

Claim 3 Let oy, =[]} |B<(75)|5(v,x)- Then

W (®)| < ap, N forall t >0, (7.61)
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and

t_
(W (t) — Wa(s)] < annN"p1 (——2)  forall 7 < s < t < to, (7.62)
S—T

where ¢1(a) = log(1 + a).

Proof: We have by
(Wi(t)] < [Be(m)- N < enN

and
t—s
(W1(t) = Wils)] < [Be(r)lTo(t = 7) = To(s — 7)| < crNlog(1 + —),

i.e. (7.61) and (7.62) for n = 1. For the induction step we obtain with (7.58)
(Wit (8)] < [Be(Tng1) INIWo(8)] < ppa N™H,
and

(Whi1(t) = Wi ()] | Be (Tt )|[To(t = 7) = To(s — 7)[[Wa ()]

[Be(rs )1 To(s = 7 [Wat) = Wa(s)]
B2 (s lawn log(1 4 =) (N1 4 NnN™)

IN 4+ A

N DNt (—2). O
any1(n +1) pi(i—)

To derive the estimates for U,, and V,, we define functions ¢, (a) inductively by

i1 (a) = / on(= 2 log(1+ D1 +log(1+ D (769)

Some properties of ,, are collected as

Claim 4 Given n € N, we have

(i) 0 < ¢n(a) < c(n, B)a’, a >0, B € (0,1);
(i) ¢n(a) < @ni1(a) for a > 0;

(iii) ¢n(a) is increasing for a > 0;

(iv) ¢n(a)/a is decreasing for a > 0.

Proof: By means of the elementary inequality

2 < log(1 +a) <d’/B, a>0, (7.64)
1+4+a
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we obtain for the induction step

0 < ‘Pn-&-l(a)
S R LG s S (G L o L GO R e o
0 g g o

g a

1
c(n,B+6) = (B~ + (B + 5)_15_1)/ (1—0)" g1y
0
< ¢(n+1,6)d°,
where § > 0 is such that S+ ¢ < 1. Again using (7.64) we get

pa(a) = /0 log(l—l—%)log(l—&-g)[l—i—log(l-&-%)]%

1
o/(l—0) do

> log(l+a / —_— —

= log( ) o 1+0/1—0) o

= log(l+a) = ¢1(a);
hence (ii) follows inductively. (iii) and (iv) are implied by log(1+2z)(1+log(1+1/x))
increasing and x~!log(1 + x)[1 + log(1 + 1/z)] decreasing for > 0. O
By means of the function ¢, (a) we obtain the following estimates for U,, and V,,.

Claim 5 Let C' > 6/N. Then for each n € N we have

|Un(t78)|§C"annpn(z_—s), > s> 7 (7.65)
-7
t_
Va(t,8)] < Can(t — 8) onoa (), t>s>T (7.66)
_ T t— ¢ )
Un(t,8) — Un(E, 8)] < CMvn - —— - on(—)po(=—), t>F>s>7; (T.67)
t—s S—T t—s
_ _ _ t—t t—s t—t
|Vn(t75) - Vn(tvs)| § Cnan(t* S) 1901({_ S)‘Pnfl(s _7_)500(5_ 8)’ (768)

for all ¢t > ¢ > s > 7, where ¢o(a) =1+ 1log(1+1/a), a > 0.
Proof: (i) For n =1, (7.66) and (7.68) are trivial;, with (7.30) we get

t—s
|U1(t, s)| < |Be(m1)||To(s — 1) — To(t — 7)| < a1 Nlog(1 + E),

and

_ ~ t—t
|Uy(t,s) — Ui(t, s)| < a1|To(t — 1) — To(t — 7)| < a1 N log(1 + ;),
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with (7.64)

-t _t—t t—t (t—s)/(s—7)
—T)Sf T t—s 1+(-s)/(s—T)

t
log(1 + =

hence the assertion holds for n = 1 since @y > 1.
(ii) Let (7.65)~(7.68) be satisfied for n. Then (7.59) and (7.30) yield

_ n t—s
Vari(t,s)] < [Be(mngr)| - {N(t — 5) ", C pn(—)
t—s
NC™ —5) tpn_
FNC (= ) pnoa ()
< 2NC™(t — s) Lo (L5
> n+1 (an_T

since p,—1(a) < ¢p(a) by Claim 4 (ii). Furthermore, with po(a) = 14+log(1+1/a)
we get
Vat1(t,8) = Vara (& 8)] < |Be(rn ) [{I(To (t = 5) = To(t — 5))Un(, 5))|
Lot = 5)| - [Un(t, 5) = Un(t, s)| + [To(t — ) = To(t = )[|Va (L, 5)]
F[To(t = s)[Va(t, s) — Valt, s)|}

n t—1 t— t—t
SO‘TL+10 {2N( —S)({— )an(s )SDO({—S) )
T L P LA RPN )

t—s t—1 t—t

< @ 1ANC™(t — n = )
< N = 9 ou (o0 (E2E)
hence (7.66) and (7.68) hold for n + 1 ; here we used (7.64) as
t—1t t—1 (t—1t)/(t—s) t—1t t—t
= — — = — <1 1 ) = —
s i irios 1ronios Sl ) =el)

and Claim 4 (ii).
(iii) For |Up11(t, s)| we obtain

[Un1(t, )] < [Be(Tni1){[To(s = 7) = To(t = 7)|[Wh(s)]
—HTO(t - T)HWn(t) - Wn(s)‘

+ /s(|T0(s —7) = To(t — P)|Un(s,7)| + |To(t — #)||Un(s,7) — Upn(t,r)|)dr

+/s(|To(S —7) = To(t = r)|[Vals, 1) + [To(t = r)[[Va(s,7) = Valt, 7)[)dr}

t—s s—r t—s
+2N/ “on( )ol( )dr

t—r r—T s—r

< Oén+10 {2N§01

+%V/<mg_wxs—ﬂ”¢wﬂj::MMz:iMﬂ
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t—s
< ay, 2N
<o +1C{ (pl(s—T)
s t—sg sS—r t—s
4N - -1 n d ’
4N [ =0T (e D))
since ‘ ¢
— 8 — S
t—r_gol(s—?”)

by (7.64). The transformation
r=s—o(s—1)

now yields
s 1 t—s s—r t—s
_ . d
J R R T e P e
/1 (7)o 1 +log(1 + 5o %
0 v l1—0o & — & t—s o
t—s
*90714-1( _7_)’

hence by Claim 4 (ii) we obtain (7.67) for n + 1

(iv) Similarly we get

Uni1(8:) = Ui 7, 9)

< |B-(msn)HITo(t ) — Tofi — ) [W)] + [Tl — )| [Wa(t) — W)
[ =) = Bole = IO + ot = DU ) = U o) s
/8(|To(t—7”) (= Valr)| + Tyt = DIValt.r) — Va(Er))ar)
< 0unCM2Np (L) o %L(t”)wo(; Dar
= e T)[Hsao(jj )dr}
< anaC" {2N¢1<§jt>

i) (D (),

S t*
N [ o)
with (¢ —1)/(t —7) < o1((t —t)/(t — 7)) by (7.64). The first term is okay by the

estimate
t t—s
< = ng( .
s—T
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The transformation r = 7 + (s — 7)o yields

J A e

t—r r—T t—r
1
a+1l—0o b b do
e L e e v et

where a = (t—s)/(s—7) and b = (t—t)/(s—7). With LPO(,HI%) < 900(3)900(&),
(7.64) and Claim 4 (iv) imply

1 b a+1l—o b do
= /OCH-I—USDn( o )800(a+1_0)a_|_1_0—
= 2/01%1(1Ug)wo(a—&-f—o)a-k(ll—ol16?0
. g/olspn(l;U)¢1(1f0)¢0(a+f_a)16l_aa
< gmg)/olm;wlgf(,wogign‘i”a
Y L P L)

and from this (7.67) for n + 1 follows. DO

Returning to R, (t), Claim 5 yields the desired estimate.

Claim 6 For each n € N we have with n = n(w) = foto e~“Tdb(T)

1
1—
Raft)] < et [ on (201 (7.69)
0 c '1-0
Proof: (7.61), (7.65) and (7.66) yield by means of (7.56)
t J—
Zo()] < Nc"an{z/(t—s)—l%(;—s)dsﬂ}
- -7
! 1—0, do ! 1—0, do
< C"Na,{1+2 n(—— <3NC"ay, n
< oWauli+2 [ e (ZH1Ey <avera, [ (01

and therefore integration over 71, ..., 7, implies (7.69). O

Thus it remains to derive estimates for the integrals over ¢, in (7.69). For this
purpose we consider the singular integral equation

1 s t s..ds
o(t) =log(1+1t)+ p/o <p(1—_s) log(1 + g)[l +log(1 + ;)]?, t>0. (7.70)
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Suppose ¢ € C(R4,R,) is a solution of (7.70) such that ¢(t) < cv/t. Then it is
easy to see by induction that () > >"( p?;(t) for each n € N, hence

Zp/o on Ss)is /Zp on S/Olw(lss)%

1
< c/ sTH2(1 = 5)"Y2%ds = en < o0,
0

i.e. with p = Cn we obtain by (7.69)

ds
| < Z |Rn | < Cewt Zp /0 ©n TS)? < CCWeWta (771)

for all t > 0, € > 0, provided 7 is sufficiently small, i.e. w sufficiently large. This
is the uniform estimate for T.(t). Hence it remains to prove

Claim 7 Let p > 0 be sufficiently small. Then (7.70) has a solution ¢ € C(R4,Ry)
such that
o(t) < eVt fort>0 and some ¢ > 0. (7.72)

Proof: Let Z denote the Banach space of all functions ¥ € C(Ry,R) such that
(7.72) holds, with norm |[¢|| = sup,sq [¥(t)[t7/2 and L : Z — Z the linear

operator
t.d
/ TR, 120,

where k(a) = log(1 + a)[1 + log(1 + l/a)], a > 0. Since ¢1(t) = log(1 + t) belongs
to Z, we only have to show that L : Z — Z is bounded. For this purpose let v € Z
be fixed. Then we have

1 S t dS 71/2 1/2 t .
< [mb® < [ w(Lds:

S

with (7.64) one gets

4 22
k(a) < 2va+ §a3/4 gV =

E\/a7 a>07

hence

1
/ ST =) 2h( )d5<7\/ ( 8)71/2§:%\/5\/¥, t>0.
1/2

1/2 s

On the other hand, the change of variables a = t/s yields
1/2 ¢ oo
/ sTV2(1 = 5)7V2k(Z)ds = Vi k(a)a=32(1 —t/a)"?da
0 s 2t
< x/i\/i/ k(a)a=®?da < cVt, t>0,
0

since the last integral is finite. Therefore, L : 7 — Z is bounded. O
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Finally, we prove the continuity properties (ii) and (iii) asserted in Theorem 7.6.
The arguments for S(¢) in B(X) and B(Y), resp. for T'(¢) in B(X,Y) are again
similar, and so we restrict attention to T'(¢). Continuity of T'(¢) in B(X,Y") follows
from the Neumann Series (7.50) for T.(¢). Since we know already that this series
is absolutely and uniformly convergent w.r.t. ¢ > 0 and € > 0, it suffices to show
that each term R, (t) is B(X,Y)-continuous, uniformly w.r.t. € > 0. This can be
achieved by means of the estimates derived above. In fact, observe first that the
decomposition

Zn(t) — Zn(t) = /:[To(t — 8)Un(t, s)ds + To(t — s)V,(t, s)]ds

+/ (To(t — s) — To(E — 8))Un(E, 3) + To(t — 8)(Un(t, s) — Uy (% 5))]ds

+ [ B0t = 5) = Toli = )Vl + To(t = 9)(Va(t,5) = Vol )l
+(To(t —7) = To(t = 7))Wa(t) + To(t — 7)(Wa(t) — Wa(1))
for t > ¢ > 7 implies by Claim 4 and Claim 5

t—t

—

1Za(t) - Zu(D] < 2Nan0"{/ (=) on( =S s + (!

e T

t—1 t—s

b -9 e (e yis)

t—t
< SNanC"gonH(i_ 7_).

Therefore, by integration we obtain
Ru-(t) — Rpe(t) = / Zn(t)dry ... dTy, — / Zn(t)dry ... dr,
D, Dz
= / Zn(t)dry ... dTy, + / (Zn(t) — Zp(t))dry . . . d7o,
D¢\ Dg Di

where Dy = {(71,...,7) : 0 <75 <t =370 75, j =1,...,n}. Since Z,(t) is
bounded by C"*'q,, - C,, for some constant C,, by Claim 6, this yields

|Rn5(t) - Rna(f)‘ = CnCnJrl{ apdty . ..d7,

Di\Di
t—
+ AnPn+1 ( F_
Di_»p,

)dTl .dr, + /D \Dr, andr ... dTn}
< CuC™ b (8) = bu(B) + 1 (- blt0)" + (bu(D) = b= 1))},
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where by, (t) = (db)*"~! % b(t). This estimate shows that R,(t) is left-continuous
in B(X,Y) and right-continuous in B(X,Y’) at each point of continuity of b, (t),
uniformly w.r.t. € > 0. Since R,. — R, in L}, (R4, B(X,Y) this implies that
R, (t) has the same continuity properties and therefore T'(t) is left-continuous
in B(X,Y) and right-continuous in B(X,Y’) at each point of continuity of the
resolvent kernel r of b, i.e. of the solution of r = b+ db * r. This completes the

proof of Theorem 7.6. O

7.7 Comments

a) Analytic resolvents for equations of nonscalar type have been studied for the
first time by Grimmer and Pritchard [144]. Their results have been improved for
first order equations with main part, i.e.

u(t) = Au(t) + /Ot dB(t — s)u(s) + f(t), teJ, (7.73)

where A generates an analytic semigroup in X and B € BVj,.(R4; B(X 4, X)), by
Da Prato and Tannelli [68], Lunardi [224], Priiss [271], [273], and Tanabe [322].

b) The main result of Section 7.2 is new. It is an extension of the approach
presented in Section 3 for equations of salar type.

¢) Theorem 7.3 for equations of variational type seems also to be new. It appears
to be possible to replace the assumption of uniform measurability by mere weak
measurability, however, the proof then cannot be based on Theorems 7.1 and
7.2, it must be carried through directly. For the variational approach to partial
differential equations there is an enormous literature; let us mention only the
monographs of Lions [215] and Showalter [303].

d) Theorems 7.4 and 7.6 are extensions of results of Priiss [271], [273] where the first
order case with main part, i.e. (7.73), was considered. Friedman and Shinbrot [123]
is probably the earliest paper which considers (7.73) even in the nonautonomous
case, however only solvability for initial values ug € D(A®) for some a > 0 was
obtained under additional regularity assumptions on B(t). In Priiss [270], and
Tanabe [320], [321] the nonautonomous resolvent has been constructed. Grimmer
and Kappel [140] used perturbation series in the frequency domain to establish
existence of the resolvent for (7.73) assuming a certain decay of B(X). This decay
requires additional regularity of B(t), but implies an improved behaviour of the
resolvent. Lunardi [225] contains maximal regularity results for nonautonomous
parabolic first order problems.



8 Parabolic Problems in L”-Spaces

The subject of this section is the LP-theory for parabolic equations with main part.
The first three subsections prepare the approach via sums of commuting linear
operators; the two basic results, i.e. a vector-valued Fourier-multiplier theorem
and the Dore-Venni theorem, are stated without proof. After a thorough study of
Volterra operators in LP(R; X), these results are then applied to prove maximal
regularity for parabolic equations with main part in LP(J; X), where J C R4
is a closed interval, X belongs to the class H7 introduced in Section 8.2, and
p € (1,00).

8.1 Operators with Bounded Imaginary Powers
Let X be a complex Banach space, and A a closed linear operator in X with dense
domain D(A), such that

(SL1) N(4) = {0}, R(A) = X, (~00,0) C p(A);
(SL2) [t(t+ A)~!| < M for all t > 0, and some M < oo;

are satisfied. Operators satisfying (SL1) and (SL2) will be called sectorial, and
S(X) denotes the class of sectorial operators in X. Observe that A € S(X) implies
A7t € §(X), and cA € §(X), for each ¢ > 0. Also, if A € §(X) and T € B(X, Z)
is invertible then TAT ! € §(Z). If A € S(X), then t(t + A)~! — I strongly as
t — oo, and t(t+ A)~! — 0 strongly as t — 0+. For any A € S(X) one can define
complex powers A*, where z € C is arbitrary; this will be done as follows.
Assume first that A and A~! are both bounded. Choose a piecewise smooth
simple closed path I', surrounding the spectrum o(A) of A counterclockwise, which
does not intersect the negative real axis (—oo,0]. Then define A* by means of the

Dunford integral
1
A= [ (A= A)"ldA C 8.1

57 [ X047, zec (5.1)
where A* = exp(zlog A) = exp(zlog |\| + iz arg \) denotes the principal branch of
the multivalued function A*. Obviously, A* € B(X) for each z € C, the mapping
C > z +— A* € B(X) is holomorphic, and {A* : z € C} C B(X) has the group
property

AZAY = AT A% =T for all z,w € C,

since the Dunford integral induces an algebra homomorphism. For 0 > Re z > —1
we may contract the contour I' to the negative real axis to the result

sinmz

A7 = — / t*(t+ A)7tdt, —1< Rez<0O. (8.2)

m 0
Splitting the integral in (8.2) at ¢ = 1 and using the identities

e+ A =T—(t+A)A and %(H—A)’l . %A* St A)LA

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_8, 212
© Springer Basel 1993
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(8.2) becomes

. 1
pe - Somzd 1 A*1+/ £+ A) P A dt
™ z 14z 0
+/ =t + A)"tAdt}. (8.3)
1

This formula not only makes sense for —1 < Re z < 0, but by analytic continuation
is valid for all |Re z| < 1.

Let A € §(X) be arbitrary now. Then (8.1) can no longer be used to define
AZ since the integral diverges at A = 0 and also at A = oo, in general. However,
we may use (8.3) to define A*z, x € D(A) N R(A), |Re z| < 1; the function
f(z) = A%z is still holomorphic in this strip. The complex powers of A defined
this way are densely defined and closable, since D(A) N R(A) is dense in X, A*
commutes with (¢ + A)~!, and is bounded from D(A) N R(A) equipped with its
natural norm |z| + |Az| + |[A7z| to X. We denote the closure of A% defined by
(8.3) on D(A) NR(A) again by A=,

Next we show that A® still has the group property. For this purpose we intro-
duce the approximations

Ac=(e+A)(1+cA)L >0,

of elements A € S(X). Obviously, A, is bounded and invertible, and

(t+A) = (t+E+AA+eA)HT
(1+ecA)(t+e+(1+et)A)™?
= aren e s hesa,

1+ et 1+et

i.e. p(As) D (—00,0], and ase — 0, (t+A.)~t — (t+A)~! in B(X) for each ¢t > 0,
A.x — Ax for each z € D(A), A-'x — A~z for each z € R(A). Since

_1| < Mt et(M +1)
T t+e 1+4¢t

[t(t + Ac) <2M +1, t,e>0,
we have A, € S(X) for each ¢ > 0, and there is a constant M for (SL2) which is
independent of e. From (8.3) it is now evident that

Az —.0 A%z, |Rez| <1, z€ DA NRA),

holds. The group property for AZ then implies the group property for A*.
Let us summarize what we have proved so far in

Proposition 8.1 Suppose A € S(X), let A* be defined by (8.3) for |Rez| < 1.
Then

(i) A%z is holomorphic on |Re z| < 1, for each x € D(A) N R(A);

(ii) A% is closable for each |Rez| < 1;
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(iii) A*t¥z = A* A%z for Rez, Rew, Re(z +w) € (—1,1), z € D(A) N R(A);
(iv) Ac = (e + A)(1 +eA)~! is bounded, sectorial, and invertible, for each & > 0.
(v) A%z =lim._,0 A2z, x € D(A)NR(A), |Rez|< 1.

Proposition 8.1 shows that the following definition makes sense.

Definition 8.1 Suppose A € S(X). Then A is said to admit bounded imag-
inary powers if A € B(X) for each s € R, and there is a constant C > 0
such that |A*| < C for |s| < 1. The class of such operators will be denoted by
BIP(X).

Since by Proposition 8.1, A% has the group property, it is clear that A admits
bounded imaginary powers if and only if { A% : s € R} forms a strongly continuous
group of bounded linear operators in X. The growth bound 64 of this group, i.e.

T 1 5
04 = hm‘s|ﬁoom log |A*| (8.4)

will be called the power angle of A. This is motivated by the fact that o(A4) C
%(0,604) holds; see Priiss and Sohr [283].

It is in general not easy to verify that a given A € S(X) belongs to BZP(X),
although quite a few classes of operators are known for which the answer is positive.
In Section 8.4 it will be shown that Volterra operators in LP(J; X) admit bounded
imaginary powers if the kernels are nice enough. For further results and remarks
on the class BZP(X) see the comments given in Section 8.7.

For a first application consider the fractional power spaces
Xo = Xae = (D(AY), ] o), |Z|a = 2|+ A%, 0<a <1,
where A € §(X); the embeddings
Xa—=Xg—=Xo—=X, 1>0>a>0,

are well known. If A belongs to BZP(X), a characterization of X, in terms of
complex interpolation spaces can be derived.

Theorem 8.1 Suppose A € BIP(X). Then
Xo 2[X, X4la, «a€(0,1), (8.5)
the complex interpolation space between X and X — X of order a.

For a proof we refer to Triebel [328], pp. 103-104, or Yagi [342]. The importance of
Theorem 8.1 is twofold. It shows on one hand that X,, is largely independent of A;
for instance if A, B € BIP(X) are such that D(A) = D(B) then D(A%) = D(B%)
for all & € (0,1). On the other hand, (8.5) makes the tools of complex interpolation
theory available for fractional power spaces and it becomes possible to compute
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X, in many cases; see also Section 8.4 below. For example, the reiteration theorem
yields the relation

[Xa,Xg]g = Xa(1_9)+95, foral0<a<p <1, 0€(0,1).
for complex interpolation of fractional power spaces of operators A € BIP(X).

8.2 Vector-Valued Multiplier Theorems

One of the most important tools to prove that translation invariant operators on
LP-spaces admit bounded imaginary powers are Fourier multiplier theorems. Let
us recall first the Marcienkiewicz multiplier theorem for LP(R), 1 < p < co.

Marcienkiewicz Multiplier Theorem Suppose m € BVj,.(R\ {0}) satisfies

R

1
[[m|] == [m|e + sup 5% Ipl|dm(p)| < oo. (8.6)
rR>02R J_ g

Then there is an operator T,, € B(LP(R)), 1 < p < oo, such that

(T )~ =m(p)f(p),  forp€R, feC(R\{0}), (8.7)

and

Tl (e @) < Copllmll, (8.8)

where C), denotes a constant only depending on p € (1,00).

Note that the set of all f € LP(R) such that f € C5°(R\ {0}) is dense in LP(R);
therefore (8.7) uniquely determines T,,. For many applications it is enough to
check the Mikhlin multiplier condition

m e WhEX®\{0}),  esssup{lm(p)] + |pm/(p)] : p € R\{0}} < o0, (8.9)

loc

which obviously implies (8.6).

Let us illustrate the connection between multiplier theorems and imaginary
powers of translation invariant operators on LP(R) by means of the following in-
structive example.

Example 8.1 Let X = LP(R), 1 < p < oo, A = d/dt, D(A) = W'P(R); A
clearly is the generator of the Cp-group of translations defined by (T'(7)f)(t) =
ft+7),t,7 € R. It is not difficult to compute the Fourier multipliers, the symbols
associated with A, T(1), (A — A)~1, etc.

T(r) «— €', T € R; A=A e (A—ip)! Re#0;
_etip
- 1+iep’
A% e Ja(p)]*, e >0, s€R; A" «— (ip)®, se€R.

A —ip; A; — a:(p) e > 0;
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Thus the symbol associated with A% is given by ms(p) = (ip)*. Since m/(p) =
isms(p)/p, p # 0, it is not difficult to check the Mikhlin condition (8.9).

ma(p)] + lomly ()] = (1+ [s)lma(p)] = (1+ |s|) exp(~s7 sign p)

IN

(1+s))ezl®l, seR.

By the Marcienkiewicz multiplier theorem we therefore obtain A € BIP(L?(R))
and

|A™ 5emy < Cp(1+s)elsl, s eR, pe (1,00). (8.10)

On the other hand, A ¢ BZP(L'(R)), since it is well known that m(p) is a multi-
plier for L(R) if and only if m(p) = dk(p), p € R, for some function k € BV (R);
in particular, m(p) must be uniformly continuous on R, which is not the case for
ms (p) o

Turning to the vector-valued case now, it is obvious that Example 8.1 carries over
to LP(R; X)), X a Banach space, whenever the Marcienkiewicz multiplier theorem
holds for LP(R; X). One of the simplest multipliers which satisfy (8.6) or (8.9) is
the symbol of the Hilbert transform

h(p) = —isgnp, p#0, (8.11)

and therefore the Banach space X must be subject to the property that the Hilbert
transform defined by

ce—0 T
R—oo

(Hf)(t) = lim E /< |<Rf(t —s)ds/s, teR, (8.12)

is bounded in LP(R; X) for some p € (1, 00); the limit in (8.12) is to be understood
in the LP-sense. Note that (8.12) exists in LP(R; X) for any Banach space X,
p e (1,00) if f e C&(R\ {0}; X). The class of Banach spaces X such that the
Hilbert transform H is bounded in LP(R; X') will be denoted by H7 .

Even more is true. Suppose A = d/dt belongs to BZP(LP(R; X)) for some
p € (1,00). Then —A € BIP(LP(R; X)) as well, since —A is similar to A with sim-
ilarity (Rf)(t) = f(—t), t € R, the reflection at 0, which induces an isomorphism
on LP(R; X). Consider now the operator K = (—i/sinh7)[A~¢(—A)" — cosh7] €
B(L?(R; X)); its symbol is given by

k(p) = —(i/sinhm)[(ip) " (—ip)! — cosh]

= —(i/sinh7)[exp(—ilog|p| + gsgnp) -exp(ilog |p| + gsgnp) — cosh 7]
= —i- (exp(msgnp) — cosh)/sinhm = —isgnp, p #0,

i.e. k(p) = h(p). Thus if A =d/dt € BIP(L?(R; X)) then X must belong to the
class HT.
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It is surprising that the Marcienkiewicz theorem is valid in the vector-valued
case if and only if A = d/dt € BIP(L?(R; X)) for some p € (1,00), and if and
only if the Banach space X belongs to the class H7.

Theorem 8.2 Suppose X belongs to the class HT, and that m € BVj,.(R\ {0})
satisfies (8.6). Then the operator T,,, uniquely defined by

(T f)™(p) =m(p)f(p), peR, feCR\{0};X), (8.13)
is bounded on LP(R; X), 1 < p < oo, and
Ton|B(zr m:x)) < Cp(X)[ml], (8.14)

where Cp(X) denotes a constant only depending on p and X.

For the proof we refer to Bourgain [32] and Zimmermann [349]].

The basic reference for the class H7 is the survey article Burkholder [35], where
also two other characterizations for the class H7 are given, a probabilistic one,
and a geometrical one. To describe the latter, recall that a Banach space X is
termed (-convez, if there is a function ¢ : X x X — R which is convex in each of
its variables and such that ¢(0,0) > 0 and

C(z,y) <|r+y| forallz,ye X with |z|=|y| =1.

A Banach space X belongs to the class H7 if and only if X is (-convex. See also
Section 8.7 for comments on further properties of the class H7 .

8.3 Sums of Commuting Linear Operators
Let X be a Banach space, A, B closed linear operators in X, and let A + B be
defined by

(A+B)x = Az + Bz, x€ DA+ B)=D(A) ND(B). (8.15)
If A+ B is closed and p(A + B) # (), then for each A € p(A + B), the solution x of
(A+B)x =X x+y (8.16)

belongs to D(A) N D(B); consequently it has the regularity induced by A as well
as that coming from B, it has mazimal reqularity. On the other hand, if A + B
is closable but not closed, and A € p(A + B) then (8.16) only admits generalized
solutions in the sense that there are sequences (z,) C D(A) N D(B), x, — z, and
Yn — ¥y such that

Az, + Br, = Aty +Yn, n€N.

In general, nothing can be said on A + B, it need not even be closable, unless very
restrictive assumptions on A and B are imposed.
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Two closed linear operators A, B in X are said to commute if there are Ay €
p(A), wo € p(B) such that

(Ao —A) (o —B) ' = (o —B) '(Ao—A)7" (8.17)
The spectral angle ¢4 € [0,7] of A € S(X) is defined by
da =inf{¢: p(—A) D 20,7 — @), NN+ A)"H <Cy on (0,7 —¢)}. (8.18)

Tt is obvious that o(A) C (0, ¢4 ) holds, and for A € BZP(X) we have the relation
®a < 04; see Priiss and Sohr [283].

We are now in position to state the following fundamental result which is due
to Da Prato and Grisvard [64].

Theorem 8.3 Suppose A, B are closed linear operators in X which commute and
satisfy the parabolicity condition ¢4 + ¢p < 7. Then

(i) A+ B is closable;

(ii) L= A+ B € S(X) has spectral angle ¢1, < max{oa, dp};

(i) D(L) C Da(1,00) N Dp(1,00);

(iv) If A or B is invertible, then L is also invertible;

(v) y € Da(a,q) [ory € Dp(a,q)] and X\ € (0,7 — ¢r) then x = A+ L)ty €
D(A) N B(B) and Az,Bx € Da(w,q) [ory € Dp(a,q)], for any o« € (0,1) and
q € [1,00].

Here D4(a, q) = (X, X4)a,q denote the real interpolation spaces between X and
X4 whenever A € §(X), and

Da(l,00) = {x € X : esssup [tA*(t + A) x| < oo}

observe D(A) C Dy(1,00) C Da(a,q), for all a € (0,1) and ¢ € [1, o).

There are examples showing that even in a Hilbert space, A + B need not be
closed, in the situation of Theorem 8.3; cp. Baillon and Clément [16]. However,
if the assumptions on A, B and X are strengthened, one can prove the following

result which extends a remarkable recent theorem due to Dore and Venni [101],
[102).

Theorem 8.4 Suppose X belongs to the class HT, and assume A, B € BIP(X)
commute and satisfy the strong parabolicity condition 04 + 0 < 7. Then
(i) A+ B is closed and sectorial;

(ii) A+ B € BIP(X) with 0445 < max{04,05};

(i) there is a constant C' > 0 such that

|Az| + |Bz| < C|Az + Bz|, z € D(A)ND(B). (8.19)
In particular, if A or B is invertible, then A+ B is invertible as well.

For a proof of this result we refer to Priiss and Sohr [283].
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Combining Theorem 8.4 with the methods introduced by Da Prato and Gris-
vard [64] we obtain the following result.

Theorem 8.5 Suppose X belongs to the class HT, and assume

(i) wa+ A, wg+ B € BIP(X), for some wa,wp € R;

(i) A and B commute;

(ZZ’L) 9A+MA + 93+WB <.

Then A + B is closed with domain D(A+ B) = D(A) N D(B) and c(A+ B) C
o(A) + o(B). In particular, if 0(A) No(—B) = 0 then A + B is invertible.

Proof: a) Theorem 8.4 applied to wa + A and wp + B shows that wa +wp+ A+ B
is closed, hence A + B is closed.

Suppose A € 0(A)+0o(B); based on ideas of da Prato and Grisvard [64], we will
derive an explicit formula for (A — A — B)~! which then shows that A € o(A + B).
For this observe first that A € o(A) + o(B) is equivalent to o(A) Na(A — B) = 0.
On the other hand, the assumptions on A and B imply 0(A) C E(—wa,0u,+4),
o(A—=B) C =X(-A —wp,b,,+p) and we may choose 0,,+p <0 < 7 —0,,4+4
such that

M
I(z4+A)7 < ! for all z € X(wa4,0), (8.20)
|z —wal
as well as
(z—(A=B))7Y < M2 for all z € X(wp + A, 0). (8.21)
|z —wp — Al

w.l.o.g. we may assume 0,,,1p < 7/2 and then also 0 < 7/2.

b) Consider the oriented rays I'_o, = —wa— (00, R]e?, T'o = —wa—[R, o0]e
where R > \/§|)\+wA+wB| and so large that I'_ o Ul', C X(wp+A,0). By virtue of
(iii) and since o(A)No (A — B) = 0 it is apparent that ro = d(c(A),oc(A— B))/4 >
0. Consider the open square Qi with center at —w,4 generated by the corners
—wy+ Re*: wlo.g. 0€ Qpr. Choose a grid of mesh size less than 79 on Qr, and
denote the open squares generated by this grid by @, 1 < j < N; w.lLo.g. we may
assume 0 € 9Q; for all j. With 7 = {j : Q; N (A) # 0} define Uy = Ujc 7Q;, and
let T, = OU, with orientation induced by negative orientation of the boundaries
of the squares @;; observe that I'y N o(B) = 0. Let I'}; denote that part of Qg
running from —w4 — Re? to —waRe™* which is contained in ¥(wp + A, #) and
'y = 3@3\1"2 with positive orientation; c.p. Figure 8.1.

ET,NOQr =0 welet Ty = F;; otherwise I'g will defined as follows. Starting
from —w4 — Re® move along I'f; until I'} is reached; then follow I'fy until I'}; is met
again. Continuing this way, after finitely many switches between FE and T'(, one
arrives at —w4 —Re®; from the curve obtained this way remove all closed connected
subarcs, and denote the remaining curve by I'y. By construction, I'y UI'y then is
a closed positively oriented simple curve which does not intersect o(A). Therefore
by the Jordan curve theorem, for each p € o(A) we have either n(I'y UT';, 1) =0
or n(I'y UTR, 1) = 1 according to whether p is outside or inside of I'y UT'j, here
n denotes the winding number.

—1i0
)
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Let Uy denote the union of all @; such that Q; No(A) N {u:n(T1 U, p) =
1} # 0, and let Ty = 9U; with negative orientation; then we have T's N (A) = ()
and n(I'y UT', UTy, 1) = 0 for all p € o(A).

Similarly, for each p € o(A — B) N Qr we have either n(I'y UT R U Ty, u) =
0 or n(I't UT'y UT'9,u) = 1. Denoting by Uz the union of all Q; such that
Q;No(A=B)N{p : n(I'1UI',UTy, p) = 0} # 0, I's = U, with positive orientation,
we obtain n(I'y U-T} UT2 U3, u) = n(I'1 UT R U, i) +n(Ts; 1) — 1 = 0 for all
1€ o(A—B); Finally, we let T =T'_ o, UT'; Ul U2 UT'3, note that n(T's, u) =0
for all p1 € o(A).

Figure 8.1: Integration path for (8.22)

¢) Define
1

=— — A+ B) 'z — A)dz; 22
Sr=g F(Z +B) (2= A)dz; (8.22)
Since the unbounded parts of T', i.e. the rays ', ', are contained in X (wp +
A, 0) N —X(wa,0), with (8.20) and (8.21), the integral in (8.22) is absolutely con-
vergent, and so Sy € B(X); note that I" does not intersect o(4) Uo(A — B). We
claim that Sy = (A — (A + B))~!; by closedness of A+ B for this it is sufficient to

prove
Sx(A—=(A+ B))x=x for each x € D(A) N D(B). (8.23)

For z € I" we have

(z—=X+B)"'(z—A)'(\x — Az — Bzx)
= A=B)z-A+B)'z-A) e —(z-A+B)'A(z— A) 2
= —z-A'z+z-2+B) 'z
= [~(z—A) Az + (2 — (A= B))"Y(A - B)z]/z,

hence

Sx(A—(A+B))zx = L (Z—A)ilAZEdZ/Z—F%\/(Z—()\—B))il(/\—B)l‘dZ/Z.

211 T r
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Contracting I' into I'y = I'y UT', UT', UT'3 within the sector —3(w4, 6) in the first
integral of the right hand side of this identity, and I" into I'g = I'1 U (—I’E) UT'oUT's
within 3(—wa4, 7 — ) in the second one, by Cauchy’s theorem we obtain with
n(Ta,0(A)) =0 and n(T'p,0(A — B)) = 0 by construction

S\(A—(A+B))z = —% g (z— A)'Azdz/z
+ % A (z— (A= B))"'(A\ - B)zdz/z

= [n(T4,0) —n(l'p,0)]z =z,

since I'g = T'a — OQR, i.e. n(I'p,0) = n(T'4,0) — 1; observe that 0 & T'y UT'g.
Thus we have derived (8.23) and the proof is complete. O

Observe that the commutativity assumption in Theorems 8.4 and 8.5 is not as
severe as it is in Theorem 8.3, since a posteriori it may be relaxed by introducing
a perturbation C' : D(A) N D(B) — X which is A + B-bounded with sufficiently
small bound, i.e.

|Cz| < a|Az| + b|Bz| + c|z|, x € D(A)ND(B),

where a, b are sufficiently small. In the situation of Theorem 8.3 only perturbations
of ‘lower order’ are possible, i.e. D(C) D D4(1,00) N Dp(1l,00). We refer also to
the comments in Section 8.7 where more remarks are given.

8.4 Volterra Operators in L?
Let X be a Banach space of class H7 , and consider Volterra operators in the spaces
LP(R; X), 1 < p < 00, of the form b * u, where b € L}, (R} ) is of subexponential
growth. If b is #-sectorial and 1-regular, we show that b gives rise to an operator
B € BZP(X); this will basically be a consequence of Theorem 8.2.

We shall need the following result containing further properties of 1-regular
kernels.

Lemma 8.1 Suppose b € L}, (Ry) is of subexponential growth and 1-regular.

Then

(i) b(ip) := limx—.p b(\) eists for each p # 0;
(ii) b(X) # O for each Re A > 0,\ # 0;

(iii) b(i-) € Wio™ (R {0});

(iv) |pb' (ip)| < clb(ip)| for a.a. p € R;

(v) there is a constant ¢ > 0 such that

clb(IAD] < (B < e M B(AD],  Re A =0, A #0;

() lim, o b(re*?) = 0 uniformly for || < 5.
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Proof: We already observed in Section 3.2 that l-regular kernels do not admit
zeros in C;. Therefore, by simple connectedness of C, there is a holomorphic
function g(A) such that exp(g(A)) = b(A) on C,. l-regularity of b(A) then implies

g’ (W] = B'(\)/bA)] < /I, Re A >0,
i.e. g’(A) is bounded on C4 \ B,(0), n > 0, arbitrary; hence
glip) = lim g(A), p#0,
exists, even uniformly for |p| > 7. Therefore,

blip) = lim b(A) = exp(g(ip)), p #0,
also exists, and the convergence is uniform for 0 < n < |p| < n~%; this implies
(i) and (ii), as well as the boundedness of b(A) on compact subsets of C, \ {0}.
The estimate (3.7) of 1-regularity of b then shows that also 0’()) is bounded on

compact subsets, and so the nontangential limits ¢(p) of b'()) exist a.e. on R, cp.
Duren [106], Theorem 1.3. From the identity

A A N
b(o +ip) — b(o +iT) :i/ b (oc+is)ds, o>0,p-7>0
we then may conclude

P

b(ip) — b(it) = z/ p(s)ds, p-T>0,

T

ie. b(i-) € Wh(R\ {0}) and @(s) = ' (ip) a.e.; we have proved (iii). (iv) follows

loc
from 1-regularity of b. Finally, to prove (v) and (vi) we write

arg A ) ]
g0 =g(A)+i [ g NN g, Re Az 0, A 20,
0
hence by 1-regularity of b(t)

—cm/2 4+ Re g(|A]) < Re g(A) < Re g(|A]) + er/2

and therefore with [b(\)| = exp(Re g())), (v) follows. (vi) is a direct consequence
of (v) since b(A\) = 0 as A - oco. O

We are now ready for the main result of this subsection. In the sequel, LP(R;; X)
is identified with a subspace of LP(R; X), extending functions from L?(Ry; X) by
0 to (—o0,0).
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Theorem 8.6 Suppose X belongs to the class HT, p € (1,00), and let b €
L}OC([R{+) be of subexponential growth; assume that b is 1-reqular and 0-sectorial,
for some 8 < . Then there is a unique operator B € S(LP(R; X)) such that

(Bf)~(p) = f(p), peR, feCFR\{0}X). (8.24)

o

(ip)

Moreover, B has the following properties:

(i) B commutes with the group of translations;

(ii) (u+ B)"1LP(Ry; X) C LP(Ry; X) for each p > 0, i.e. B is causal;
(i1i) B € BIP(LP(R; X)), and g = ¢ = 6y, where

0, = sup{| argb(\)| : Re A > 0}; (8.25)
(iv) o(B) = {1/b(ip) : p € R\ {0}}.

Proof: By Lemma 8.1, b(\) admits continuous extension to C, \ {0}, and the
inequality |argb(ip)| < 6 holds for all p # 0. Thus for each n > 0, there is a
constant ¢(n) such that

e(m1 4 pb(N)] > 1+ [ub(N)|, A€ T\ {0}, |argp| <7 — 0, —n =1,

holds. Define multipliers r,(p) by means of

b(ip)

ru(p) = ~——, pER, p#0, pe30,9,);

u(p) T i) (0,7y)
then

|b(ip)| c(n)
lru(p)| <e(n)——F—— <5, peR, p#0, peX(0,9,),
: 1+ |ullbGip)| Il "

and from

i (ip)
(14 ub(ip))?
using the l-regularity of b(t) we obtain by Lemma 8.1

(i c(n)2|b(i c-c(n)?
()] < 102 ('p) B (n)[b( p)l < (n) ,
b(ip) (14 [ullb(ip)]) |1l

Therefore, by Theorem 8.2, there are operators R, € B(LP(R; X)), uniquely de-
fined by

r.(p) =

peR\ {0}, ueT(0,9,).

Ruf (o) = 1u(p)f (). peR, feCER\ {0} X), (8.26)
and they are subject to the estimate
|R,| < Ol w € X(0,9,). (8.27)

ul
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The relation

T’“(p) - TV(p) = (V - ,LL)T'N(/))’/’V(/)), 1Y c [Ra 1Y 7é 07 M,V S 2(07197])a
then implies the identity
R,—R,=v—pwR,R,, p,vex0,9,). (8.28)

Thus the family {R,},ex00,9,) C B(LP(R; X)) is a pseudo-resolvent in the sense
of Hille and Phillips [180], p.185. According to Theorem 5.8.3 of [180], the kernels
N(R,,) and the ranges R(R,,) are independent of 1, and there is a unique closed
linear operator B in L?(R; X) such that R, = (u + B)~! iff the kernel N'(R,,) of
R, is trivial. The operator B (if it exists) is densely defined iff R(R),) is dense in
LP(R; X); in fact, B is given by B = R;l —ul,ie. D(B) =R(R,).

Since b(ip) # 0 for p # 0 there follows pru(p) — 1 ae. as p — oo and
pry,(p) — 0 ae.. Hence for f e C(R\ {0}; X) we obtain u(R,f)~ — f and
p(tR, )~ — tf in LY(R; X), and so pR,f — f and utR,f — tf in L=(R; X);
this then implies pR,f — f in LP(R;X). Since the set of all f € LP(R;X)
with f € C°(R\ {0}; X) is dense in LP(R; X), by (8.27) we obtain uR, — I
strongly as p — oo, p € X(0,9,). In particular, N(R,) = {0} and there is a
closed linear operator B in LP(R; X) such that R, = (u+ B)™!, pu € 3(0,9,),
thanks to Theorem 5.8.3 of [180]. (8.27) now shows that the spectral angle ¢p
of B satisfies ¢p < 0, < 7 since nn > 0 has been arbitrary. Since ur,(p) — 0 as
u — 0 for p € R\ {0}, a similar reasoning yields u(u + B)~! — 0 strongly as
pu— 0, u € %(0,9,) and so B(u+ B)~1 — I strongly. In particular R(B) is dense
in X, hence N'(A4) = 0, and therefore B belongs to S(X).

To complete the construction of B, by the uniqueness of the Fourier transform
and the density of functions f with f € C$°(R\{0}; X) in LP(R; X), it is clear that
(8.24) determines B uniquely. As 0 < p — oo, we have p(1 + pb(ip)) =t — b(ip) !
a.e., hence as above puB(p+ B) ™' f —, .o Bf for each f € C5°(R\ {0}; X), i.e.
B satisfies (8.24).

To verify (i) it is sufficient to observe the relation (i.vf)(p) =T f(p), p,7 €R,
valid for each f € L'(R; X).

Next we show (ii), i.e. the causality of B. For this purpose observe that there
are functions b, € L} (R4) such that

loc
- b(\
() =~
1+ ub(X)
For f € C§°(R4; X) we therefore obtain

, ReA>0, u>0.

b(\) .

bu* F(N) = b\ () = FON, Re > 0.

1+ pb(N)
Passing to the horizontal limit A = € 4+ ip — ip this yields

by * [(ip) = ru(p) f(ip), foraa. peR,
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and so we have the representation R,f = b, * f for all f € C§g°(Ry; X), by
uniqueness of the Fourier transform. This implies causality.
In the next step we prove

|B*| < K,(1+ |s])el*®,  seR, (8.29)

i.e. B € BIP(LP(R; X)) and 0p < 6,. By Proposition 8.1, it is sufficient to prove
(8.29) for B. = (¢ + B)(1 + eB)~!, uniformly for 1 > ¢ > 0. It is apparent from
the preceding parts of this proof that the symbol of B, is given by

me(p) = (e + b(ip) ™)/ (1 + eblip) ™) = —2=

— 0,
Ty op(p), p#

where o(p) = 1/b(ip). Since ¢(p) is O-sectorial and the function he(z) = (e+2)(1+
£2)~! preserves any sector ¥(0, ¢), ¢ < m, we have |argm.(p)| < 6, p € R\ {0},
€ € (0,1). From this it is immediate that the multiplier m.(p)* which corresponds
to B satisfies

me(p)”| < elllmEml < el pe R, p o,

and
Ao NS = sm(oyis . PPIAE(@(0) e (p)
papmel)”) R R
—  ism.(p) - (1—e%)p(p) (i .l;’(ip)
= BT e+ o) T )

then implies with 1-regularity of b(t) by Lemma 8.1
d is |s]0
Ipd—p(ma(p) )| < Clsle™™, peR, p#0, s €R.

Theorem 8.2 therefore yields (8.29) for B, uniformly for ¢ € (0,1), where K,
depends only on p, X, and b, but not on s € R.

To prove (iv) observe that the symbol of (u — B)~! is given by r_,(p) for
1 € p(B); therefore p € p(B) implies | — 1/b(ip)| > ¢ > 0 for each p € R\ {0},
i.e. o(B) D {1/b(ip) : p € R\ {0}}. Conversely, if u & {1/b(ip) : p € R\ {0}} then
| —1/b(ip)| > ¢ > 0 for p € R\ {0}. Thus Ir—u(p)| < 1/c and also |pr’,(p)| < C
by l-regularity of b(t), and so Theorem 8.2 yields u € p(B). Finally, we have from
(iv) 6y < ¢p < Op < O, hence O, = ¢pp =0p. O

Observe that for each component C of p(B) we either have (u— B) ™' LP(R;; X) C
LP(Ry; X) for all p € C or for none; this follows from the expansion

oo

(n=B)"" = Z(Mo = B)7" (1 — po)"

n=0
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and the connectedness of C. In particular, from the construction of B in Section
8.1 and (ii) of Theorem 8.6 we obtain BX*LP(R; X) C LP(R; X), hence B* has
the same property since B — B strongly as € — 0.

Of interest in applications is also the domain D(B) of B. We want to compare
D(B) with the fractional power domains D(Bg), where By = —(d?/dt?). Tt is well
known that By € S(X), and

(4B N0 = / Z VA f(o)ds, 1€ R, | e LP(R: X):

i.e. 0(Bg) C [0,00) and ¢p, = 0. Since the symbol of By is mo(p) = p?, by
application of Theorem 8.2 it follows as in the proof of Theorem 8.5 that By €
BZP(LP(R; X)) and 6p, = 0. Define then

H*P(R; X) =D(BY?), acRy. (8.30)
It is then clear that H?™?(R; X) = W2™?(R; X), m € N and Theorem 8.1 yields
HM P (R; X) = [LP(R; X); WP (R; X)]a, € (0,1), meN.

Since the symbol of B /% s given by |p|%*, we also have the following characteri-
zation in terms of Fourier transforms. Let f € LP(R; X); then

f € HYP(R; X) < there exists f, € LP(R; X) such that };(p) = [p|*f(p),

for p € R. Here the Fourier transform is meant in the distributional sense.
After these preparations we can now prove

Corollary 8.1 Let the assumptions of Theorem 8.6 hold, let B be defined by
(8.24), and let a, 3 > 0. Then

(i) T, oo |b(12) | < 00 implies D(B) — H*P(R; X);

(i) li_mMHOO|IA)(,u)|u'B >0 and li_mHHOUA)(u)\ > 0 imply H°?(R; X) — D(B).
Proof: (i) The goal is to show that mq(p) = |p|® - b(ip)(1+b(ip))~* is a multiplier
for LP(R; X); this will follow from Theorem 8.2. For |p| < 1, we have |mq(p)| <
|r1(p)| < C, while for |p| > 1 by assumption |mq(p)| < C. The derivative of m(p)
results to

pmi,(p) = (pb'(ip) /b(ip))ma(p) (1 + b(ip)) ™ + amal(p),

from which the boundedness of |mq(p)|+ |pml, (p)| follows by 1-regularity of b and
Lemma 8.1(v), and so Theorem 8.2 applies.

(i) Here we have to prove that mg(p) = [b(ip)(1 + |p|?)]~" is a multiplier for
LP(R; X). Boundedness of mg(p) near p = 0 is equivalent to |b(ip)| > ¢ > 0 for
lp| < 1, and near p = oo to |b(ip)||p|® > ¢ > 0; this then follows by assumption.
For the derivative of mg(p) we obtain

pmig(p) = —(ipb' (ip) /blip))ms(p) = Blpl’ (L + o) "ms(p),  p #0,
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and so boundedness of pmj(p) follows from 1-regularity of b. Theorem 8.2 yields
the assertion. O

Observe that by a well known Abelian theorem (cf. Widder [339], Thm. V.I.L),

t
%in%t_o‘/ b(s)ds = by -T'(a+1), for some o > 0,
- 0

implies

lim p®b(1) = ba,

p—00
hence we obtain \5(,u)| ~ "% as pu — 00, in case b, # 0. This observation yields
with Corollary 8.1

Corollary 8.2 Let the assumptions of Theorem 8.5 hold, B be defined by (8.24),
and assume in addition

(i) imy, o4 [b(r)| > 0;

(i) limy_,g t ¢ fg b(s)ds # 0,00  exists, for some a > 0.

Then D(B) = H*?(R; X).

8.5 Maximal Regularity in LP
Let X be (-convex and consider the Volterra equation with main part

u(t)—|—/0 a(t—s)Au(s)ds :/0 a(t—s)(/os dB(T)u(s—7))ds+f(t), teJ, (8.31)

where a € L}, (Ry), A closed linear densely defined, B € BV,.(Ry; B(X 4, X))
and f € LP(J;X). By means of Theorems 8.4 and 8.6 we can now prove the
following result on maximal regularity in LP(J; X), where J = [0,7]. Here

HP(J; X) = {f), : f € HYP(R; X))}

Theorem 8.7 Let X belong to the class HT, p € (1,00), and assume

(i) A,, = A4+wy € BIP(X), for some wa > 0;

(it) ay,, = e"“ta(t) is 1-reqular and 6,-sectorial, for some wq,0, > 0;

(iii) B € BVie(Ry; B(X 4, X)), B(0) = B(0+) = 0;

(Z’U) 6‘a + 9A+LUA <7,

(v) lim,,— 0ol@(p)|p® < o0, for some a > 0.

Then

(a) for each f = a x g with g € LP(J;X) there is a unique a.e. strong solution
we H¥(J; X)NLP(J; X a) of (8.31), and there is a constant C(T) > 0 such that

|[tla,p + [Aulp, < C(T)]glp; (8.32)

(b) for each f € LP(J; X 4) there is a unique a.e. strong solution u € LP(J; X 4)
of (8.31) with w — f € H*?(J; X) and

lulp + |u = flap +[Aulp < CT)[|f]p + [ASp]; (8.33)
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(c) for each f € LP(J;X) there is a unique a.e. mild solution u € LP(J; X) with
axu € LP(J; X2)NH*P(J; X), and

|ulp + la* ula p + [Aa x ul, < C(T)[flp- (8.34)
Here | - |a,p denotes the norm of H*?(J; X).

Proof: To prove (a), (8.31) will first be reformulated in the following way. Let
v(t) = e “tu(t), g(t) = e “ f(t), a,(t) = e “ta(t), K(t) = fot e~ “*dB(s)(wo +
A)7L where wg > wa, is fixed and w > w, will be chosen later. Then (8.31) is
equivalent to

v+ a, * Av = a, * dK * (wo + A)v + ay, * g. (8.35)

Define an operator A in L?(J; X) by means of
(Av)(t) = (wo + A)v(t), for a.a. t € J,

with
D(A) = LP(J; Xa);
then A € BIP(LP(J; X)) is invertible and 04 < 0a1,,. Define b € L} (R,) as

loc
the solution of
b= woay, *x b+ a,.

Since |a(\)| — 0 with Re A — oo, by the Paley-Wiener lemma b € L*(R, ) provided
w has been chosen large enough, and b is again 1-regular and sectorial, in fact,
Op < 04 + 0(w) where (w) — 0 as w — oo. Define B € BIP(LP(J; X)) as the
restriction of the operator B constructed in Theorem 8.6 to LP(J; X); this makes
sense in virtue of causality. B is invertible and B~'v = b v for all v € LP(J; X).
Observe also that the constants C(n) and K, are uniform for w > wy, where wy is
sufficiently large. Thus we can rewrite (8.35) in abstract form as

Av+Bv=KAv+g (8.36)

in Z = LP(J; X). Since A and B obviously commute and with ws sufficiently large,
04+608 <Oarw, +0.+0(w)<m forw>ws,

holds, Theorem 8.4 applies; note that LP(J; X) belongs to H7 since X has this
property and 1 < p < co. Therefore A + B is invertible and £ = (A+B)~! : Z —
Z 4N Zp has norm independent of w > max{wy,ws}. Thus (8.36) can be rewritten
as

w=KALw+g (8.37)
in Z, where w = (A + B)v. From (iii) we obtain

T T
IKlg(z) < / |dK (t)|px) = / e “NdB(t) (x| (wo + A) Mpxixa) — 0
0 0
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as w — 00, and since |AL|p(z) is bounded as w — oo, there follows [CAL[pz) < 1
for w sufficiently large. Then (8.37) admits a unique solution w € Z for each
g € Z, hence (8.36) admits a unique solution v € Z4 N Zp for each g € Z, i.e.
(8.31) admits a unique solution u € LP(J; X 4) for each f € LP(J;X). Moreover,
by Corollary 8.1 we have Zg = D(B) — H*?(J; X), hence the solution u of (8.31)
also belongs to H*P(J; X). (8.32) follows from the closed graph theorem. This
proves (a).
To prove (b) we reformulate (8.31) with w =u — f as

w+axAw=axdBxw+ax* (dB=x f— Af),

and so (b) follows from (a).

To prove (c) we first solve (8.36) with g = f and obtain v € D(B)NLP(J; X ).
Then wu, = Bv 4+ wov € LP(J; X) and a,, * u, = v. This then shows that u(t) =
e“tu,(t) is an a.e. mild solution of (8.31) with the desired properties. Further, if
w is an a.e. mild solution then a *u is an a.e. strong solution, hence unique by (a),

and so Titchmarsh’s theorem implies uniqueness of a.e. mild solutions. O

8.6 Strong LP-Stability on the Halfline
As another application of the approach via sums of linear operators from Section
8.3 we consider (8.31) on the halfline.

Definition 8.2 Equation (8.31) is called strongly LP-stable, if for each g €
LP(Ry, X) there is a unique a.e. strong solution u € LP(Ry, X 4)) of (8.31) on Ry
with f =ax*g.

If (8.31) is strongly LP-stable then by the closed graph theorem there is a constant
C > 0 such that the estimate

[ulre o xa) < Clfler@myixa)s  f € LP(Ry; Xa),

holds, i.e. the solution operator f — u is well-defined and bounded in LP(R;; X 4).
Theorems 8.5 and 8.6 yield the following result which gives sufficient conditions
in the parabolic case; necessary conditions will be derived in Section 10.1.

Theorem 8.8 Let X belong to the class HT, p € (1,00), A a closed linear
operator in X with dense domain, a € L}, .(R}) of subexponential growth, and
assume

(i) wa + A € BIP(X), for some wa > 0;

(i) a(t) is 1-regular, and lim, ., |a(X)] > 0;

(i) O :=lim|y| 0| arg G(N)| < ™ — O, ;

(i) ac(A)N{=1/a(\): Re A >0} =0.

Then there is a constant 3 > 0 such that equation (8.31) is strongly LP-stable, for
each B € BV (Ry; B(Xa,X)) with Var B|g° < 3.

Proof: The result will be proved by means of Theorem 8.5. Define the operator
Ain Z = LP(Ry; X) by

(Au)(t) = Au(t), fora.a.t>0, ue D(A) =LP(R; X4);
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then by assumption (i), we have ws + A € BIP(Z) and 0,44 < 6,,44. Define
By on LP(R; X) by

flp), peR, feCs(R\{0}X),

(BOU) (p) &(Zp)
and denote by B the restriction of By to Z. We show by Theorem 8.6 that w+ By €
BIP(LP(R; X)) for w sufficiently large.

For this purpose we let a,, € L}, .(R;) be defined by a,(A) = a(\)/(1+wa(N)),
and 6, = sup{|arg(\)| : Re A > 0}. Since by (ii) and Lemma 8.1, for each R > 0
there is € = e(R) > 0 such that |a(\)| > ¢ on C, N Bg(0), for any given 1 > 0
there is w(n) such that

0, <0,+n forw>wn). (8.38)
In fact, by definition of 6, there is R = R(#) such that
larg @u (V)] = arg(@(\) + wla(N)*)] < Jarga(A\)| < 0o+, A€ Ty, [A = R(n).

Choose w(n) > (¢(R(n))sinf,)"', in particular we > 1; then for A € C; N Bg(0)
we obtain

|arg(a(A) + wla(A)[*)]

IN

|arg(a(A) + wela(A)])]

< arcsini <b,, ifw>w(n),
we

and so (8.38) follows. Thus a, is 1-regular and 6,-sectorial, hence Theorem 4.6
yields w + By € BIP(Z) and 0,18, < 0,. Clearly the restriction B of By to Z
also satisfies w+ B € BIP(Z) and 6,5 < 6, by causality, and moreover A and B
commute. By (iii) the assumptions of Theorem 8.5 are satisfied, and so A + B is
closed with domain D(A) ND(B). To prove the invertibility of A + B by means of
Theorem 8.5, it remains to show (A) N o(—B) = (. This, however, follows from
assumption (iv), since o(A) C o(A) and

o(B)={1/a(\): Re A >0},

which is implied by Proposition 8.2 below.
For f =axg, g € LP(R; X), (8.31) is therefore equivalent to

Au+ Bu=Ku+g
where

(Ku)(t) = /Ot dB(T)u(t —7), fora.a. t>0, uec D(A),

or to
w=KA+B) wt+g, w=(A+B)u.

If Var B|F < B = |(A+B)_1|l§(12,ZA) then [KC(A+B)~1| < 1, hence Z—K(A+B)~!
is invertible in Z, and the result follows. O
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Proposition 8.2 Suppose X belongs to the class HT, p € (1,00), and let b €
L}, (Ry) be of subexponential growth, 1-reqular and 0-sectorial, for some 6 < T.
Let B € S(LP(R; X)) be defined by (8.24) in Theorem 8.6 and denote by B the
restriction of B to the subspace LP(Ry; X). Then

o(B) = {1/b()\) : Re X > 0}. (8.39)

Proof: D: Suppose p € p(B), choose any € X,  # 0, and z* € X* such
that < z,2* >= 1 and consider f(t) = e 'z. Since f € LP(Ry;X), there is a
unique solution u € LP(Ry; X) of pu — Bu = f; therfore ¢(A) =< a(N),z* > is
holomorphic on Cy and satisfies

SN (1 —1/b(\) =1/(1+ ), Re > 0.

This implies 1 # 1/b()\) for all Re A > 0, i.e. {1/b(A) : Re A > 0} C ¢(B), and so
D of (8.39) follows from the closedness of o (B).

C : Conversely, suppose dist(z; {1/b(A) : Re A > 0}) > 0; then by the Paley-
Wiener lemma, there is b, € L}, .(Ry) such that

bu(\) = & Re A > 0.
ub(\) —1

Therefore, w = b, * f is the unique solution of u = pb* v — b * f. On the other
hand, ;1 € o(B) by Theorem 8.6, hence for each f € C5°(R; X) there is a unique
solution v € LP(R; X) of yv — Bv = f. As in the proof of Theorem 8.6 then

i(ip) = bu(ip) f(ip) = 0(p), peR\{0},

hence v = v by uniqueness of the Fourier transform, and so v € L?(R,; X). This
implies p € o(B). O

It is known that the Mikhlin multiplier theorem (i.e. (8.6) replaced by (8.9)) is
valid also for an operator-valued multiplier acting between two Hilbert spaces; see
e.g. Bergh and Lofstrom [22], Theorem 6.1.6. By means of this result, Theorem
8.8 can be extended considerably, in case X and Y are Hilbert spaces. Here we
prove only one such result for nonscalar equations; cp. Section 7.2.

Theorem 8.9 Let X,Y be Hilbert spaces with continuous and dense embedding
y <4 X, and let A € L} (R, ;B(Y, X)) be of subexponential growth. Assume (7.1)

loc
is weakly parabolic and A(t) is weakly 1-regqular, let S(t) denote the weak resolvent

of (7.1), and consider the solution map T defined by

d

= E/o St—7)f(r)dr, t>0, fe W'(Ry; X). (8.40)

(TH@)
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Then T € B(LP(R4+; X)), 1 < p < oo. If in addition (7.1) is parabolic and A(t) is
1-regular, then T € B(LP(R.;Y)).

Proof: Let M(\) = (I — A(\))™!, Re A > 0; then
(TH N =MN)F(A), ReA>0, feWH(R,; X).

By weak parabolicity of (7.1) and weak 1-regularity of A(t), we obtain as in the
proof of Theorem 7.2

IM(N)|sx) + IAM'(N)|gx) < C, Re A >0.

Hence the Mikhlin multiplier theorem for operator-valued multipliers on Hilbert
spaces implies that there is a constant C}, > 0 such that

e T fl, < Cplfe™lp, fe WM (R X), >0,

with e — 0 this implies T € B(LP(R4; X)). For the second assertion replace X by
Y. O

8.7 Comments

a) The theory of complex powers of linear operators was developed independently
by Balakrishnan, Kato, and Krasnosel’skii and Sobolevskii. For general expositions
of this theory, we refer e.g. to the monographs of Krein [200], Tanabe [319], Triebel
[328], and Yosida [347]. Komatsu [199] seems to be the most general treatment
which is available presently; there neither D(A) nor R(A) need to be dense in X
and NV (A) is allowed to be nontrivial.

b) The class BZP(X) has been introduced in Priiss and Sohr [283]. So far no
nontrivial characterization of this class seems to be known, even in the Hilbert
space case. On the other hand, some permanence properties have been proved; we
only mention the following:

(i) Ae BIP(X) e A~ € BIP(X);

(i) A € BIP(X), T € B(X, Z) invertible = TAT~! € BIP(Z);

(i) Ae BIP(X), 0 < a <7/0a = A™ € BIP(X).

(iv) A€ BIP(X),c>0=cA € BIP(X);

(v) Ae BIP(X),e >0=¢+ A € BIP(X).

Here (i)~(iv) are more or less simple consequences of the definition of A% and a
proof of (v) can be found in Priiss and Sohr [283].

c¢) The paper of Baillon and Clément [16] contains examples of sectorial operators
in a Hilbert space which do not belong to the class BZP(X). On the other hand,
in the Hilbert space case large classes of operators are known which do belong to
BZIP(X); we mention the following.

(i) A normal and sectorial = A € BIP(X) , 04 = pa = sup e, a) |arg Al;

(ii) A generator of a bounded strongly continuous group

=+A€ BIP(X) and 04 = ¢4 = 7(/2;
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(iii) A m-accretive = A € BIP(X), ¢pa <04 < 7/2;
(iv) A regularly m-accretive with angle ¢4, i.e. A m-accretive and

(tanpa)[Im(Azx,z)| < Re (Az,z) for all z € D(A)

= A€ BIP(X), ¢pa <04 <7/2—pa.
Here (i) and (ii) are implied by the functional calculus for normal operators in
Hilbert space -in case (ii), A is similar to a skew-adjoint operator-, while (iii) and
(iv) are based on the functional calculus for contractions in Hilbert spaces, the
H*°-calculus; see Foias and Nagy [118].

d) Let Q C C be open. A closed linear densely defined operator A in X is said to
have an H>(Q2)-functional calculus if o(A) C Q, and there is a continuous algebra
homomorphism f +— f(A) from H*(Q2) to B(X), such that (A— A)~! = f\(A) for
each A € Q, where f\(z) = (A — 2)~!. Obviously, if A is sectorial and admits an
H>(3%(0,0))-functional calculus, then A € BIP(X) and ¢4 < 04 < 6; however,
the converse of this is in general not true. A admits a H*(%(0,0))-functional
calculus, 0 < /2, if and only if —A generates a bounded analytic semigroup in X
and

o0 .
/ | < Ae_Ateld)x,x* > |dt < oo, forallze X, z* € X*, |¢| <6,
0

is satisfied. The latter was recently proved in Boyadzhiev and deLaubenfels [34].
For other results concerning H°-calculus see Boyadzhiev and deLaubenfels [33],
Duong [104], [105], McIntosh [238], McIntosh and Yagi [239], and Yagi [343].

e) A Banach space X is said to have the unconditional martingale difference prop-
erty (UMD) if for each p € (1,00) there is a constant C), such that for any martin-
gale (fn)n>0 C LP(Q, X, u; X) and any choice of signs (,,)n>0 C {—1,1} and any
N € N the following estimate holds.

|f0+z€n n = fn-)|r @z ux) < Cplfnlre@ s umx)

n=1

for the notion of vector-valued martingales see Diestel and Uhl [99]. The class of
UMD-spaces was introduced by Burkholder who also established the equivalence
to (-convexity; Burkholder and McConnell proved the implication UMD=- HT,
and its converse is due to Bourgain [31]. For these results and others see the survey
article by Burkholder [35].

f) It is known that a (-convex Banach space is superreflexive, and therefore ad-
mits a uniformly convex, uniformly smooth equivalent norm. On the other hand,
Bourgain [31] contains an example of a superreflexive Banach lattice which is not
(-convex.
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Every Hilbert space is (-convex, and if (£2, 3; i) is a measure space, p € (1,00)
then LP(Q, X, u; X) is -convex if X has this property. Closed subspaces, quotients,
duals, finite products of (-convex spaces are again (-convex. If X,Y are (-convex
then the complex interpolation spaces [X,Y], as well as the real interpolation
spaces (X,Y),,q are again (-convex, provided 1 < ¢ < co; cp. Burkholder [35].

g) For a classical proof of the Marcienkiewicz multiplier theorem for LP(R) we
refer to Stein [316]. Its vector-valued version, Theorem 8.2, is due to Bourgain
[32]. McConnell [237] and Zimmermann [349] contain extensions of this result to
the n-dimensional case, i.e. for LP(R™; X).

h) The Marcienkiewicz multiplier theorem can also be used as a starting point
to prove that the Laplacian —/A with Dirichlet or Neumann or Robin boundary
conditions belongs to BZP(LP(f)), where 2 C R”" is open, df2 sufficiently smooth,
and p € (1,00). See Fujiwara [125], Seeley [299] for much more general elliptic
differential operators with C*°- coefficients, and Priiss and Sohr [284] for second
order operators with C'®-coefficients. If positivity is present, i.e. if second order
operators in divergence form are considered, the transference principle of Coifman
and Weiss [56] can be used; see also Clément and Priiss [54]. This approach has
been carried out by Duong [104].

The Stokes operator introduced in Section 5.6 is also known to have bounded
imaginary powers in LP(€; R™); see e.g. Giga [130] and Giga and Sohr [131].

i) In the situation of Theorem 8.3, Sobolevskii [310] calls the pair (A, B) a coercive
pair if A+ tB with domain D(A) N D(B) is closed for all ¢ > 0 and there is a
constant M > 0 such that

|Az| + t|Bz| < M|Ax +tBz|, for allx € D(A)ND(B), t > 0.

He then obtains the so-called mized derivative theorem, i.e. there is a constant
C > 0 such that

|APB=Pz| < C|(A+ B)x|, =€ D(A)ND(B)

for each 8 € (0,1). This result is very useful in particular for nonlinear problems,
since e.g. in Theorem 8.7 one obtains the additional regularity u € HY%?(J; X;_g)
for the solution of 8.31.

j) The results of Section 8.4 generalize and improve Theorem 1 in Priiss [278]
where a € BV(Ry) was assumed. Theorems 8.7 and 8.8 extend Theorem 6 of
Priiss and Sohr [283]; see also Clément and Priiss [54], where applications to heat
flow with memory are given. For applications of results like Theorems 8.7 and
8.8 to nonlinear problems see Clément and Priiss [55], Giga and Sohr [132], Orlov
[265] and Priiss [279].

k) In Sections 8.5 and 8.6 one may apply of course the Da Prato Grisvard result,
Theorem 8.3, instead of the Dore-Venni theorem, Theorem 8.4, but then without
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further restrictions on the inhomogeneity f no BVy-perturbations can be included.
For the case B = 0 this approach has been worked out in the paper Clément and
Da Prato [52] for the whole line case where the kernel is integrable and completely
positive. For an interesting application of Theorem 8.3 to equations of the form
u+ Aaxu+ Bbxu = f see Pugliese [285].



9 Viscoelasticity and Electrodynamics
with Memory

The discussion of problems in linear viscoelasticity leading to linear abstract
Volterra equations which was begun in Section 5 is continued here. Models for
viscoelastic beams and plates are introduced and their well-posedness is studied
by means of the results on Volterra equations of scalar type from Chapter I but
also by those on equations of nonscalar type from this chapter. In Sections 9.3 and
9.4 two approaches to general linear thermoviscoelasticity based on the results of
Sections 6, 7, and 8 are carried through. Under physically reasonable assumptions
these yield well-posedness in the variational setting, but also in the strong if the
material in question is almost separable. In Sections 9.5 and 9.6 memory effects
in isotropic linear electrodynamics are discussed and via the perturbation method
well-posedness of the whole space problem as well as of a transmission problem
are proved.

9.1 Viscoelastic Beams

Consider a beam [0,1] x Q of length | and uniform cross section  C R? made of
a homogeneous isotropic viscoelastic material. W.l.o.g. we assume fQ z dy dz =
fQ y dy dz = 0, i.e. (0,0) is the center of Q. Let the bending take place only in
the (z, z)-plane; then the stress components 015 and o953 do not depend on y. For
thin beams, i.e. diam ) = § << [, the normal stresses are in general negligible,
hence we assume also o095 = 033 = 0. Concentrating on the components u; and us
of the displacement, 011 and 013 are the only relevant entries of the stress. As in
Section 5.4, the stress-strain relations (5.14) lead to

011 :de*éll (91)
where de denotes the tensile modulus defined by (5.48), and to
g13 — 2da * 513,

where da denotes the shear modulus. Following a device introduced by Timoshenko
the latter will be replaced by

013 = 2kda * élg, (92)

where x > 0 is called the shear correction coefficient. The factor k was introduced
to account for the fact that, in general, the shearing strain is not uniform over a
cross section of the beam.

Balance of momentum then yields the following equations for u; and us.

po’ih = de * U1y + Kda * (’lllzz =+ a3wz) =+ pobl, (93)
poiiz = Kkda * (ulzz =+ uSmm) + pobs; (94)
J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_9, 236

© Springer Basel 1993



9. Viscoelasticity and Electrodynamics 237

observe that for reasons of consistency one should have bs = 0. If the beam is
clamped at one end, say at x = 0, free at the other end, the boundary conditions
become

u1(t,0,2) = us(t,0,2) =0, (9.5)

o11(t, 1, z) = g1(t, 2), o13(t,1,2) = gs(t, 2), (9.6)

where g denotes the force acting on the end of the beam; for consistency we assume
g2 = 0. With (9.1) and (9.2) boundary conditions (9.6) become

de x U1,(t,1,2) = g1(t,2), Kda* (U1, + Usz) (¢, 1, 2) = g3(t, 2). (9.7)
At the lateral boundary [0,1] x 992 we obtain
013(t71‘7y7z)n3(ya Z) = h’l(thaya Z)a (98)

where h is the force acting on the surface of the beam, and n = (ng, n3) denotes the
outer normal of 2. Again for consistency reasons we have to assume hy = hg = 0.
With (9.2) this yields the boundary condition

nykda * (ulz + U3L) =h; onRx [O,Z] x Of2. (99)

To derive the Timoshenko beam model we introduce new dependent variables,
namely

w(t,x) = é/gu;;(t,x,z)dy dz, (9.10)

the mean displacement of the beam,

1
o(t,x) = B/QZ ui(t, x, z)dy dz, (9.11)

the mean angle of rotation of a cross section of the beam, and
1
Y(t,x) = — | ui(t, z, 2)dy dz, (9.12)
a Jo

where

a= / dydz = mes (), p= [ 2dydz.
o o

Taking the mean value of (9.4) over © and the first moment w.r. to z of (9.3) we
obtain with an integration by parts and by (9.8)

poW = kda* (W + wx) + fs
pod de % ¢puy — (ar/B)da x (g + ) + f, (9.13)

where

1
fs = @/ bsdy dz, fi, = @/ zbidy dz + —/ zhidw.
o Jo B Ja B Jaa
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Boundary conditions (9.5) and (9.6) yield
w(t,0) =¢(t,0) =0, teR (9.14)

and _ )
de x ¢ (t,1) = gu(t), rdax (i, +)(t,1) = gs(t), (9.15)
where ) )
ault) = 5 /Q st )y dz | ga(t) = - /Q gs(t, 2)dy dz,

are the bending moment resp. shear force applied at the free end = = [ of the
beam.

To obtain a complete set of equations, a relation between ¢ and v has to be
added. If in addition fQ 2dy dz = 0, e.g. if Q is symmetric w.r. to the (z,y)-plane,
Taylor expansion of u; yields

¥ =¢+0(5%),

i.e. for thin beams the approximation ¥ &~ ¢ is reasonable. The resulting model
for thin beams is called viscoelastic Timoshenko beam, in honour of the pioneering
work of Timoshenko in this field.

pots = kda* (Wey + bu) + fs
pod = dex duy — Kydax (s + )+ fo, (9.16)

where v = /3, and the boundary conditions in the homogeneous case become

w=0, ¢=0atx=0
¢ =0, wy+¢=0 atz=I. (9.17)

Other boundary conditions are possible, we mention here only the supported end
w=0, ¢;=0
and the guided end
0=0, ¢o+w,=0.

Of interest is also the limiting case x — oo, which gives the so called (viscoelastic)
Rayleigh beam. As k — o0, (9.16) formally yields ¢ = —w, and elimination of the
terms containing « leads to

P — Polzy + dé * Wagpe = f (9.18)

with f = vfs + foe- The boundary conditions in the homogeneous case then
become for the clamped end

w=0, wy,=0,
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for the supported end

for the guided end
wy =0, —poy + de * Wyze =0, (i.e. Wyge = 0),
and for the free end
Wee =0,  —poWy + de * Wyge = 0.

Since v is of the order =2, in many papers the term poti,, in (9.18) is neglected;
this leads to the viscoelastic Fuler-Bernoulli beam

YpoW + de * Wygrr = [ (9.19)

In this situation the boundary conditions for the clamped, supported and guided
end are the same as before, while for the free end they become

Wee =0, Weze =0.

To begin the discussion of the well-posedness of the three beam models de-
scribed above, it is clear that the Fuler-Bernoulli beam with any of the boundary
conditions at either end considered here leads to Volterra equations of scalar type
of the form (1.1) in X = L?[0,!] and with a selfadjoint operator A which is neg-
ative semidefinite. Thus results of Chapter I are applicable, and keeping in mind
that the tensile modulus de(t) can be expected to be at least of positive type,
well-posedness follows e.g. from Corollary 1.2. Moreover, the discussion of the
one-dimensional problems in Section 5.4 apply for the Fuler-Bernoulli beam as
well.

The situation is a little different for the Rayleigh beam. Excluding free ends
for the moment, one may proceed as follows. (9.18) can be written as (w.l.o.g.
po=1)

(y+Bw=exAw+g (9.20)
in X = L2[0,1], where A = —(d/dz)* with D(A) C W*2[0,] including the involved
boundary conditions, and B = —(d/dz)? with D(A) C D(B) C W%2[0,1] such
that B is positive semidefinite; A is negative semidefinite as before. With v =
(v + B)Y2w, (9.20) can be rewritten as

v=ex Agv+h, (9.21)

where Ap = (y+ B)~Y2A(y + B)~'/? is again negative semidefinite. In this way
(9.18) has been reduced to a scalar Volterra equation in L2[0,]; note that w then
lives in its ‘natural space’ W'2[0,1]. This approach does not work if one end of
the beam is free since then one of the corresponding boundary conditions contains
the kernel de. In this case one may still use a variational approach as in Section
6.7, where H = W12[0,1], V = W?220, 1], modulo low order boundary conditions.
The resulting resolvent will be subject to the energy inequality |S(t)|sa) < 1.
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Turning to the viscoelastic Timoshenko beam, we observe first that (9.16) is of
the form (1.1) in X = L?[0,1] x L?[0,1], provided the material is synchronous; cp.
Section 5.4 (iii). The operator A is defined by the matrix

A= ( Hpalalgv Hpala”c . )
—KkYpy On, B0 —kypy ' )’

where 8. = 96/[po(38+1)], 8 from Section 5.4 (iii), and the domain of A, D(A) C
W220,1] x W22[0,1] contains the boundary conditions in question. With any of
the boundary conditions discussed above at either end, A is negative semidefinite,
and so results of Chapter I are applicable.

In case the material is not synchronous then (9.16) will not be of scalar type.
In this situation we may apply the results of Section 6, in particular Theorems
6.4. and 6.5. In fact, with

Alt) = Hpgla(t)5§7 Hpgla(t)az
—rpy a(t)d,  e(t)py 02 — rypg talt)

in X = L20,1] x L2[0,1], Y = D(A(t)) € W22[0,1] x W*2[0,]] incorporating
the boundary conditions in question, (9.16) can be rewritten as (6.1). It is easy
to check that dA(t) is of positive type in X, (21\4()\) is negative semidefinite for
each A > 0, provided only da and de are of positive type. Therefore Theorem
6.4 yields a weak resolvent for (9.16) in X, which is even an a-regular resolvent
by Corollary 6.6 if in addition there is k& € BVj,.(R4) with £(0+) > 0 such that
b = dk * a; such materials will be called almost synchronous. We may apply
Corollary 6.7 instead if both ends are either guided or supported to obtain a
resolvent for arbitrary isotropic and homogeneous materials. For example, if the
end at x = 0 is supported and that at x = [ is guided we have

Y = {(w’¢) € W2,2([0,Z]; RQ) : U)(O) = ¢z(0) = ¢(l) = wx(l) = 0}7
and it is easy to check that
Z = {(w,¢) € WH2([0,1; R*) NY : 024(0) = ¢0(0) = (1) = War(1) = 0}

satisfies the assumptions of Corollary 6.7.

On the other hand, if a free or a clamped end are involved it is not clear
whether such a space Z exists, and so in the not almost synchronous case no more
regularity of the weak resolvent can be obtained by the results of Section 6.6. But
still the variational approach of Section 6.7 can be applied, which gives some more
regularity, at least. We leave the developement of this to the interested reader.

9.2 Viscoelastic Plates

Similarly to the derivation in Section 9.1, models for thin viscoelastic plates may
be obtained. We shall not carry this through here, but simply state the resulting
models, and refer to Lagnese and Lions [204] for more details.
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Let the plate be represented by a bounded domain Q C R? located in the
(z,y)-plane. In the Midlin-Timoshenko plate model there are three dependent
variables, the mean normal displacement w, and the mean angles of rotation 1,
¢ of the cross sections © =const, y = const. Assuming again that the material is
homogeneous and isotropic with mass density py and material functions a(t) and
b(t), the equations are

pov = Kda* [Wyg + Wyy + 1/1m + ¢y} + fw
pO@Z; = dax [11[}ZEZE + wyy] +dc * [¢ZEI =+ (bzy] — yrda * [wy + ] + fy (9.22)
pO‘ié = dax [d)r"c + ¢yy] +dex [¢yy + 1/}7"?/] - vﬂda * [’LUy T ¢] + f¢

for t € R, (v,9) € Q C R% Here k denotes the shear correction coefficient,

v =6/6% 8§ > 0 the thickness of the plate, and the modulus c¢(t) is defined by the
relation R

C?C()\ _ ?da(/\)db/(i\) ,

3db(\) + 4da(N)

Observe that as in Section 5.4 (iii), ¢(t) exists and is a Bernstein function if a(¢) and
b(t) are such; in the synchronous case b(t) = Ba(t) we have c(t) = [98/(38+4)]a(t),
i.e then (9.22) involves only one kernel, hence is of scalar type. The boundary
conditions on the part I'. C 92 where the plate is clamped are

A>0. (9.23)

w=1vY=¢=0, teR, (z,y) el (9.24)

on the free part I'y C 02 we have

rda * [0w/On + ngth + nyd] = gu
da * [”w(wz - ¢u) + nu(wy + ¢z)} + de x [nz(% + ¢y)] = gy (9.25)
da * [ny(¢y _wm)‘i‘”x(wy +¢z)} + de x [ny(¢m +¢1/)] = 9¢

where n = (ng,n,) denotes the outer normal of Q at (z,y) € 0. Another
boundary condition of interest on I's C 0f2, the simply supported part, is

da * [nz(wz - ¢y) + ny(¢y + (151)] +dc * [’I’Lm(’(/}z + ¢y)] = 0 (9.26)
da x [ny(¢y - 'l/)x) + nr(wy + ¢x)] +dcx [ny(wz + ¢y)]

In the limiting case k — oo one obtains the viscoelastic Kirchhoff plate model, i.e.
P = —Wg, ¢ = —wy, and

Ypot — po A + (da + dc) x A% = f, tER, (z,9) € Q. (9.27)
The boundary conditions become on the clamped part R x I'.

w = Jw/On =0,
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on the supported part R x I’y

w = 0
(da + dc) * Aw — 2da = (niww + niwyy — 2ngnylhyy) = O,
and on the free part R x I'f
(da + dc) * Aw — 2da * (nf}wm + N2y — 2nanytie,) = g
—po0w/On + (da + dc) * O(AWw)/On + de * (Wygy — Wyyz)(Ne —ny) = h.

Observe that besides the dimension of the underlying domain, there is a fun-
damental difference between the beam models discussed in Section 9.1 and the
corresponding plate models. Namely both kernels da, dc characteristic for plates
not only enter the equations but also the boundary conditions mentioned here,
except for an entirely clamped plate. As a consequence, for nonsynchronous ma-
terials so far only the variational approach of Sections 6.7 and 7.3 can be used to
establish well-posedness and existence of the resolvent, unless the plate is entirely
clamped.

In the synchronous case the Midlin-Timoshenko plate is of scalar type, and the
Kirchhoff plate is so if the boundary 92 contains no free part, i.e. I'y = (). Since
Be =98/(38+4) < 3 it is not difficult to show that the corresponding operators A
of these models are selfadjoint and negative semidefinite in X = L?(Q)3 for (9.22)
and X = L?(Q) for (9.27). Therefore the results of Chapter I apply again.

If the plate is entirely clamped we obtain similarly to the case of beams a weak
resolvent by means of Theorem 6.4, which is also an a-regular resolvent if the
material is almost synchronous, thanks to Corollary 6.6.

In the general case the variational approach can be used if both, da(t) and de(t)
are of positive type, i.e. e.g. if a(t) and b(t) are Bernstein functions. However,
we shall not do this here since Section 9.4 is entirely devoted to the variational
approach to the more complicated problem of three-dimensional thermoviscoelas-
ticity, and we want to avoid too many repetitions.

9.3 Thermoviscoelasticity: Strong Approach

Consider a 3-dimensional body which is represented by a bounded open domain
Q C R® with smooth boundary 99, and let py € C(2), po > 0, be its density
of mass. According to Section 5.3, linear thermoviscoelasticity of this body is
governed by the equations

po(z)o(t,x) = div St z) + po(x)g(t, x)
E(t,z) = —divq(t,z)+r(t, x)
Sitz) — /O dA(r, 2)E(t — 7, 7) — /0 dB(r, )0t — 1,7)  (9.28)
e(t,x) = /OOO dm(r,2)0(t — 7, x) + /OOo dB(r,z) : E(t — 7, )
q(t,z) = - /OOo dC(r,z)VO(t — T, x),
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for t € R, x € Q, where v,¢,S8,q,0,g,r have the same meaning as in Section 5.
For the formulation of the boundary conditions, let I'q, I's, I'p, I'y C 9€2 be closed,
such that fd N fsz 0, ﬁ, n ff: 0, TqUIly =T, Uy = 99, and let n(z) denote
the outer normal of 2 at x € 9Q2. Then

v(t,z) = wa(t,x), teR, x Efd,
S(t,x)n(z) = gs(t,z), teR, zely, (9.29)

Ot,z) = Oyt,z), teR, zely,

—q(t,z) -n(zr) = qft,x), teR, = Ef‘f,

are the natural boundary conditions for (9.28). In the sequel we shall always
assume that these are homogeneous, i.e. v4 = gs = O, = ¢y = 0; as usual, this
can be achieved by suitable transformations of the variables v, e, S, ¢, ©, ¢ and the
forcing functions g and r, if the inhomogeneities in (9.29) are sufficiently smooth.

To obtain a reformulation of (9.28) and (9.29) as an abstract Volterra equation
of the form (6.1), i.e.

u(t) = F(t) + /0 "Alt— Du(n)dr, £30, (9.30)

where A € BV, (R4;B(Y, X)), Y <, X, the spaces X,Y and the variable v must
be chosen carefully. We intend to work in an L2-setting, and choose

X = L*(R?) x L?(; Sym{3}) x L*(Q) x L*(Q; R?);
the variable u will be .
u= (by x0,8,be % O, q),

where the kernels b,,,b. € L}, (Ry) are still to our disposal. Next we introduce

two operators T,,, T, which take care of the differentiations w.r.t. space involved
in (9.28) as well as of the boundary conditions (9.29).

1.6 =-VO, ©cD(T.)=W. (),

1
T = 5 (Vo + (Vo)'), veD(T,) = Wh2(R?). (9.31)

Observe that T, : D(T.) C L*(2) — L?(Q;R3) is linear, closed, densely defined,
and the range R(T,) is closed in L?(Q;R3) by Poincaré’s inequality. Similarly,
T : D(Ty) C L2(Q;R3) — L2(£2;Sym{3}) is linear, closed, densely defined, with
range R(T5,) closed in L?(Q; Sym{3}) by Korn’s second inequality. Also of interest
here are the adjoints of T, T;,; they are given by

T:q=div g, ThE=—div €
qeD(T) = {qe L*(%R*) :divge L*(Q),g-n=0o0nT;} (9.32)
EeD(T:) = {€cL?QSym{3}):divE e L*(QR3), En=0o0nT,}.
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Here the divergence as well as the boundary conditions appearing in D(T.) and
D(T}) have to be understood in the weak sense. With these notations and elim-
inating ¢ from (9.28) the initial value problem for (9.28), (9.29) can be reformu-
lated in the following way. Let Ao € L} (R ;L (Q;B(Sym{3}))), Co,B1,B2 €

loc

L} (Ry; L(;Sym{3}), and I € L}, .(Ry; L>°(92)) be such that the relations

loc

A=0b,*Ag, C = be*xCy, be =1xdm, B=1xb, *x By
Bxb, = m#%b,,*Bs (9.33)

are valid. Then (9.28), (9.29) becomes (9.30), where

Ao(t) T 0 ~Bi(t) 0
Alt) = —Bsy(t) : T 0 0 —InTF | (9-34)
0 0 Co(t)Te 0

and the space Y is given by Y = D(T,,) x D(T%) x D(T.) x D(T) equipped with its
natural norm; obviously, A € L}, .(R;;B(Y, X)). Relations (9.33) can be fulfilled
in fairly general situations, it only prevails restrictions on the behaviour of m near
t = 0 and smoothness of the coupling kernel B(t). In fact, suppose m(-,z) is a
creep function for each z € ) with uniformly positive instantaneous heat capacity
m(0+,2) > mo > 0, and let B € W21 (Ry; L=(Q; Sym{3})), B(0) = B(0+) = 0,
B € BVjoo(Ry; L*°(; Sym{3})). Then any functions by,, b, € L} (R, ) such that

loc
by x kyy =1 = b * ke

1

for some k,,, ke € Lj,,

(R4) will do; we have
Ag = km *dA, Co = ke xdC, By = ke xdB, By = % ky, * dB

where | € L}, (Ry; L>°(Q)) is the solution of I x dm = b, which exists by mq > 0.

Having reformulated (9.28), (9.29) as a Volterra equation of nonscalar type
(9.30), we are now in position to apply the results obtained in Sections 6, 7, and
8. Of course, one cannot hope for well-posedness of (9.30) with A(¢) given by
(9.34) without further hypotheses on the material functions, in particular on A(t),
C(t), and m(t). In the remainder of this subsection we mainly concentrate on the
parabolic case and apply some of the results of Section 7 and 8.

(i) Let us first consider only viscoelasticity, i.e. the system for b, * v and S,

assuming B(t) = 0. Suppose A(¢, z) is of the form
t
A(t,x) = a(t) Ay () —|—/ a(t —17)dAs(T,x), t>0, x €Q, (9.35)
0

where a(t) is a Bernstein Function, A; € L*(£2; B(Sym{3})) is uniformly positive
definite and Ay € BVipe(R4; L=(Q, B(Sym{3}))), A2(0,2) = A2(0+,z) = 0 a.e.
in Q. Materials for which A(¢,z) = a(t)Ai(z), a, A; as above, will be called
(viscoelastically) separable, while those which are subject to (9.35) are termed
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(viscoelastically) almost separable. Define b, € Ly (Ry) by bn(A) = /a(\).
b (t) exists and is completely monotonic; ¢cp. Lemma 4.2. The equation for the
purely viscoelastic problem then has the main part b,,(t)A;, where

(0 —p'Ty
Al_(Ale 0 ) (9.36)

is skew-adjoint w.r.t. the inner product on X; = L?(Q;R3) x L?(Q;Sym{3})
defined by

(). (o0, = [ wa(o)- @) + [ AT (@ua(a) s v,
and we choose Y1 = D(A4;) = D(Ty,) x D(T). Thus A; generates a unitary
group in X1, and therefore admits bounded imaginary powers which satisfy |A%*| <
elsI™/2 s € R. Therefore in case As; = 0 this problem is always well-posed, and
it is also for Ay # 0 provided Ay € BVie(Q; L>®(Q; B(Sym{3}))), by Theorem
6.1. The problem is parabolic if in addition |arga()\)| < ©, < 7 holds for Re
A > 0; then without further assumptions on As (¢, 2) we obtain the well-posedness
by Theorem 7.6 as well as maximal regularity of type C* and LP by Theorems 7.4
and 8.7.

(ii) Similarly one considers the purely thermodynamical problem for b, * © and
q in case B(t) = 0. Materials which are subject to

m(t,z) = m(t)oo(z), C(t,z) = c(t)C1(x) (9.37)

with m, ¢ Bernstein functions, g € L>®(Q), oo(z) > oggo > 0 a.e., and C; €
L>(€; Sym{3}) uniformly positive definite, will be called (thermodynamically)

separable. Choosing | € L1 (R,) such that I(X) = \/&(X)/dm()\), be = [ * dm, as
in Section 5.5, the function /() is completely monotonic, and the thermodynamical
problem becomes of scalar type, with kernel I(¢) Ay, where

_( 0 —og'T:
A2_<C1Te 0 )

Similar to (i), Az is skew-adjoint w.r.t. a suitable inner product on X = L?(2) x
L?(2;R3?), and the conclusions are analogous to (i), also for the (thermodynami-
cally) almost separable case

m(t,z) = m(t)oo(x)+ ; m(t — 7)doy (7, )

C(t,x)

()G () + / ot — 7)dCa (7, 7) (9.38)
0

with m, ¢, 0, Cy1 as above, 01 € BVjoe(Ry; L®()), 01(0,2) = 01(0+,2) = 0, and

Ca € BVipe(Ry; L (9; Sym{3})) such that C2(0, ) = C2(0+, ) = 0. Observe that

the problem is parabolic if | arg(é(A)/dm(X))| < ©; < 7 for Re A > 0.
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(iii) Finally, consider the thermoviscoelastic case B(t) #Z 0, when the mate-
rial is almost separable, both viscoelastically and thermodynamically. The cou-
pling involving B(t) will be considered as a perturbation, therefore we must have
BQ =[x ng, 33(0) = 63(04—) =0. If e.g. B S BWOC(R+;L°°(Q;Sym{3})) this
factorization follows, hence the results of Sections 7 and 8 apply to the result that
the full thermoviscoelastic problem is well-posed and enjoys maximal regularity
of type C* and LP, provided the problem is parabolic, viscoelastically but also
thermodynamically. In the hyperbolic case Theorem 6.1 implies well-posedness if
e.g. B € BVjoe(Ry; L®(Q; Sym{3})).

9.4 Thermoviscoelasticity: Variational Approach

Consider again problem (9.28), (9.29) where vy = 0 = ©,. We want to rewrite it
in variational form. For this purpose assume again m(-,z) € CF for each x € €,
oo(x) = m(0+,2) > 0. Let V = WE2(Q;C%) x WE2(Q); then V <& H <& V7,
where H = L?(Q; C?) x L?() is equipped with the inner product

((v1;01), (v2,02)) g = /on(:r)vl(:c) ~v2(a:)dz+/Qag(sc)Gl(x)Gg(:c)dx.

We define a bounded sesquilinear form on V' by means of

B(t, (v1,01), (v2,02)) = A Vui(z) : A(t, x)Vus(x)dr

+ Voi(z) : B(t,2)O(x)dx + [ ©1(x)B(t, z) : Vug(x)dz  (9.39)
Q Q

+ /Q O1(x)mq (t, )O2(x)dx + /Q VO, - C(t,x)VOa(x)dx.

With u = (v,0) there follows the variational formulation of (9.28), (9.29) by an
integration by parts.

(w,u(t)) g +/0 Bt —s,w,u(s))ds =< w, f(t) >, t>0, (9.40)

for each w € V, where f(t) € V" contains g(t,x), r(t,z), gs(t,x), qr(t, z) as well
as the histories of v(¢,x) and O(¢,x). Since §(t,-,) is bounded, there is a family
of bounded linear operators {A(t)};>0 € B(V, V") such that

Ot,w,u) =— <w,A()u >, forallu,w eV, t>0. (9.41)

There follows A € BVoe(Ry; B(V, V")), provided my € BVioe(R4; L®()), B,C €
BVjoe(Ry; L°(Q; Sym{3})), and A € BVipe(Ry; L=°(92; B(Sym{3}))). Thus the
variational formulation of (9.28), (9.29) becomes

u(t) = /0 At — T)u(r)dr + f(t), t>0; (9.42)

nX=V,Yy=V.
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In the case of homogeneous isotropic materials the form (§ simplifies to
Blt,ur,ue) = 2a(t)[(Ey, : Evy) — (div vy, div va)/3]
+ b(t)( div vy, div 1)2) + C(t)(V@l, V("‘)Q) + ml(t)(G)l, @2)
+ (dbxda)(®)[( div v1,03) — (©1, divvg)], t>0
where the moduli a(t), b(t), c(t), a(t), and m(t) = o9 + 1 * my are as in Section
5.3.

Let us concentrate on the hyperbolic case, and apply the positive type methods
presented in Section 6.7. For this purpose consider the inequalities

Re q- @(Aw)q >0 forallge C? z€Q, Re >0, (9.43)

and

Re [€ : AN, 2)E — € : dB(N, 2)9 + 9dB(N, ) : € + ddm (N, 2)9] > 0,  (9.44)

for all symmetric £ € C3*3, 9 € C, z € Q, Re A > 0. Physically (9.43), (9.44)
are related to the second law of thermodynamics; cp. Christensen [42]. These
inequalities will be termed dissipation inequalities in the sequel, in analogy to
those of pure viscoelasticity. In the homogeneous isotropic case (cp. Section 5.3),
they reduce to the requirements that dc is of positive type and

— 1 ~ ~ -
Re [2da(|€]* — §|tr5|2) +dbltr £* + 2iAdbdadm(tr £9) + dm4|9|?] > 0,
for all symmetric £ € C3*3, 9 € C, Re XA > 0. But this in turn is equivalent to
da, db, dc, dm; of positive type, and existence of a constant § < 1 such that

[Im (Adb(A\)da(\))]? < 6Re db(A) - Re dmy(\), Re A > 0; (9.45)

observe that (9.45) holds for classical thermoelasticity given by (5.41). The dissi-
pation inequalities imply

Re < u,dA(N)u >= —Re dB(\,u,u) <0, w€Y, ReA>0, (9.46)

i.e. the part of 81\4()\) in H, cﬁ()\) |z is dissipative for each Re A > 0, and the closure
in H of JZO\H u is even m-dissipative. However, this is not enough for Theorem
6.4 to apply, neither in H nor in V. One reason for this lies in the weakness of the
dissipation inequalities. But even if these are strengthened, Theorem 6.4 still is of
no use here, since in general, cﬁl()\) will not be dissipative in V" and D((ﬁl()\)m)
will depend on A.

On the other hand, let the dissipation inequalities (9.43) and (9.44) be replaced
by the strong dissipation inequalities

1
A+n

Re ¢-dC()\, z)q > 7(Re )al?>, ReA>0,qeC?® z€Q, (9.47)
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and

Re [€ : AN, 2)E + & : dB(\, 2)9 + 9dB(A, 2) : € + ddmy (A, )]

1
> 2 )
> 7(Re AJH7)|<9| ; (9.48)

for Re A >0, z €, £&e C**3 symmetric, 9 € C,

where v > 0 is a constant, and assume one more degree of regularity for the
coefficients A, B,C,m;. Then in case n = 0, resp. n > 0, the assumptions of

Theorem 6.5, resp. Corollary 6.7, are fulfilled, provided in addition f‘d# () and

121,7& () by the inequalities of Korn and Poincaré, and we obtain a resolvent S(t)
which enjoys properties (a) ~ (c¢) of Theorem 6.5, resp. Corollary 6.7, in particular
is leaving H invariant and satisfies |S(¢)|g < 1.

Observe that in the homogeneous, isotropic case this means

00>O,a0:b0:c0:a020,
ai (0+)7 b1(0+)7 61(0+)a mi (0+)7 aq (0+) < 00,

whenever a, b, ¢, m, a are creep functions (cp. Section 5.3). The strong dissipation
inequalities hold if aj, b1, c1, m; are strongly positive (or merely of positive type if
we allow for an exponential shift) and (9.45) holds with § < 1.

Similarly, one can apply Theorem 7.3 in the parabolic case; the translation
of conditions (PV1)~(PV4) into parabolic dissipation inequalities is left to the
reader.

9.5 Electrodynamics with Memory
As is well known, the macroscopic electrodynamic fields in a medium at rest in
the considered inertial system, are governed by Mazwell’s equations

B; 4+ curl £ =0, div B=0,

Dy —curl H+J =0, div D = p, (9.49)
where £ denotes the electric field, H the magnetic field, B the magnetic induction,
D the electric induction, J the free current, and p the free charge. Clearly (9.49)
is underdetermined and constitutive equations have to be supplemented, which

specify the electrodynamic properties of the medium in question.
For the simplest medium - the vacuum - these relations are given by

B= /LoH, D= 605, J = 0, (950)

where €g, g > 0 are well known fundamental physical constants which are con-
nected with the speed of light in vacuum ¢y by the relation

—2
Eofo = Cy -
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The next simplest medium is the rigid linear isotropic dieletric which Maxwell
defined by

B=uH, D=¢cE, J=0, (9.51)

where e, ;1 are material constants (¢ > g9 > 0, > 0). Soon it was realized that
such simple constitutive relations do not account for the dielectric losses observed,
when the medium is placed in a rapidly varying electromagnetic field. This defect
cannot be removed by the introduction of a conductivity o > 0, i.e. replacing the
last equation in (9.51) by a relation of the form J = ¢&€ (Ohm’s law), i.e

B=uH, D=ef, J=ok. (9.52)

More precisely, if one considers periodic fields £(t) = e, D(t) = Doe'“?, one
still observes relations of the form Dy = £&y for each frequency w > 0, however,
é will be complex in general, and depend on w. This phenomenon is known as
electromagnetic dispersion in the physical literature.

To account for dispersion in a rigid linear isotropic medium the following con-
stitutive relations have been proposed

B=duxH, D=dex&, J=dox&, (9.53)

where p,e,0 € BV(R,) are given material functions. Observe that the quantities
1(00), (), o(0o0) correspond to the constants appearing in (9.52) in the static
(time-dependent) case. Not much seems to be known about general material func-
tions; however, from the discussion in Kapitel IX of Landau and Lifschitz [205]
one can guess that e(t) should be (at least) a bounded creep function and that
1(0+) = po, €(0+) = &¢ are the fundamental constants of the vacuum introduced
above. It is also reasonable to expect that o(t) is a bounded creep function as
well. In the paramagnetic case one has u(co) > g, while p(co) < po holds for
diamagnetic media; therefore in the former case u(t) can be considered a bounded
creep function, while in the latter ug — p(t) should be such.

The continuity equation for the charge density p which follows from Maxwell’s
equation (9.49) reads

pt +div J =0. (9.54)
Convolving (9.54) with de, (9.53) and (9.49) then imply

de x py +dox p=0; (9.55)

considering the history of p(t,z) up to ¢ = 0 as known, it is clear that (9.55)
determines p(t, ) for all ¢ € R, and so in the sequel p(¢,z) will be considered as
known.

Assuming the constitutive laws (9.53), Maxwell’s equations can be decoupled
as usual. Taking the curl of the first equation of (9.49), with the identity

curl curl £ = grad div €& — A&,
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by div D = p and with (9.53) one obtains e.g. for D

dexdpux Dy +duxdoxDy = AD—Vp
divD = p. (9.56)

Analogously, applying curl to the third equation of (9.49) leads to the following
equation e.g. for B

de xdp* By +du*xdo By = AB
divB = 0. (9.57)

Note that the relations (9.53) are invertible; therefore H satisfies again (9.57)
while & solves (9.56) with p replaced by dv * p, where dv x de = deg; eg(t) as
before denotes Heaviside’s function. Thus as in the case of the vacuum, once one
of the fields £, D, H, or B is known then Maxwell’s equations and the constitutive
equations (9.53) determine the others by pointwise integration resp. convolution.

We are now in position to apply the results on scalar Volterra equations ob-
tained in Chapter I, say to (9.57). For simplicity we consider (9.57) on all of R3.
Let X = L2(R?) and denote by Ay the Stokes operator introduced in Section 5.6.
With b € BV,.(Ry) defined by

b\ = (Nde(A)dp(N) + Adp(N)do (V)"
= (Adp(\) " (Ade(V) N1 + do(V)/Ade(A) 7Y, Re A >0,

the initial value problem for (9.57) is then equivalent to

u(t) = f(t) + /ot b(t — 7)Asu(r)dr, >0, (9.58)

where u(t) means magnetic field or magnetic induction and f is given. Now we
can claim the following.

(i) Assume e(t) = eo + fotsl(s)ds, wu(t) = po + f(f pi1(s)ds where 1,1 €
BVioe(R4), and 0 € BVjy.(Ry). Then b(t) is of the form b(t) = tcZ + t *r(t), with
r € BVjo.(R4), hence Theorem 1.2 applies and shows that (9.58) is well-posed.
The resolvent S(t) for (9.58) is of the form S(¢) = Co(cot) + S1(t) where Co(7)
denotes the bounded cosine family generated by the Stokes operator As, and S7(t)
is a perturbation which, however, may grow exponentially.

(ii) A bounded resolvent can be obtained by means of Corollary 1.2. Suppose
€, u, o are bounded creep functions with e(0+) = £, u(0+) = po and such that
w1 and oq(t) are of positive type, and assume in addition

Re £1(ip) + Im o1(ip)/p >0 for p>0. (9.59)

Then db(t) is of positive type, hence Corollary 1.2 yields boundedness of the re-
solvent S(t).

(iii) Stronger assertions can be obtained by the subordination principle of
Section 4. For this assume that €, pu,0 are bounded Bernstein functions with
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e(0+) = e, p(04+) = po and such that in addition —&; — o7 is completely mono-
tonic on (0,00); note that the latter implies (9.59). Then e(t) + fo s)ds is a
Bernstein function, hence by Lemma 4.3 there is a Bernstein function k such that

RO = AN/ EN) + 60/
= [BNERX) +5N/N]VZ Re A > 0.

From this there follows b = ¢ * ¢ for some completely monotonic function ¢ €
L} .(R), hence by Theorem 4.3 there is a bounded resolvent S(t) for (9.58) which
by Theorem 4.4 has the form

S(t) = Co(t/k)e " + Sy(t), t >0,
where kK = ko = /o0 = 00—17 and @ = koo + k1(04) = k1(04), i.e

1 €0 1 1o
=~ (04),/— + =(1(0 ==
! 2:“1( +) " + 2(51( +) + 09) o

Thus the (maximum) wave speed is ¢, the speed of light in vacuum, and the
resolvent in question decomposes into the resolvent of the vacuum, exponentially
damped with attenuation « and a dispersive part Sp(t) which is smooth. Observe
that we always have o > 0, unless p;(0+) = €1(0+) = 09 = 0, i.e. u(t) = po,
e(t) =g and o9 = 0.

9.6 A Transmission Problem for Media with Memory

Problems in electrodynamics involving media with memory can in general not be
formulated as Volterra equations of scalar type, even if the medium in question is
homogeneous and isotropic. We want to discuss briefly a transmission problem for
such media in the framework of the perturbation results for nonscalar equations
obtained in Section 6.3.

Suppose Q7 C R? is a domain with smooth boundary I' and let Q5 = R3 \ Q;
Q;,1=1,2 be filled with a homogeneous isotropic medium with material functions
€4, li, 0; which satisfy the assumptions (i) of Section 9.5, i.e. g;, u; € Wltml([RQ,
gi(0+) = g, ;i (04) = po, and &;, f1;,0; € BVipe(Ry). As before, let B;, H;, D;, &;
denote the magnetic induction, magnetic field, electrical induction, electric field,
respectively, in domain €2;. Then we have Maxwell’s equations in each domain €;,

Byt +curl & =0, div B; =0,
Dit —curl H; + J; =0, div D; = p;, (9.60)

and the material relations
Bi = d,u,; * Hi, Di = d&"i * 51‘, \77 = dO’i * gi, (961)

for i = 1,2. At the interface I' we have to supplement transmission conditions. If
n(x) denotes the outer normal at x € 9Q; =T of Q; these can be stated as

Tl'Bl:TL'BQ, nxé’l:nx&
n-(Dy —Dy) = ps, n X (He —Hi1) = Js (9.62)
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on I'; where ps denotes the density of surface charges, and 75 the density of surface
currents; observe that J, -n = 0.

The initial value problem for (9.60)~(9.62) will now be reformulated as a
Volterra equation of the form (6.24), i.e. as

= Au+ By xu+dBy*xu+ f, u(0)=up, (9.63)
where v = (Hy, &1, Ha, &) lives in X = L2(Q1;R3)? x L?(Qy;R3)? with inner
product

(U, ’U)X = / (,U,Q’U,l . 1_)1 —+ Eou2 - 1_)2)dCC —+ / (,U,()’U,g . 1_)3 —+ EolUy 1_)4)dJC.

Ql Q2
We assume that there are no surface currents, i.e. Js = 0. Define an operator Ay
in X by

Agu = (—pg teurl ug, ey teurl uy, —pugteurl uy, ey curl ug),
with
D(Ao) = {u € X: Uy, Uz € Hl’Q(Ql; R?’),U3,u4 S H1’2(QQ; Rg),
n X (ug —ug) =n X (ug —ug) =0on I'}.

It then follows by integration by parts that A5 D —Ap, hence Ay is skew-sym-
metric, in particular closable. One can also show R(I — Ap) = X, and therefore
the closure A of Ag is skew-adjoint. Thus A generates a unitary Cy-group T'(¢) in
X.
In the sequel it is of advantage to invert the material relations for B; and D;,
ie.
H; = 'u,alBl- +uvxBi, & = é‘alpi +n; * D; (9.64)
where v;,1; € BVj,.(R4) by the assumptions on &; on p;. Let the Hilbert space Y
be defined by
Y ={uecX:curlu= (curl u;)}_, € X}

with inner product
(u,v)y = (u,v)x + (curl u, curl v) x;

then D(Ap) C Y and |uly < C(JAoul| + |u|), v € D(Ayp), for some constant C' > 0.
We can now define By € BV, (R4;B(Y, X)) by means of

Bi(t)yu = (—vy (t)curl ug, n1(t)curl uy, —vo(t)curl ug, no(t)curl us)
and By € BVioe(Ry; B(Y, X)) by
Bo(t)u = (0, 5 a1(t)us — (m * 01)(t)uz, 0, —eg ' oa(t)us — (112 % 02) (t)ua).

Then (9.60)~(9.62) is equivalent to (9.63), where ug = (H1(0), £1(0), H2(0), E2(0))
and f contains the history of u(t), t < 0. We may apply now the perturbation
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theorem, Theorem 6.1, in the form of Corollary 6.2, thereby proving the well-
posedness of the problem in question for the L2-setting.

The resolvent S(t) for (9.63) obtained this way is of at most exponential growth
provided €;, u;, 0; have this property, this is the most which can be said, in general.
However, if in addition ¢;, f1;, do; are of positive type, i = 1,2, then [S(t)|gx) < 1.
In fact, (9.60)~(9.62) yield the identity

1d
5@‘{/ (20l&1* + polHa[*)da +/ (20l&2|? + polHa|*)d}
o

Qo

Z—/ (z‘fl*gl~51+ﬂ1*H1'H1+d01*51-51d$

Q1

—/ (52*52'82+ﬂ2*H2'H2+d0'2*52'gg)dI7
Qo

hence after integration |u(t)|x < |ug|x, t > 0. In this situation one can also apply
Theorem 6.4 instead of the perturbation result.

9.7 Comments

a) For the classical theory of elastic beams and plates we refer e.g. to Landau
and Lifschitz [207] and Timoshenko and Woinowsky-Krieger [325]. The recent
monograph Lagnese and Lions [204] contains a very readable introduction into
classical plate models and their history. For viscoelastic beams and plates see e.g.
Bland [24], Fliigge [117], Lagnese [203], and Lagnese and Lions [204].

b) The derivation of the viscoelastic beam models in Section 9.1 is different from
the usual one, where the correspondence principle of viscoelasticity is applied to the
classical models of purely elastic beams. We think that the derivation presented
here is somewhat more rigorous, and gives more insight where approximations
come in. In particular, it seems that neglecting the term pot,, in (9.18) when
passing to the Euler-Bernoulli beam causes the trouble with robustness of the
latter; see (c) below.

c) There is a recent interest in well-posedness, stability, stabilization and desta-
bilization by boundary feedback laws, and robustness w.r.t. delays in boundary
feedback for viscoelastic beams and plates; cf. Desch and Wheeler [94], De-
sch, Hannsgen, and Wheeler [88], Desch, Hannsgen, Renardy, and Wheeler [87],
Grimmer, Lenczewski, and Schappacher [141], Hannsgen and Wheeler [HaWh89],
Hannsgen, Renardy, and Wheeler [166], Kim and Renardy [197], Lagnese [203],
Lagnese and Lions [204], Leugering [210], [211]. In particular, in [87] it is shown
that boundary feedback with delay of the Euler-Bernoulli beam may lead to a loss
of well-posedness; on the contrary for the Timoshenko beam this cannot happen
[141]. It is not clear whether the Rayleigh beam also has this defect, but from (b)
above one might expect that the answer is no.

d) Poincaré’s inequality is standard in the modern theory of partial differential
equations and can be found in any decent textbook on this subject. For Korn’s
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inequalities we refer e.g. to Marsden and Hughes [234] or Leis [208]. The approach
to thermoviscoelasticity given in Section 9.3 seems to be new. It heavily depends
on the almost separability of the material in question, and it is unclear at present
whether positive type methods like Theorem 6.4 are can be used here.

e) The variational approach to viscoelasticity is originally due to Dafermos [75],
[76]; see als Adali [2], Bouc, Geymonat, Jean, and Nayroles [30]. The methods used
in these papers are based on perturbation techniques, their results use stronger
assumptions than those of Section 9.4.

f) For the formulation of Maxwell’s equations (9.49) and the transmission con-
ditions (9.62) see any reasonable textbook on electrodynamics, e.g. Landau and
Lifschitz [206], [205], Grant and Phillips [135], Simonyi [305].

g) It seems that already Maxwell knew about the phenomenon of dispersion. Hop-
kinson [183] was the first to use a constitutive relation of the form

D(t) =eol(t) + (e1 % E)(t), tER,

while he kept the relations B = pH and J = o€. By means of these laws he was
able to fit his data on the residual charge of a Leyden jar, choosing €1(t) of the
form

e1(t) = Zaj exp(—q;t), t>0,
J

where a;,; > 0. In Volterra [331] the mathematical study of memory effects in
electrodynamics was continued.

h) For more recent works on electrodynamics with memory see Toupin and Rivlin
[326] and Bloom [25]. The constitutive laws for general time invariant linear media
are according to Toupin and Rivlin [326] given by

P D

D = Zajg(])-FZCJB(J)+(,01*5+(p2*8
0 0
p ) p )

H = Zdjg(])+ijB(J)+1/)1*5+1/22*B,
0 0

where a;, b;, c;,d; are matrices and ;,1; are integrable matrix-valued functions.
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10 Integrability of Resolvents

The connections between stability properties of Volterra equations and integra-
bility of the corresponding resolvent are discussed in Section 10.1; this discussion
motivates the study of integrability of resolvents. For the classes of equations of
scalar type introduced in Sections 2, 3, and 4 a complete characterization of inte-
grability of S(t) in terms of spectral conditions is derived. For nonscalar parabolic
problems sufficient conditions are presented in a fairly general setting, while for
nonscalar hyperbolic problems the analysis is valid in Hilbert spaces only, as coun-
terexamples show.

10.1 Stability on the Halfline
Consider the equation of scalar type

u(t) = f(t) +/0 a(t — 7)Au(r)dr, te Ry, (10.1)

on the halfline R, where a € L}, .(R;) is Laplace transformable and A is a closed
linear operator in X with dense domain D(A). In Section 8.6 we introduced the
concept of strong LP-stability of (10.1) and already obtained sufficient conditions.
In general, however, this concept is too strong to be meaningful; below we show
that strong LP-stability of (10.1) for some p € [1, o0] already implies that (10.1) is
parabolic in the sense of Definition 3.1. The following concepts are more appro-
priate in hyperbolic situations.

Definition 10.1 (i) Equation (10.1) is called LP-stable (R), if for each g €
LP(Ry; X)) there is a unique a.e. mild solution v € LP(Ry; X) of (10.1) with
f=axg. .

(ii) Equation (10.1) is called LP-stable (S) if for each f € W'P(R.; X), f e

loc

LP(Ry; X) there is a unique a.e. mild solution u € LP(Ry; X) of (10.1).

If (10.1) is LP-stable (R) then for each f € LP(Ry; X 4) there is a unique a.e. mild
solution u € LP(R; X) of (10.1); in fact, u = f +v, where v denotes the a.e. mild
solution of v = a*x Af +ax Av. Moreover, g € LP(Ry; X4) or f,Af € LP(R4+; X 4)
imply u € LP(R4; X 4). Similarly, if (10.1) is LP-stable (S) then f € WP (R4 ; X 4)
implies u € LP(R4; X 4) is an a.e. strong solution of (10.1).

To obtain sufficient conditions for LP-stability in terms of the resolvents S(t)
and R(t) associated with (10.1) we have to introduce several notions of integrability
of operator families.

Definition 10.2 Let {T'(t)}+>0 C B(X,Z) be a strongly measurable family of
operators, i.e. T()x is Bochner-measurable in Z, for each x € X. Then T(t) is
called

(i) strongly integrable, if T(-)xz € L'(Ry; Z) for each x € X;

(ii) integrable if there is ¢ € L*(Ry) such that |T(t)| < ¢(t) a.e. on Ry;

(iii) uniformly integrable, if T'(-) € L*(Ry; B(X, Z)).

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_10, 256
© Springer Basel 1993
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Obviously, every uniformly integrable operator family 7(¢) is integrable, however
not conversely, unless T(-) is Bochner-measurable in B(X,Z). Similarly, every
integrable family T'(¢) is also strongly integrable, but the converse is not true in
general.

Suppose now (10.1) admits an integrable and bounded resolvent S(¢) and let
fe Wllf)’f([R+;X), such that f € LP(Ry; X), 1 < p < co. Then the mild solution
of (10.1) is given by the variation of parameters formula

u(t) = S(t) £(0) + /0 St —7)f(r)dr, teR,, (10.2)

and therefore we obtain u € LP(R; X); observe that W/llo’f([R+;X)<—> C(Ry; X).
Thus (10.1) is LP-stable (S) for each p € [1, oc0].

Even more is true. If 10.1 is L!-stable(S), choosing f(t) = x we obtain S(-)z €
LY(R4; X) for each x € X, i.e. S(t) is strongly integrable. Conversely, if S(t)
is strongly integrable and f € LY(Ry; X) is a simple function, say f= S xa, T,
then

u=_Sf(0)+ ZXAi * (Sz;)

is well-defined, and
uly < [SFO) + Y [Sai[imes(A;) < M(I£(0)] + | f]1),

where M = sup{|Sz|; : |#| < 1}. Since simple functions are dense in L!(R,; X),
this estimate shows that (10.1) is L-stable(S). Thus L!-stability is equivalent to
strong integrability of S(t).

Similarly, suppose (10.1) admits an integrable integral resolvent R(t); c¢p. Sec-
tion 1.6. Then the mild solution of (10.1) for f = ax*g, g € LP(Ry; X4) is given
by

u(t) = /0 R(t—7)g(r)dr, teR,, (10.3)

and so u € LP(R4; X). Thus (10.1) is LP-stable (R) for each p € [1, o0].
Next let us derive necessary conditions for LP-stability in terms of Laplace
transforms. For this purpose we let as before

H()) = %(I —a()A) L, (10.4)
and
K\ =a\)({I —a(\)A)™, (10.5)

wherever these operators are defined.

Now suppose (10.1) is LP-stable (R) for some p € [1,00]. By p’ € [1,]
we denote the conjugate exponent defined by 1/p+ 1/p’ = 1. Let f = a * g,
g = e Mz, where x € X and u € C, are fixed. Then there is a unique solution
u,(;2) € LP(R4; X), and by the closed graph theorem there is a constant C' > 0
such that

w5 2)lp < Clgly = C(pRe )~V /7|a]. (10.6)
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Define an operator family {U,(t)}+>0 C B(X) by means of
t
Uu(t)x = / uu(s;x)ds, t>0, z€X;
0

then U, (t) is strongly continuous and |U,(t)| < ¢(u)t'/?’, t > 0. By uniqueness
of the solutions of (10.1) we have Auw,(t;x) = u,(t; Az) for a.e. t € Ry, and
all x € D(A), hence U,(t) commutes with A for each ¢ > 0. Taking Laplace
transforms, (10.1) implies

(I —aNA)T, Nz =aN)AN+p)] e, =€ X,

for Re A sufficiently large. Since U (A) commutes with A this identity shows that
I — a(M)A is bijective for all sufficiently large Re A for which a()\) # 0 and

aN) (I — a(N)A) ™ =X+ W)U (N).

This identity shows as in Section 2.1 that a(\) admits a meromorphic extension to
C;+ and a(A) can only vanish if A is bounded; 1/a(\) € p(A4) on C4. This shows
that H(A) and K (A) defined by (10.4), (10.5), respectively, exist on C, and are
holomorphic in B(X, X 4). Moreover, with (10.6) we obtain

i (X )] < Juulp(p'Re X)"V < C'(Re p) " /P(Re A)"V¥'|z], Re A, u>0,
and this implies with @, (X\; z)(A + p) = K(A\)z
IK(N\)] < C'(Re )~ ?(Re A) "V |A+ u|, Re A, Re pu> 0.

Choosing p = A this inequality results in |[K(A\)] < 2C’, Re A > 0, i.e. K()\) is
uniformly bounded in B(X) on C.. In case p =1 we even see that K () admits
a strongly continuous and uniformly bounded extension to EJF, since 4, (A\;x) is
continuous on C,.

If (10.1) is even strongly LP-stable we obtain by similar reasoning the stronger

estimate
[AK(N)|[+[K(AN)| <C, Re A>0,

which implies in particular [AH(A)| < C on C4, i.e. Equation (10.1) is parabolic
in the sense of Definition 3.1.

Let us study the behaviour of K(A) on the imaginary axis in more detail.
Suppose K (A) is strongly continuous and bounded on C., and consider a point
ip, p € R, let (A\,) C C4, A\, — ip, be such that 1/a(\,) = z, — z € C. Then
z € p(A) and K(\,) — (2 — A)~! in B(X); if 2, — oo then, by the boundedness
of K(A\n), K(A,) — 0 strongly. Therefore we see that limy_;, a(\) = a(ip) €
C U {oo} exists for each p € R, i.e. a(\) admits continuous extension to C; and
the representation (10.1) holds also on C;. Observe that in case a(\) = oo for
some A € C, then A is necessarily invertible.

We summarize what we have proved so far in
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Proposition 10.1 (i) If (10.1) is strongly LP-stable then (10.1) is parabolic in
the sense of Definition 3.1.

(i) If (10.1) admits an integrable integral resolvent R(t) then (10.1) is LP-stable
(R) for each p € [1,00].

(i) If (10.1) is LP-stable (R) for some p € [1,00], then a(\) admits meromorphic
extension to C4, 1/a(X) € p(A), and K(X) defined by (10.5) is uniformly bounded
on Ci; a(N\) does not vanish on Cy in case A is unbounded, and can only have
poles if A is invertible.

(iv) If (10.1) is L'-stable (R) then a(\) admits continuous extension in C U {oo}
to Cy, 1/a(\) € p(A), and K(\) defined by (10.5) is strongly continuous on C.;
a(\) = oo for some X € C implies 0 € p(A).

On the other hand, if (10.1) is LP-stable (S) then a reasoning similar to the one
above yields [H(A)| < M on C,, and a strongly continuous extension of H(\) to
Cy4 in case p = 1.

Next we consider the behaviour of H(A) on iR in case p = 1. If 0 € o(A) then
|2(z — A)7 > 1 for all z € p(A), hence

1
M > WI(I—@(A)A)_Il > 1/|Al,
a contradiction. Therefore, boundedness of H()\) near zero implies already 0 €
p(A). Let (A,) C C4, Ay — ip # 0, be such that a(\,) — z € CU {oo}; then
H(\,) — H(ip) = (I—2zA4)"/ipin B(X) in case z # 0, 0o, H(\,) — H(ip) = 1/ip
strongly in case z = 0, and H(\,) — H(ip) = 0 in B(X) in case z = oo. This
shows that a(\) admits continuous extension in CU {oo} to C4 \ {0}. Similarly,
for \,, — 0 we obtain in case z € C
0= lim \,H\,)z = lim (I —a(\,)A) ‘e = (I —2zA)"'2, zeX,

which is impossible, hence () — @(0) = oo as A — 0. But then

—A_lx)l\in%)()\d()\))_l = ;irrb()\d()\))_l(l/d()\) —A) e = lim H(A)a = H(0)z,
ie. Aa(A) — a(oco) as A — 0 exists and is nonzero but possibly infinity. Let us
summarize these results on LP-stability (S) in

Proposition 10.2 (i) If (10.1) admits an integrable and bounded resolvent S(t)
then (10.1) is LP-stable (S) for each p € [1,0].

(i) If (10.1) is LP-stable (S) for some p € [1,00] then a(\) admits meromorphic
extension to C1, 1/a(\) € p(A), and H(X) defined by (10.4) is uniformly bounded
on Cy; A is invertible, and a(X) does not vanish on C4 in case A is unbounded.

(iii) If (10.1) is L'-stable (S) then a(\) admits continuous extension to C.,
1/a(\) € p(A), and H()) is strongly continuous on C,; a(0) = oo and the limit
limy_,0 Aa(A\) = a(oc0) exists in CU {oo} and is nonzero.

(iv) S(t) is strongly integrable iff (10.1) is L*-stable(S).
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Note that we have the relations
/ R(t)dt = K(0) = (1/a(0) — A)~, (10.7)
0

and

/OO S(t)dt = H(0) = —A~*/a(c0), (10.8)
0

whenever R resp. S are strongly integrable.

In general, it is not true that the necessary conditions on H () resp. K (X) ob-
tained in Proposition 10.2 and 10.1 are also sufficient for the integrability of S(t)
resp. R(t), even if their existence is a priori known. There are several counterex-
amples in the case a(A) = 1/, i.e. the case of first order differential equations
4 = Au + g; then

HMN =K\ =M\-A)"Y e R(t)=5(t) =

The next subsections deal with the sufficiency of the transform conditions for
integrability under various extra assumptions frequently met in applications. At
first only equations of scalar type are considered for which the theory is more
complete, but later, extensions to nonscalar equations will also be discussed. As
before, we concentrate on S(t) which is the more important quantity.

10.2 Parabolic Equations of Scalar Type
Before necessary and sufficient conditions for uniform integrability of resolvents
for parabolic equations of scalar type are derived we have to recall the notion of a
locally analytic function on the right halfplane.

Definition 10.3 Let C¥ = C; U {oo} and ¢ : C¥° — C. Then
(i) ¢ is called locally analytic at a point A\g € C, if there are v > 0, n functions
k; € BV(Ry), and a holomorphic function ¢ : Q@ — C, where Q C C"*! is an

open neighbourhood of (/\O,El%1()\0), ... ,EE”(/\O)) € Q, such that
o(\) = (A, dk1(N), ..., dkn(N), A€ Bo(Ag) NCy. (10.9)
(ii) ¢ is called locally analytic at oo if there are R > 0, n functions a; € L*(R}),

m functions k; € BV(R4) and a holomorphic function ¢ : Q — C, where Q C
Crntmtl s open with 0 € 2, and

a1 (V)@ (V) kL (N, B (V), A€ €2\ Br(0).  (10.10)

(i11) @ is called locally analytic on D C CY if it is locally analytic at every point
of D.

Observe that a function ¢ is locally analytic on C if and only if is holomorphic
on C;. The number n and the functions k; in Definition 10.3 (i) may vary from
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point to point, hence there is a lot of flexibility in proving that a given function is
locally analytic on C3°. Note that locally analytic functions are continuous. The
reason for our interest in locally analytic functions is the following result.

Lemma 10.1 Suppose ¢ is locally analytic on C. Then there is a function
be LY(Ry) such that

@e(\) = p(00) +b(\)  for all X € C. (10.11)

Lemma 10.1 is an extension of the general Wiener-Levy theorem for the Laplace
transform, which is essentially due to Gelfand, Raikhov and Shilov [128]. The
proof relies on several results in complex function theory of several variables and
cannot be given here; cp. Section 10.7 for further remarks.

It is not difficult to show that in the definition of local analyticity at \g € C,
the measures dk; can be replaced by L!-functions and the explicit dependence on
A can be dropped, by passing to a different holomorphic function 1. In fact, with
ao(\) = (A + 1)t we may write

— —~ 1 1 — 1 —
V(A dkq,...,dk,) = U(— —1,—-aodk1,...,— - Godky)
ap (o7)) Qg
= o(ao, a1, .., an),

where a; = ag x dk; € L'(Ry), and vy is analytic in a neighborhood of (ao(\o),
a1(Xo)y .-y dn()\o)); observe that ao()\o) # 0 for \g € C,. Similarly, at co the
expllclt dependence ofponl/\, k1, ..., km can be dropped since 1/A = ao/(1—ayp),
and k; () = dk; F(A) /A

Another useful remark is the following. If ¢ is locally analytic on an open set
E C iR and x € C5°(R) with supp x C E then ¢(ip)- x(p) is the Fourier transform
of a function in L!(R). This can be proved similar to the Paley-Wiener lemma
by a localization procedure and the general Wiener-Levy theorem for the Fourier
transform.

Suppose now that (10.1) admits a strongly integrable resolvent S(t); then for
each \g € C, for which a()\g) # 0 there are x € D(A), * € X* such that
< zyx* >=1and \g < H(Ag)z,z* >4 < x,2* >= 1. As in Section 2.1 this
implies the representation

1 B H(M\) Az, z* >
() A< H(A)az 2 > 1
= g(hai(N),a2(\), A€ Br(Xo) NCy,

where a; (t) = < S(t) Az, 2* >, as(t) = < S(t)z, x* > belong to L*(R,) by assump-
tion, and the function g(A, z1, 22) = 21/(Az2 — 1) is analytic on a neighborhood of
(Mo, G1(Ao), a2(Xo)). This shows that the function 1/Aa()\) is locally analytic on
C, \ a='(0). Tt follows from Proposition 10.2 that a(\) # 0 on C, if A is un-
bounded and the resolvent S(t) is integrable, since then H()) is B(X)-continuous
on Cy.
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We can now prove the following characterization of uniform integrability of
analytic resolvents.

Theorem 10.1 Suppose S(t) is an analytic resolvent for (10.1), and let A be
unbounded. Then S(t) is uniformly integrable if and only if the following conditions
hold.

(I1) 1/a()\) admits a continuous extension in C to C, \ {0} which is holomorphic
on Cy and 1/a(X) € p(A) for all X € Cy, X\ # 0;

(I2) Aa(A) — a(oc0) #0 as A — 0, and 0 € p(A);

(I3) 1/Aa(N) is locally analytic on iR.

Proof: The necessity of the conditions is clear from Proposition 10.2 and the
remarks in front of this theorem. To prove sufficiency recall from Theorem 2.1
that H(A) as well as 1/a(\) admit analytic extension to a sector X(wp, 0 + 7/2)
and that |H(\)| < M(w,0)/|\ — w| holds on ¥(w, 0 4+ 7/2), w > wp, 6 < Oy. From
Cauchy’s theorem we also obtain

[H' WA = wl + [H (VA =’ < M(w,0), € X(w,0+7/2).

(I1) and (I2) then show that H(\) is B(X)-continuous on C; UX((w,d +7/2) and
bounded, and analytic in the interior of this set. Therefore, by Cauchy’s theorem
and (2.10), we obtain the representation

1
S(t) = Q—M/FH()\)e’\tdA, te Ry,

where T' consists of the two halfrays +i(N + 3) 4+ e T9R, and the interval
[—i(N + 3),i(N + 3)], with N > wcot 6.
Choose a C§°(R)-function ¢(p) such that ¢(p) =1 for [p] < N +1, ¢(p) =0
for |p| > N +2,0< ¢ <1 elsewhere. Then S(¢) decomposes according to
1 [ 1

_— )\ ipt = At
o mH(w)w(p)e dp+ 5 FH(/\)w(A)e dX

= Si(t)+ %), teRy,

S(t)

where ¥(ip) =1 —@(p), p € R, () =1 for A € iR. Integrating by parts twice in
the integral defining Sz (t) we obtain an estimate of the form |Sy(t)| < C(1+¢%)71,
t > 0, hence Sy € LY(Ry;B(X)). Although ¢ € C§°(R), this trick cannot be
applied directly to S;(¢), since we only know that H(ip) is B(X)-continuous on
R, in particular at p = 0. To circumvent this difficult we use the Paley-Wiener
theorem and local analyticity of 1/Aa(\) on ¢R. For this purpose approximate the
function b(p) = (ipa(ip))~* by some b. € C$°(R) uniformly on [—(N +5), N + 5],
and consider the operator-valued function H.(p) defined by

He(p) = @(p)be(p)(be(p)ip — A)7Y, peR,
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where £ > 0 is small enough. Since H <(p) has compact support and is of class C*°
there follows H.(p) = Sic(p) for some Si. € L*(R; B(X)). We have the identity

@(p)H(ip) = H:(p) +@(p)(b(p) — be(p)) (be(p)ip — A)~
— ip(b(p) — b=(p)(be(p)ip — A) ' @(p)H(ip), pER,

hence with ¢1(p) = @(p {5)
@(p)H (ip) = He(p) + P(p)K:(p) — ipK(p)p(p)H(ip), p€R, (10.12)

where
Ko (p) = ¢1(p)(b(p) = be(p)) (be(p)ip — A)™F, peR.

Since 1/Aa(A) is locally analytic on iR, there follows existence of a function
R. eWY(R; B(X)) such that R.(p) =K.(p), p € R. Thus consider the con-
volution equation corresponding to (10.12), i.e.

S1=(Sic +¢* Ro) + R+ Sy (10.13)

and apply the Paley-Wiener lemma to obtain S; € L'(R; B(X)); the Paley-Wiener
condition is satisfied since

I—;{ ( ):{ I for pg M :=supp @1
: {(@1(p)b(p) + (1 = 1(p))be(p))ip — A}(be(p)ip — A)~Y, p € M,

is invertible for all p € R, provided € > 0 is chosen small enough. Therefore
@(p)H (ip) is the Fourier transform of some function S; € L'(R; B(X)), and so the
resolvent for (10.1) is uniformly integrable. O

For an application of Theorem 10.1 let us take up Examples 2.2 again. So
let A generate a bounded analytic semigroup in X and let a € L}OC(RQ be
completely monotonic. Then by Corollary 2.4 there is an analytic resolvent for
(10.1) which in fact is also bounded. (I1) is trivially satisfied, and (I2) holds if
a(oo) = limy—0 Ad(A) = lims o a(t) > 0 and A is invertible. Since 1/a()) is a
Bernstein function we obtain

koo =
)\&()\)_k0+T+k1()\)’ Re A > 0,

for some kg, koo > 0, k1 € L}OC(R+) completely monotonic, thanks to Proposition
4.6. a(0o) > 0 then implies ks, = 0, k1 € L* (R, ) and so 1/Aa(]) is locally analytic
on C%°, i.e. (I3) holds. We have proved

Corollary 10.1 Suppose A generates an analytic Cy-semigroup, bounded on some
sector 3(0,0), and is invertible, let a € L}, (Ry) be completely monotonic and
such that a(oco) = lim_oc a(t) > 0. Then (10.1) admits an uniformly integrable
analytic resolvent.
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Another simple computation shows that the resolvent S(¢) from Example 2.1 is
uniformly integrable iff 5 > 1.

By the same method of proof, only a slight modification is needed, one obtains
a characterization of uniform integrability of resolvents for parabolic equations
with 2-regular kernels.

Theorem 10.2 Suppose (10.1) is parabolic in the sense of Definition 3.1 and
let a(t) be 2-regular. Then S(t) is uniformly integrable if and only if 1/ a(N) is
locally analytic at X =0 and 0 € p(A).

Proof: We only have to prove sufficiency. From Definition 3.1 and 2-regularity
there follows by Lemma 8.1 that H(A) admits a B(X)-continuous extension to
Cx\ {0}, H(oo) = 0. Since 0 € p(A) by assumption and limy_.o Ad(A) = a(oo) #
0 by local analyticity of 1/Aa(X), we see that H(\) is also continuous at A =
0. Therefore we have |H(A\)| < M/(1+ |)\]), Re A > 0, as well as [\>H’(\)| +
INH"(A)] < M, Re A\ > 0, as in the proof of Theorem 3.1, since a(t) is by
assumption 2-regular. For fixed & € X, * € X*, the L?-theory of the Laplace
transform therefore yields the representation

oo

1 )
< St)x,x* >= 7 < H(ip)z,z* > e"'dp, a.a. tecRy. (10.14)
™ —0o0

With ¢ as in the proof of Theorem 10.1, N > 0 being arbitrarily fixed, after two
integrations by parts (10.14) becomes

1 [ )
<St)x,z* > = %/ < @(p)H(ip)z,x* > e"*'dp
1 70000

- 5 /_Oo < [(1 = @(ip))H(ip)]"z, " > e*'dp

for a.a. t € Ry. Since both integrals in this formula exist absolutely we may drop
x,x* to the result

S(t) = % _00 G(p)H (ip)e'tdp — 2;2 /_Oo (1 — @(ip)) H(ip)] e tdp

= Sl(t)+52(t), te R+.

Since S(t) is already known to be bounded by Theorem 3.1 and S;(t) obviously
is, So(t) is bounded, but also |S2(t)| < C/t? holds, i.e. Sz € L*(R;B(X)). On
the other hand, Si(¢) can be treated as in the proof of Theorem 10.1, once it is
known that 1/Aa(A) is locally analytic on ¢R. By assumption this is true for A = 0,
and for A € iR, X # 0, this follows from Lemma 10.2 given below. The proof is
complete. O

The following lemma contains conditions sufficient for local analyticity of the func-
tion (Aa(A)))~ L.
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Lemma 10.2 Suppose a(t) is 1-regular and let o(\) = 1/(A*a()\)) for some
ke Ny. Then

(i) w(N\) is locally analytic on Cy \ {0};

(i4) if limyy|—o ©(A) = ¢(0) € C eaists and ¢'(i-) € L'(—1,1), then o(X) is locally
analytic at A = 0;

(i) if imy| oo ©(A) = p(00) € C exists and ¢'(i-) € L*(R\ [-1,1]) then ¢(X) is
locally analytic at A = oo.

Proof: (i) From Lemma 8.1 (iv) and (v) there follows the existence of a constant
c¢>0and N € N such that [a(\)] > c|]A|7 as [A\| — oo and |a(\)] > c|A|Y as
|A| = 0. The function

>\N+1

A= —v5— Re A>0
is therefore bounded on C,, and by 1-regularity of a(t), 1’ belongs to H'(C).
Hardy’s inequality (cp. Duren [106]) then yields b € L' (R, ) such that b = 1; but

this leads to

1

2N+2
o0 = g by L

=b(\) - T A€ C, \ {0},
i.e. () is locally analytic on C; \ {0}.

(ii) For the second assertion consider correspondingly
1

(A + DNFIXRG(N)’

then again /() is bounded on C, and v belongs to H'(C_.), for [¢'(\)] < ¢/|\|?
as |A\| — oo, and

v\ =

Re A > 0;

1 1
/ W (ip)ldp < C + C / I (ip)ldp < oo.
—1 —1

Thus ¥(\) = B(A) for some b € L*(R,) by Hardy’s inequality again, and so

=bAN)A+ M)V, NeCy,

i.e. p()) is locally analytic on C,.
(iii) is proved similarly by taking

A 1
\) = —N+k+1’—’ ReA>0. O
v =G5 Nea(\) ¢

In the situation of Corollary 3.2, 1/Aa(\) is locally analytic at zero iff a(oco) > 0;
in fact, we may write

1 1 —

- = f(\a(\),das(\), Re A>0,

Aa(A)  Nag(A) + dag(N)
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where a; € L'(R.), aa € BV(R,), and f(), z,w) is analytic near \g = 0, 29 =
a1(0), wo = @2(0) = a(o0) > 0. Therefore, a(co) > 0 and 0 € p(A) imply
with Theorem 10.2 that the resolvent S(t¢) obtained in Corollary 3.2 is uniformly
integrable.

Similarly, in the situation of Corollary 3.3 where a(t) = ag +f0 a1(s)ds, ag > 0,
a1 2-monotone, we have a(co) = ag + [ ai(t)dt > 0, unless a(t) = 0. Setting

p(t) :/0 ai(s)ds, () :/0 sai(s)ds, t >0,

with Propositions 3.8 and 3.9 we get

1 1 ) Z 1
/ 1|di‘lp<ipa<z'p>>-1|dp: / ol ¢ / $(1/0)e(1/0) %dp

1 lao + a1 (ip)[?

= C/loo Y(t)p(t)~2dt/t? < C(( / V' (t)(t) " 2dt/t)
= C(p(1)2 + /loo ¢ (t)p(t)"2dt) < CY(1)p(1) 7% + (1) 71) < oo

Therefore, 1/Aa()\) is locally analytic at A = 0, by Lemma 10.2. Theorem 10.2
then shows that the resolvent S(t) obtained in Corollary 3.3 is uniformly integrable
if and only if 0 € p(A).

10.3 Subordinated Resolvents
Suppose b € L}, (R, ) satisfies [~ [b(t)|e™'dt < oo for some 3 > 0, let A be closed
linear unbounded and densely defined, and assume there is a resolvent Sy(t) for

v(t) =g(t) + /Ot b(t — s)Av(s)ds, teRy, (10.15)

such that L
wp = limy oot~ log [Sy(t)| < oc.

Let ¢(t) be a completely positive function with associated creep function
¢
k(t) =k +wt +/ ki(s)ds, t>0, (10.16)
0

where x,w > 0, k1(t) > 0 nonincreasing with lim; o k1(¢) = 0, and let o =
w+ k1(0+). According to Theorem 4.1 there is a resolvent S, (¢) for (10.1), where
a € L}, (R;) defined by

a(\) = b(1/é(\)),  Re A sufficiently large , (10.17)

is also of exponential growth, by Proposition 4.7. The growth bound of S,(t) is
not greater than w,, where

we=¢H1/wp)  ifwy>1/w, w, =0 otherwise. (10.18)
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In this subsection we want to discuss uniform and strong integrability of S, ().
Our approach is based on the Paley-Wiener lemma and depends heavily on the
structure theorem, Theorem 4.4, for subordinated resolvents; therefore we must
also assume that the function k; belongs to Wﬁ)cl (0,00). The decomposition (4.57)
shows that S,(t) can only be expected to be B(X)-measurable if o + 1/k = o0,
unless we restrict the class of kernels b and operators A, so that Sp(t) is B(X)-
measurable. This indicates that the two cases a + 1/k = 0o and a + 1/k < o0
should be treated separately. We do not impose any extra condition on b(t), except
for a mild regularity assumption for b(z) at z = occ.

We begin with the case 1/k + o = 0.

Theorem 10.3 Suppose the function g(z) = z(b(n + z) — b(2))/b(z) is locally
analytic at oo, for some n > max{wy, 5}, and let 1/k + a = oco. Then S,(t) is
uniformly integrable if and only if Conditions (11), (12), (18) of Theorem 10.1 are
satisfied.

Proof: The necessity of (I1), (I2), (I3) is already clear. To prove the sufficiency,
fix any 1 > max{ws, 8} such that g(z) is locally analytic at co. To apply the
Paley-Wiener lemma Theorem 0.7 we have to have an object S, € L'(Ry; B(X))
to start with. Define H, (\) by means of

H,(\) = 27YI-bz)A) " on+1/e(N) (10.19)

/ Sy(1)e e/ ¢Ndr, Re A > 0;
0

then H,(\) = S,(A), Re A > 0, where
Sy(t) = /OOO Sp(r)e ™ "Mw(t, 7)dr, t>0, (10.20)
belongs to L1 (R ; B(X)) since a+1/k = oo by assumption; thanks to Propositions
4.9 and 4.10. Next one verifies easily the identity
H(N) = g\ H,(N) = 6NV H,(WH(Y),  Re A >0, (10.21)

where

en(A) = (n+1/e(N)b(n + 1/é(A))/Aa(X),  Re A >0,
and
Un(N) = (1+1/6) (b + 1/e(N)) = b(1/e(N) /b(1/¢(N)),  Re A>0.
Then the Paley-Wiener condition is implied by (I1), (I2) since

I+ ¢oH, = [(I-bn+1/&)A)+bln+1/&)/b(1/e)—1]- (I —b(n+1/&)A)~?
= bn+1/0)[1/a— AJ(I —b(n+1/6)A)~"



268 Chapter III. Equations on the Line

is invertible for each Re A > 0 and
(I+¢gHy) ™" = (1/b(n+1/¢) — A)(1/a— A)~

observe that I;(n + 1/¢) is well-defined and nonzero by the choice of . Thus to
apply Theorem 0.7 it remains to show that ¢, and 1), are Laplace transforms of
integrable functions on the halfline; this will be achieved by showing that these
functions are locally analytic on Cf’f’ and then applying Lemma 10.1.

To prove this observe that b(n + 1/é) = a, for some function a, € L'(R,), by
Proposition 4.7 and the choice of . The function 1/¢()\) is a Bernstein function
which is locally analytic on C by decomposition (4.9). Together with (I3) these
facts imply that ¢, () and v, (X)) are locally analytic on C;..

The difficult part is to show that ¢, () is locally analytic at co, and here we
need the hypothesis about g(z). By assumption g(z) is locally analytic at infinity,
hence g,(2) = g(2) + ng(z)/z is as well, and so by the remarks following Lemma
10.1

gn(2) = ¥(ar(2), ...

for some ¢ analytic near 0, a; € L'(Ry
Pn(A) = gy(1/e(N)) = ¥(a1(1/e()), . - -, an(1/E(N)))
= ®(bi(N),...,0a(N), ReA>0, [\ >r

with b; € L'(Ry) and r sufficiently large; hence 1, ()) is locally analytic at co.
Finally, to show that ¢, () is locally analytic at oo, write

an(z)), Rez2>0,|z| >R,
). But then by Proposition 4.7

_1 n 1
en(A) = S dn(AN) + ()’ Re A > 0,

and observe that 1/Aé(\) is locally analytic at co by (4.9) again. O

As an example where g(z) = z(b(n—+2z)—b(z))/b(z) is locally analytic at co, choose
b(z) = 277, i.e. b(t) =771/ (y), where v > 0. Then

9(2) = 2((——=) = 1) = 2((1 = L)1 — 1),

n+z n+z

which is even analytic at co; in particular the cases of Theorem 4.2 and 4.3, i.e.
b(t) = 1, resp. b(t) =t are covered.
Next we consider the case 1/k + a < c0.

Theorem 10.4 Suppose the function g(z,w) = w1 (b(2)/b(z+zw)—1) is analytic
at (00,0), let 1/k + a < 0o and assume « > wy. Then S,(t) is integrable if and
only if (11), (12), (I3) of Theorem 10.1 are satisfied. S, (t) is uniformly integrable
if and only if Se(t) is integrable and Sp(t) is B(X)-measurable on Ry .

Proof: The second assertion is clear from the structure theorem, Theorem 4.4; we
therefore concentrate on the sufficiency part of the first assertion. To apply again
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a Paley-Wiener argument, we start with the ‘bad’ part of S(t), which by (4.57)
is S1(t) = Sa(t) — So(t). Si(t) is integrable since o > wp by assumption, and its
Laplace transform is given by

Hi(\) = S51(\) = k(kA+a) ' (I —b(kA+ 2)A)™!,  Re A >0; (10.22)

w.o.l.g. we may assume « > 0 in the sequel, since otherwise Sy(t) = 0, and the
assertion is then trivial. A simple computation yields the following identity for
Hy(X) = So(N).

Ho(A) = o1 (M HL(A) + oM Hi(V)? + 9o M) Hi(M)Ho(A),  Re A >0, (10.23)

where
©1(A) = (1 + a/sN)b(a+ kN)/a(A\) =1, Re A >0,

and
wo(A) = (A4 a/k)(1 — bla+ kX)/a(\), Re A >0.

As in the proof of Theorem 10.3 it is easy to check by (I1), (I12) that the Paley-
Wiener condition is satisfied, and so by Theorem 0.7 we obtain Sy € L' (R ; B(X))
once we have shown that ¢g(A)Hi(\) and 1(A)Hq(\) are Laplace transforms of
functions from L'(Ry; B(X)).

This will be achieved by a local analyticity argument, as in the proof of The-
orem 10.3. Since b(z) is meromorphic for Re z > w; with poles which only may
cluster at the vertical line Re z = wy, Z;(a + k) is holomorphic on EJF, except for
finitely many poles A1,. .., A,, say; therefore, by (I3), ¢1(A) and po(A) are locally
analytic on C; \ {\1,..., A\, }. Since g(z,w) is analytic at (0o,0) we also see that

1 (A
wo(A) = —;kl()\)g(a + KA, o ir(ﬂ))\

), ReA>0,

is locally analytic at oo, and so

1 «
N =~ - & A
@1( ) )\500( ) % Re >0a

is as well, and ¢;(00) = @o(c0) = 0. Thus if b(z) has no poles in Re A > a,
©;(A) = b;(\), Re A > 0, for some functions b; € L'(Ry) by Lemma 10.1, and so
©; (A H1()) is the Laplace transform of an element of L' (R, ; B(X)). In case b(z)
has poles, then H;(\) has zeros at these points of the same order, and so the poles
‘drop out’, and one obtains the same conclusion as before. The details of this pole
cancelling are left to the reader. O

Observe that for b(z) = z2~7, v > 0, one obtains

glew) = L (1 +w) ~ 1),
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and so g obviously is analytic at (0o, 0); this shows that again the cases of Theorem
4.2 and 4.3 are covered. Due to their importance in applications we discuss the
cases b(t) =1 and b(t) = ¢t now separately.

So let A generate a Cp-semigroup in X with growth bound wg(A), and let
b(t) = 1, while ¢(¢t) and k(t) are as above. Then Theorems 10.3 and 10.4 apply
whenever a > wy(A4), hence in this case only conditions (I1), (I2), (I3) from
Theorem 10.1 have to be checked. For this purpose observe that

1/Ae(N) = K + ky + koo /X — 1/¢(00) # 00,  as A — 0,

if and only if ko = 0 and ky € L'(Ry), i.e. k(t) is bounded. If this is the case
then 1/A¢(X) obviously is locally analytic on C, so (I3) holds, and 1/¢(A) admits
continuous extension in C to C4 \ {0}.

Q

a,(A)
G (A) /

o

%

Figure 10.1: Illustration of Corollary 10.2

Therefore Theorems 10.3 and 10.4 imply

Corollary 10.2 Let A generate a Cy-semigroup in X with growth bound wo(A),
let c(t) be a completely positive function with associated creep function k(t) €
V[/l?n1 (0,00) and characteristic numbers k and «. Define

Q={1/¢(\): xeCy, X\#0},

and assume in addition o > wo(A). Then the resolvent S(t) of (10.1) with a(t) =
c(t) is integrable if and only if

0€p(4), k(x)<oo, Qno(4)=0. (10.24)

S(t) is uniformly integrable iff in addition K = 0 or a = oo or eAt is B(X)-
continuous for t > 0.

Consequently, if wp(A) < 0 then S(t) will be integrable iff k(c0) < oo; in the
limiting case wo(A) = 0, S(t) is integrable iff A is invertible and k(co) < oo.
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Observe that the requirement a > wg(A) is trivially satisfied in case wg(A) < 0,
and for wo(A) = 0 it simply means k1 #Z 0.

For the second order subordination b(t) = t, suppose A generates a cosine
family Co(t) in X with growth bound wj(A4), and according to the applications
diccussed in Sections 5 and 9 let a(t) be a creep function with loga;(t) convex;
cp. Theorem 4.3 (ii). Then the characterlstlc numbers of the creep function k(t)
associated with the Bernstein function p(\) = 1/4/a(\) are k = 1/1/as + a1(0+)
ifap=0,k=0ifay >0, w =0, a = —a1(0+) 3/2 note that k € W2 (0, 00),
by convexity of ai(t). To verify (I1)~(I3) observe that Aa(\) — a(oo) # 0 as
A — 0 is always satisfied; a(oo) is finite in the ‘fluid case’ infinite otherwise. Local
analyticity of 1/Aa(\) on C, is obtained as in the remarks following the proof of
Lemma 10.2, referring to the situation of Corollary 3.3. Therefore Theorems 10.3
and 10.4 yield the following result.

Corollary 10.3 Let A generate a cosine family Co(t) in X with growth bound
wi(A), let A be unbounded, a(t) be a creep function with logay(t) convex, and
let k and « denote the characteristic numbers of the Bernstein function p(\) =

1/v/a(N). Define

Q={1/a(\): xeC,},

and assume in addition o > w1 (A). Then the resolvent S(t) of (10.1) is integrable
if and only if
0ep(A) and QNo(A)=0. (10.25)

S(t) is uniformly integrable iff in addition kK =0 or a = co.

Observe that the cosine family generated by A is never B(X)-measurable, in case
A is unbounded, and wy(A4) > 0. In case wi(A) = 0 the situation is particularly
nice. In fact, unless a(t) = axt, the restriction o > wq(A) is always satisfied, and
by Proposition 1.5 we have 0(A) C (—o0,0]. On the other hand, 1/a()) € (—o0, 0]
iff A = ip, for some p € R, and Aa(A) € ¢ R; but this is impossible since it would
require

Re (ipa(ip)) = ap + Re a1 (ip) <0, —pIm (ipa(ip)) = ase — pIm aq(ip) = 0.

Therefore in case wi(A) = 0, the resolvent S(¢) is integrable iff 0 € p(A) and
a(t) £ asot. The latter excludes only the ‘purely elastic’ case where S(t) =Co(t/k),
which is never integrable. This result exhibits a rather striking phenomenon of
dynamics with memory of this type, e.g. in viscoelasticity problems involving only
one kernel of the type considered in Corollary 10.3. The presence of a whatsoever
small memory, i.e. a(t) # ast, stabilizes all frequencies except 0. Stability is
obtained if in addition the stationary problem is well-posed, i.e. if A is invertible.
When considering specific examples, the latter is usually satisfied if the domain
under consideration is bounded, but is also valid for several classes of unbounded
domains.
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Let us point out the sharp difference between the ‘fluid case’ a, = 0, a1 €
L'(R.), and that of a solid as, > 0. If S(t) is integrable then

/0 T Syt = H(0) = A Ja(so),

hence we obtain H(0) = 0 in the ‘solid case’, while H(0) # 0 for ‘fluids’. For
further remarks see Section 10.6, and for applications of the foregoing results cp.
Section 13.

10.4 Strong Integrability in Hilbert Spaces

Let X be a Hilbert space and suppose (10.1) admits an exponentially bounded
resolvent S(t) in X. If the kernel a(t) is in addition 1-regular, strong integrability
of the resolvent can be characterized in terms of the Laplace transform H(\) of
S(t). The result reads as follows.

Theorem 10.5 Suppose (10.1) admits a resolvent S(t) with finite growth bound
wo(S) < oo in the Hilbert space X, and let a(t) be 1-reqular. Then S(t) is strongly
integrable if and only if (11), (12), (13) of Theorem 10.1 hold and H(X) is uniformly
bounded on C,. .

Proof: Since strong integrability of S(¢) implies L'-stability (S) of (10.1), the
necessity part follows from Proposition 10.2 and the remarks in front of Theorem
10.1.

To prove sufficiency, choose a cut-off function ¢(p), i.e. ¢(p) =1 for |p| < 1,
@(p) =0 for |p| > 1, and ¢ € C§°(R). Then as in the proof of Theorem 10.1 there
is Sp € L'(R; B(X)) such that

So(p) = (p)H(ip), peR.

Therefore it remains to show that for each z € X the function (1 — @(p))H (ip)z
is the Fourier transform of a function in L'(R;X). So let z € X be fixed and
put x(p) = 1 —@(p). Choose w > wy(S); then f(t) = e “"eo(t)S(t)x belongs to
L?(R; X), hence by Parseval’s theorem, f(p) = H(ip + w)x is square integrable.
The identity

H(ip)x = H(ip+w)z + ——— H(ip)z + h(p)H (ip)(H (w + ip)z —

w+ip w—l—ip)7

where

h(p) =ip(a(ip)/aw +ip) — 1),
then implies x(-)H (i-)z € L?(R; X) as well since H (ip) is bounded by assumption,
provided h(p) is bounded for |p| > 1. To prove the latter we employ l-regularity
of a(t). As in the proof of Lemma 8.1 there is a holomorphic function g(\A), Re
A > 0, such that exp (g(A)) = a(A), and |¢'(N)] < ¢/|Al, Re A > 0. Then

h(p) = ip /Ow % exp(g(ip) — g(ip + s))ds

- —ip/ cxp(—/ g'(ip +1)dr)g (ip + 5)ds,
0 0
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hence for |p| > 1 we obtain

ol < [  exp / "\ Gip + Dldn)lpllg (i + s)ds

< awexp(aw) < 0.

Thus x(-)H(i-)z € L?*(R;X) and so by Parseval’s theorem there is a function
u € L*(R; X) with @(p) = x(p)H (ip)x for a.a. p € R.
On the other hand,

W'(p) = X'(p)H(ip)x +ix(p)H (ip)x

, . a'(ip ) T
X H(ip)e -+ ix(p) (~ Hip)a/ip + Hip)ip's 2 (Hlip)s — )
also belongs to L?(R; X) since H()) is bounded, x(p) = 0 for |[p| < 1, and a is
l-regular; see Lemma 8.1. Therefore, by Parseval’s theorem there is v € L?(R; X)
such that 0(p) = @/(p) for a.a p € R. But this implies tu(t) = —v(t), hence

July = / Ju(tldt + /| LC NI < V3l + [tuls) < 00

It]
The proof is complete. O

Since D(A*) is dense in X, under the assumptions of Theorem 10.5, S*(¢) is the
resolvent for (10.1) with A replaced by A*, and a(t) replaced by a(t). Theorem
10.5 then shows in case wy(S) < oo and a(t) 1-regular that with S(¢) also S*(¢) is
strongly integrable. This observation together with the vector-valued Riesz-Thorin
interpolation theorem yields

Corollary 10.4 Suppose (10.1) admits a resolvent S(t) with finite growth bound
wo(S) < oo in the Hilbert space X, and let a(t) be 1-reqular. If S(t) is strongly
integrable then (10.1) is LP-stable (S) for each p € [1,00].

Proof: We already know that strong integrability of S(t) implies L!-stability (9)
of (10.1). Since the remark in front of Corollary 10.2 yields also strong integrability
of S*(t) we obtain for u(t) = (S * f)(t) the estimate

|</ (F(r), (¢ — T)a*)dr < |floe - 1S () s

for each f € L*°(R4;X), 2* € X, t € R;. Thus there is a constant C' > 0 such
that |u]s < |f|oo, i-e. (10.1) L°-stable (5). Interpolation then yields LP-stability

(S). O

Let us briefy discuss strong integrability of the resolvent S(t) obtained in Corol-
lary 1.2.
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Corollary 10.5 Let X be a Hilbert space, a € BVioe(Ry) be 1-regular and such
that da(t) is of positive type. Then the resolvent S(t) of (10.1) is strongly integrable
for every negative definite selfadjoint operator A in X if and only if the following
conditions hold.

(i) Re da(ip) > 0 for all p € R, p # 0;

(ii) Ty .0 Im dal(ip)/[lp| Re da(ip)] < oo

(i) 1/@()\) is locally analytic at A = 0.

Observe that (i) is equivalent to 1/a(ip) & (—o0,0) for all p € R, p # 0, (iii) con-
cerns existence and continuity of H(A) near 0, and (ii) corresponds to boundedness
of H(X) on C,. The last condition is satisfied e.g. if a € BV(R,), a(oo) # 0. (iii)
also holds in case a(t) is a creep function with aq(¢) convex, as the remarks fol-
lowing the proof of Lemma 10.2 show; note that in this case 1-regularity of a(t)
follows and da(t) is already of positive type, by Proposition 3.3. One should com-
pare Corollary 10.5 with Corollary 10.3. If in addition a; = as 4+ a3 where as is
2-monotone and such that [ as(t)dt/t < co and a3 is 3-monotone then it has
been shown in Carr and Hannsgen [38] that under the assumptions of Corollary
10.5, S(¢) is even integrable; see Section 10.7 for further remarks and discussions.

Next we discuss strong integrability of the resolvent for hyperbolic problems
of variational type introduced in Section 6.7. So let V, H be Hilbert spaces such

that V <% H and consider
¢
(w,u(t)) +/ a(t —s,w,u(s))ds =< w, f(t) >, teRy, weV, (10.26)
0

where o : Ry x V x V — C is such that «(t,-,-) is a sesquilinear form on V for
each t > 0, «(0,-,-) = 0, and let «(t,-,-) be represented by A(t) € B(V, V*) by
means of

alt,u,v) = — <u, At)v >, t>0, u,veV. (10.27)

Since Corollary 10.3 is the special case a(t,u,v) = a(t)(AY?u, AY?v) in this set-
ting, it becomes apparent that for strong integrability of the resolvent S(t) for
(10.26) frequency domain conditions reflecting (i) and (ii) of Corollary 10.3 will be
needed, as well as some regularity assumptions on the form a(¢, u, v) which replace

(iii). We first concentrate on the solid case which corresponds to A(t) — Ao # 0
as t — oo.

Theorem 10.6 Let a: Ry x V xV — C satisfy (V1) and (V2) of Theorem 6.5
with a1 (t) bounded, and let o be n-coercive for some n > 0. In addition assume
(V4) a(-,u,v) € Wli’cl(O,oo), a(0,u,v) =0, for each u,v € V, and

|6(t, u,v) = als, u,0)| < (az(s) — az(®))[|ul] [Jof|,  for allt > s >0, u,veV,

where s (t) is nonincreasing and such that — foootdozg(t) < 005
(V5) lim oo | Re a(ip,u,u)/[p Im a(ip, u,u)]| < oo < 00 for each u € V;
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(S) For each u,v € V, oo (u,v) = lims—, 00 G(t, u, v) exists, and with some constant
Yoo >0
Re oo (1, 1) > Yool ul|?,  for allu € V.

Then the resolvent S(t) for (10.26) and its integral R(t) = (1% S)(t) satisfy
(i)veV =Sz e L' (Ry;V), §(-)ve LYRy: H), S(-)v e LYRy:;V);

(i) v € H= S()z € LNRy; H), $()z € L*(R; V"), R()z € LRy V);

(iii) u € V. = S(u € LYRy; V), R(u € L*(Ry; H), and e % R(-)u €
LY(Ry; V).

Observe that n-coercivity together with (S), (V2), and o bounded imply coercivity
of , hence Theorem 6.5 applies, and consequently the exponent 1 in (i), (ii), (iii)
of Theorem 10.6 can be replaced by oo, hence by p € [1, 00| by interpolation. Since
the adjoint form o*(¢,u,v) = a(t,u,v) also satisfies the assumptions of Theorem
10.6, the argument in the proof of Corollary 10.2 may be applied again, and so
(10.26) is LP-stable (S) for each p € [1, 00].

Proof of Theorem 10.6: The argument is basically the same as in the proof of
Theorem 10.5, therefore we only give an outline here, emphasizing the necessary
modifications.

(a) We first show how to obtain the boundedness of H(X) in B(V"), B(H),
B(V), of HA)/Xin B(V", H), B(H,V), and of H(\)/(A(A+n)) in B(V", V) which
are necessary for (i), (ii), (iii) to be valid. (10.26) implies the identity

MHNz? 4+ &\, HNz, HNz) =< H\)z, 2 >, (10.28)

valid for Re A >0 and z € V. Taking real parts in (10.28), by n-coerciveness we
obtain

M HNzl| < (n+0)? +p2)|z]ls, ReA>0,zeV", (10.29)

where A = o + i1p. We have

~1!

— XA (\) = NA(N) = tdA(N) + 2dA(N) — A(0), (10.30)
-~/
hence [\2A (/\)|B(V,V*) < M since — fooo tdas(t) < 0o and a4 (t) is bounded. With

H'(\) = —HO)(I — A (\)H(\), Re A >0, (10.31)

(10.29) and (10.30) then imply the existence of H(ip) = limy_,;, H(\) in B(V*,V)

for each p # 0; observe that A(N) = dA(N)/X admits continuous extension to
C4+ \ {0}, by boundedness of «a;(t). n-coerciveness and (10.28) for A\ = ip then
yield

ml[H(ip)(n+ip)~'a|* < | < H(ip)w,z > |, p#0,2€V, (10.32)
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while decomposing (10.28) into real and imaginary parts, (V5) implies
pllH (ip)al < e(1+|pl)| < H(ip)z,a > |, p#0, 2V (10.33)
Finally (S) gives
|H(ip)x|| < clpllz]l., p#0, €V (10.34)

in particular H(0) = limy_,0 H(A) = 0. From (10.32), (10.33), (10.34) one easily
obtains the boundedness of |H (ip)|g ) etc., and then by the maximum principle
also on C.

(b) As in the proof of Theorem 10.5 consider the identity

o~

H(ip)x = Hgip +n)x+nH(ip)H(ip +n)x + H(ip)(A(ip)  (10.35)
~A(ip+m)H(ip + n)z

where z € V', p € R. (V4) and

~ o~ ~

(ip +n)2(A(ip) — Alip+n)) = n*Alip) + nA(0) + 20 A(ip) + dA(ip) — dA(ip + ),

imply

|(ip +m)>2(A(ip) — AGip +m)l g7y < C(L+1/Ipl), p#0,

for — [ tdas(t) < oo and ay is bounded. Since e.g. e "S(t)x € L*(Ry;V)
for € V, by Parseval’s theorem, we obtain H(ip + n)z € L?*(R.;V), hence
H(ip)z € L*(Ry; V) by (10.35) and (a), and so by Parseval’s theorem also S(t)x €
L?(Ry; V). By similar arguments the assertions of the theorem follow with expo-
nent 2 instead of 1.

(c) To obtain e.g. tS(t)z € L?*(Ry;V) consider (10.31) for A = ip. Then for
x € V one deduces from (10.31)

1 (ip)x|| < |H (ip) v || H (ip)x]| + [H (ip)/ p* | s+ vy M| H (ip)],

hence H'(ip)x € L?*(R,;V), by the boundedness properties of H(ip), and by
(10.34). Parseval’s theorem gives tS(t)z € L?(Ry;V) for each z € V, which
together with (b) yields the strong integrability of S(t) in V. The remaining
assertions follow by similar arguments. O

By the same type of arguments one can prove the following result, in which the
case of a fluid, i.e. fooo |A(t)|8(v7*)dt < o0 is considered.

Corollary 10.6 Let the assumptions of Theorem 10.6 be satisfied, with the ex-
ception that (S) is replaced by
(F) |a(t,u,v)| < az@®)||u]] [|[v]], t >0, u,v € V, where az € L*(Ry).

Then the assertions of Theorem 10.6 for S(t), S(t), S(t) remain valid.
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Observe that in the fluid case one cannot expect integrability of R(¢) since

/ S(t)dt = H(0) = —A(co)™! #0.
0
Here the difference between the solid and the fluid case becomes apparent, again.

10.5 Nonscalar Parabolic Problems
Next we consider integrability properties of the resolvent S(¢) for the nonscalar
parabolic problem

u(t) = F(t) + /0 "A(t— Du(r)dr, £30, (10.36)

in the Banach space X, where A € L} (R, ;B(Y, X)) is of subexponential growth,

loc

and Y <4 X, 1 (10.36) is (weakly) parabolic and A(t) is (weakly) l-regular, see
Definition 7.3, then by Theorem 7.2, the (weak) resolvent S(¢) for (10.36) exists
and is bounded in (B(X)) B(X) N B(Y). If S(t) is integrable in X, by continuity
in B(X) it is also uniformly integrable, and so H(X) = S()) is B(X)-continuous
on C4. In particular, AH(X) — 0 as A — 0, hence AA()) is invertible near A = 0
and

H{(0) = lim (A - M) = - lim AA) ! (10.37)
exists in B(X). Similarly, if S(t) is integrable in Y then (10.37) also holds in B(Y).
For the sufficiency of (10.37) stronger assumptions on the regularity of A(t) and
on the behavior of AA(\) near A = 0 are needed.

Theorem 10.7 Suppose (10.36) is weakly parabolic, A(t) weakly 2-reqular, and let
S(t) denote the weak reolvent for (10.36). In addition assume that there is > 0
such that NA(\) is invertible in X for X\ € C, N B,(0) and F(\) = AA(\)~! €
B(X,Y) satisfies

)1\12}) F(A\)=F(0) euists in B(X), (10.38)
[ 1P Golscxr + PG - FOlsco/llydo+ [ 1oldF Gl < oo. (1039

Then S € LY(Ry;B(X)). If (10.56) is parabolic, A(t) 2-regular, and (10.38),
(10.89) hold also in B(Y) then S € L*(R4; B(Y)).

Proof: (a) Suppose A(t) is weakly 2-regular. We first show that A(N) admits a
B(Y, X )-continuous extension to C4 \ {0} which is such that (10.39) makes sense.
For this purpose observe first that

wo(r) =sup{|[AQN)| : A€ Cy, Al 27}, 7 >0,

is finite, nonincreasing, and lim, o, ¢(r) = 0; this follows from 1l-regularity by
means of Gronwall’s inequality. By 2-regularity we then also have with

ng(T') = Sup{‘A(k)(A” tAE CJM |>‘| Z T}a r> Oa k= 1323
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the estimates
Qr(r) < (L+@o(r)/r*, r>0, k=12

Therefore A(\) and A’()\)_are uniformly Lipschitz on C \ B.(0) for each £ > 0,
hence admit extension to C, \ {0}, and

A(ir) € CHR\{0}; B(Y, X)),  A'(i-) € BVioe(R\ {0}; B(Y, X)),
as well as

[AGip)| < @o(lpl), 14" (ip)| < e1(lpl), 1dA'(ip)| < @2(lpl)dp, p # 0.

Therefore, by (10.38) we see that F(ip) is of class C! for 0 < |p| < n and F'(i-) €
BVioe([—1,0) U (0,n]; B(X)); thus (10.39) makes sense.

(b) From (a) and weak parabolicity it now follows easily that H(\) admits
continuous extension in B(X) to C4 \ {0}; with

H'(\) = HO)(AN) + MA'(\) — )H(N)
and

H'(\) = HONERA ) +AA"(\)H(N)
+ 2H) (AN + AA'(N) = DHHN) (AN + AA'(\) — I)H()N),
there follows H(i-) € CY(R\ {0}; B(X)), H'(i") € BVioe(R\ {0}; B(X)), as well as
the estimates

PG + [P | o)| < M, |o[*|dE (ip)] < Mdp, p#0.
Furthermore, (10.38) shows the existence of limy_,o H(\) = —F(0), for
HA) = A= AN) ™ = =FNU = AF(\) ™ A <

in particular, H(\) is bounded in B(X) near A = 0. Finally, (10.39) implies

5
S |p||dH' (ip)] < oo,

1
[ A ol +117(in) = HO) sl + [

where 0 < § < 7 is chosen small enough, e.g. such that 6|F(\)| < 1/2 for |A| < n;
observe that by 2-regularity and (10.38), F(\), AF'()\), A2F”(\) are bounded for
X e CinBy(0).

(c) To prove integrability of S(¢) in B(X) we begin with the representation

1 © .
(1) = 5 / H(ip)e'®'dp, >0,
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which follows from the complex inversion formula of the Laplace-transform; the
integral is absolutely covergent by the properties of H'(ip) derived in (b). Inte-
grating by parts for |p| > 1/t this formula becomes
1 1/t / ipt 1 .
St) = 5~ H'(ip)(e"”" = 1)dp + 5—-(H(i/t) — H(~i/t))
Tt —1/t
L(H’(—i/t)eﬂ' — H'(i/t)e') — ! / e dH' (ip)
2imt? 2imt? J) > 1/t
= Sl(t)+52(t)+53(t)+54(t)7 t>1.

We estimate the corresponding integrals separately.

/0 /j |H'(ip)|8(x) | sin(p/2s)|dpds/ s

IN

7T/ 151 (1) B(x)dt
1

1 1
[ ([ sintll29)ds )18 )l

1 1/2
- / Ao / Jsinldr/7)dp
-1

pl/2

IN

-1

1
C/ H'(ip)|s(x)dp < .

oo 1
o / 1S2(8) sy dt = / | (is) — H(—is) s ds/s
1 0

1
< [ 1H(s) - HOlsods/ls] < .
-1
[e'e) 1
o / 1S5(8) o dt < / (H (—is) ) + [H'(65) s )ds
1 0

1
= / |H'(is)|p(x)ds < oo.
-1

/1(/p>s |dH'(ip)|5(x))ds
2M/ / dp/p®) d8+/11(/0|p| ds)|dH' (ip)|5(x)

- M+ / DI (ip) s < oo
-1

IN

o / 1S4(8) s dt
1

IN

Therefore S € L([1,00); B(X)), and since S(t) is also bounded in B(X) we see
that S(t) is uniformly integrable in X. The second assertion follows by repeating
the above arguments in the space Y. O
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Let us discuss (10.38) and (10.39) for equations of variational type
t
(w, u(t)) —|—/ alt —s,w,u(s))ds =< w, f(t) >, t>0, weV, (10.40)
0

where V 4 H are Hilbert spaces, and o : Ry x V x V — C is a uniformly mea-
surable and locally integrable bounded sesquilinear form on V satisfiying (PV1),
(PV2), (PV3) with k = 2; see Section 7.3. Then A(X) € B(V, V") is invertible and
by (7.22) we have
. 1
(AN g vy < ——=—, ReA>0. (10.41)
SV = o)A

Suppose |Al@(A) — 0o as A — 0; then by (10.41), F(A) — 0in B(V",V) as A — 0,
i.e. (10.38) holds with F(0) = 0. From

and
F"(A) = 2F(N)(AAN) F)AAWN) F(A) = F)AAN)"F(A)

as well as (PV4) with k = 2, we then obtain

1 C

' Vg vy < C(——)%0(}) € ———,  Re A >0,
BVY) (M)Al IAPe(A)
and similarly
C
IF"Nlgi vy < g = ReA>0.
BTV = PR3

Therefore, if ¢()\) admits continuous extension to C \ {0}, (10.39) is implied by
the condition f_"n(\p|2<p(ip))’1dp < 00, for some 1 > 0.

Corollary 10.7 Let the assumptions of Theorem 7.3 (ii) with k = 2 be satisfied
and assume @(X\) admits continuous extension to C1 \ {0} such that

lim [Ao(\) = o0 and /77 _dr
A=0 —n 1o1¢(ip)

Then the resolvent S(t) for (10.40) is uniformly integrable in V',V and H.

< oo for somen > 0. (10.42)

On the other hand, suppose |A|p(A) — ¢(0) # 0 as A — 0 and
A&(A, U, v) =20 Qoo (U, V) =< u, A > uniformly for [|ul, ||v|] < 1.

Then MA(A) — Ao in B(V,V'), where A is invertible. Therefore F(\) =
AAN))™ = A in B(V',V) as A — 0, and so (10.38) follows. Since F())
is bounded in B(V", V) it is easy to see that (10.39) is implied by

A& (1, 0) = oo (1, 0)| + [AAG) (A, u, 0)| + [N (AQ)" (A, )] < (V)| ful] [Jo]]
(10.43)
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for Re A > 0, u,v € V where ¥(\) admits continuous extension to C, \ {0} such
that fi]n Y(ip)dp/|p| < oo.

Corollary 10.8 Let the assumptions of Theorem 7.3 (ii) with k = 2 be satis-
fied and suppose |N|p(X) — ©(0) # 0 and A&(\, u,v) — aoo(u,v) uniformly for

[lull, [lv]] <1 asA— 0, and let (10.43) hold, with a function v € C(C4\{0}) such
that ffn Y(ip)dp/|p| < oo for some n > 0. Then the resolvent S(t) for (10.40) is

uniformly integrable in V',V and H.

10.6 Comments

a) L2-stability has been considered in infinite dimensions for the first time by
Miller and Wheeler [246]; although their definition is slightly different from ours
the underlying ideas are similar. To be more precise, as regards to stability, Miller
and Wheeler study the second order problem

Z(t) = cx(t) + (A+v)x(t) + /0 [b(t — T)Az(T) 4+ g(t — T)a(7)]dT + f(t),
x(0) = zg, £(0) =vo, t>0, (10.44)

in a Hilbert space X, where A is a selfadjoint, negative definite operator in X such
that (u—A)~1 is compact for each u € p(A), ¢,y € R, and b, g € C*(RL)NLY(Ry).
(10.44) is then called L?-stable if it admits a mild solution x € L?(R;; X) for each
20,00 € X and f € L'(Ry; X). It is then proved that the spectral conditions

14+bA) #0, (A —eX—~—3g(\)/(1+b(\) € p(4), forall Re X >0, (10.45)

imply L2-stability, provided in addition ¢ + b(0) < 0 and b € L*(R,). By means
of the subordination principle and perturbation techniques which are discussed
in Section 12.1, it can be shown that a stronger version of this result is true in
a general Banach space for operators A generating a strongly continuous cosine
family, g € L'(R,), and b € WH1(R,), provided the spectral condition (10.45)
holds, and wg(A) < —(c+ b(0)).

b) The concept of local analyticity is originally due to Gelfand, Raikov, and Shilov
[128], Paragraph 13, and is given in the context of a general commutative Banach
algebra. The abstract version of Lemma 10.1 and a proof can be found there.
This result is a considerable extension of the classical Wiener-Lévy theorem, and
is a very powerful tool in modern transform theory; the results in Sections 10.2
and 10.3 are examples of this. The definition of a locally analytic function given
here is a slight but nevertheless quite useful extension of the original concept, due
to Jordan, Staffans, and Wheeler [189]. They study Volterra equations in finite
dimensions in weighted spaces on the halfline and on the line. Based on their
Proposition 2.3 (the result corresponding to Lemma 10.1) they were able to unify
most results on integrability of resolvents available at that time, and to extend
and strengthen many of them. In this connection we refer also to the monograph
byGripenberg, Londen, and Staffans [156].
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c) The first result on integrability of resolvents for parabolic problems appears
already in the paper of Friedman and Shinbrot [123]. In the second part of this
work it is proved that the resolvent S(t) of the equation of scalar type (10.1)
belongs to LP(R4; B(X)), p > 2, if the kernel a satisfies

a € Wi (R+), a(0) >0, a € L*(R,),

loc

the closed, linear, and densely defined operator A generates an analytic Cp-semi-
group in X which is bounded in some sector X(0,6), A is invertible, and the
spectral condition

a(\) #0, 1/a(\) € p(A), for all Re A > 0,

holds. If in addition ta(t) is integrable then the uniform integrability of the resol-
vent is obtained.

Obviously, the assumptions on a and A stated above imply Conditions (I1),
(I12), (I3) of Theorem 10.1, however, in general the kernel need not be 2-regular,
and therefore neither Theorem 10.2 nor Theorem 10.1 can be applied. But by
means of parabolic perturbation results, we show in Section 12 that the moment
condition on a(t) is not needed for uniform integrability of S(¢). This was observed
first in Priiss [271]; see also [275]. Theorems 10.1, 10.2, 10.7 are new.

d) Theorems 10.3 and 10.4 on integrability of subordinate resolvents are unifica-
tions and extensions of results for the special cases b(t) = 1, and b(t) = ¢, i.e. the
first and second order case, obtained in Priiss [274]. These special cases are stated
here as Corollaries 10.2 and 10.3. By means of the methods presented in Section
10.3 it is also possible to discuss integrability of operator families related to S(¢),
like S(t), S(t), 1% S(t), and so on. For the second order case this has been done
for the first two derivatives of S(¢) in Priiss [277], and for (1+¢)S(t), 1 S(¢), and
(14 1)28(t) even with a weight p in Hannsgen and Wheeler [171].

e) In analogy to Theorems 10.3 and 10.4 one obtains a characterization of integra-
bility of the integral resolvent R(t) of subordinated equations. If the assumptions
of Theorems 10.3 or 10.4 hold, R(t) is integrable iff the following conditions are
satisfied.

(IR1) 1/a()\) admits a continuous extension in C to C. , holomorphic on C;
(IR2) 1/a(\) € p(A) for all A € Cy;

(IR3) 1/a()) is locally analytic on i R.

Note that these conditions differ from the corresponding ones for S(t) only at
A=0.

f) The papers Hannsgen [164], and Carr and Hannsgen [38], contain the first
integrability results for resolvents S(t) of equations of scalar type (10.1) in a
Hilbert space with negative definite operator A, where the kernels a(t) are -in our
terminology- creep functions with a; (¢) convex. Assuming in addition a1 = as+as,
where ag is 3-monotone and ag 2-monotone and such that [ as(t)dt/t < oo, in
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these papers it has been shown that the scalar functions s(¢; u) (cp. Section 1.3)
are integrable, uniformly w.r.t. p > po > 0, i.e.

/ sup |s(t; p)|dt < oo,  for each po > 0.
0 u=po

(In case a(t) is even a Bernstein function Hannsgen and Wheeler [169] gave later a
different argument which is based on the decomposition of s(t; i) into a completely
monotonic part which is infinitely smooth at t = 0, and an exponentially decreasing
part.) Via the functional calculus for selfadjoint operators such estimates imply
integrability of S(t), rather than strong integrability, i.e. as proved in Section 10.4;
see Corollary 10.3. Although the analysis is beautiful, these estimates are of a
very technical nature and therefore are not reproduced here. Later they have been
extended by Carr and Hannsgen [39] and Noren [260] to obtain also integrability of
S(t) and S(t). These estimates do not seem to carry over to nonscalar equations,
however, as we have shown in Corollary 10.2, strong integrability of the resolvent
is enough to obtain LP-stability. Theorem 10.6 can therefore be considered as the
natural extension of the Carr-Hannsgen result to nonscalar problems; cp. Priiss
[281]. This paper contains also the straightforward application of Theorem 10.6
and its corollary to nonisotropic hyperbolic viscoelasticity.

g) A topic very much related to stability of (10.1) and integrability of its associated
resolvent S(t) is the question of stabilizability of (10.1) via feedback controls. For
this subject the reader is referred e.g. to the papers Da Prato and Lunardi [74],
Desch and Miller [89], [90], Jeong [188], [187], and Leugering [209], [211], [212].



11 Limiting Equations

The solvability behaviour of Volterra equations on the line will be studied in this
section. The central concept which corresponds to well-posedness is that of ad-
missibility of homogeneous spaces of functions on the line. Necessary conditions
for admissibility are derived and some consequences of this property are studied.
Thereafter the connections between the equations on the line and on the halfline
are studied and the notion of limiting equation is justified.

11.1 Homogeneous Spaces

Let X,Y be Banach spaces such that YV < X, {A(t)}i>0 C B(Y, X) measurable,
and consider the Volterra equation on the line

/A u(t —7)dr, teR, (11.1)

where g € L}, .(R; X). This section is devoted to a study of the solvability be-
haviour of (11.1) in various spaces of functions on the line.

In general, (11.1) is more difficult to handle than its local version (6.1), however,
in contrast to (6.1) it enjoys the property of translation invariance, i.e. if u is a
solution of (11.1) in the sense of Definition 11.2 below, then (Thu)(t) = u(t + h),
t € R, is again a solution of (11.1), with g replaced by T}g, for each h € R. To be
able to exploit this property, we consider the solvability behaviour of (11.1) only
in spaces of locally integrable functions on R which are translation invariant, more
precisely, homogeneous in the sense of

Definition 11.1 A Banach space H(X) of locally integrable X -valued functions
1s said to be homogeneous if
(i) H(X) — L}, (R; X), i.e. for each T > 0 there is a constant C(T) > 0 such
that .
1@l < Ol oy for each £ € HOX);

-7
(i) {1, : h € R} C B(H(X)) is strongly continuous and uniformly bounded;
(iii) B(X) — B(H(X)), i.e. feH(X), K € B(X) imply Kf € H(X);

are satisfied.

Examples of homogeneous spaces are LP(X) := LP(R; X), 1 < p < oo, the space
of bounded uniformly continuous X-valued functions Cyp(X) := Cup(R; X), the
space of almost periodic functions AP(X), the space of continuous w-periodic
functions P, (X), etc. L*(X) := L*(R;X) and Cp(X) := Cp(R; X) are not
homogeneous since the group of translations is not strongly continuous in these
spaces.

The largest space we will consider is BM (X)), the space of functions bounded
in mean, defined by

BM(X) - {f € Llloc(R;X) : |f|l{ < 00}7

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_11, 284
© Springer Basel 1993
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where the norm | - |4 in BM(X) is given by

112 = sup / 5)lds : t € R}.

BM(X) is not homogeneous, however, its closed subspace BM?(X), defined by
BM°(X)={f e BM(X):|Thf - f| =0 ash— 0},

has this property; in fact, it is the largest homogeneous space, as (a) of the next
proposition shows.

If H(X) is homogeneous, the generator of the translation group will be denoted
by Dy, or simply by D = d/dt if there is no danger of confusion. We then may
define

H™(X) =D(D3), |flnmx) = Z 1D flyx)y, meN,
1=0
and
H> (X) = mmlem(X);
obviously H™(X) are again Banach spaces, and H*(X) is a Fréchet space with
the seminorms p,,, (f) = |[D™ fly(x), m € Ng. Of interest also is the space H*(X)
of entire vectors w.r.t. the translation group, i.e.

HY(X) = {f € H®(X) : Timp oo D" I3y, < 00}

This is precisely the space of all functions f € H(X) such that T}, f extends to an
entire function on C of exponential growth. Since {T}} is a Cy-group on H(X)
it is well-known that H%(X) is dense in H(X); this is the second assertion of the
next proposition.

Proposition 11.1 Let H(X) be homogeneous. Then

(i) H(X) — BMO(X).

(i) H*(X) is dense in H(X);

(i) K € BV (R; B(X)) induces via Tf := dK x f an operator T € B(H(X)),
there is a constant C > 0 such that |T| < CVar K|>.

Proof: (i) For f € H(X) we have by (i) and (ii) of Definition 11.1

[ roas = / (T 1) ()lds < COTef by < COM | f ) tE R,
t

where M = sup{|T;|gn(x)) : t € R}.
(ii) is standard in semigroup theory; see e.g. Davies [77], p. 30.
(iii) follows from the representation

dK*f—/_ZdK(T)f(~—T)—/OO AK (1) T, f

— 00

rf

N

lim i:1(K(Ti) - K(7i-1))T—+, f,
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where § = sup{r; — 7,1 : ¢ = 1,..., N} denotes the size of the decomposition
—00 < Tp < ... < Ty < 00; observe that the function 7 — T,f € H(X) is
uniformly continuous on R. O

In particular, any integrable function F' : R — B(X) induces by Proposition 11.1
(i) via Tf := F * f an operator T € B(H(X)), for every homogeneous space
H(X).

Functions f € BM (X)) are of polynomial growth, since

o dt = 1 ! 0
| s <X | mies [ < dr

— 0 =0

for some constant ¢ > 0, independent of f. Therefore, o(f), the spectrum of f,
introduced in Section 0.5 via the Fourier-Carleman transform is well-defined. This
gives rise to the family Ha (X) of subspaces of a homogeneous space H(X), defined
by

HA(X) ={f e H(X) : o(f) C A}.

Theorem 0.8 shows that Hx(X) is closed, whenever A C R is closed. For the
spaces Cypa (X)) we use the abbreviation A(X), i.e.

AX)={f € Cuw(X) :a(f) C A}

If H(X) is homogeneous and A C R is closed, then Proposition 0.4 implies that
Ha(X) is again homogeneous. This gives a fine structure of subspaces suitable
to describe the solvability behaviour of (11.1) in terms of the spectrum of the
inhomogeneity g.

If H(X) is homogeneous, it is not difficult to verify H*(X) C H?(X), where

HO(X)={f € H(X) : o(f) compact};

therefore the space H?(X) is also dense in H(X).
Next given b € W(R) = {b € LY(R) : b(p) # 0 for all p € R} U {dp}, the
Wiener class, we define

HY(X)={feHX): f=bxg for some g e H(X)},

i.e. H®(X) is the range of the convolution operator on H(X) induced by b. By local

analyticity of 1/b on R and by Proposition 0.6, there follows H%(X) c H*(X),

for each b € W(R), hence these spaces are also dense in H(X). It should be noted

that for the kernels bg(t) = eg(t)e~'t?~1/T'(), one obtains H* (X) = HA(X) =

D(DP), for all B > 0; in fact, it is easy to verify the relation (I + D)~Pf = bg * f.
Let us summarize this discussion in

Proposition 11.2 Let A C R be closed, H(X) be homogeneous, b € W(R), and
let Ha(X), HY(X), H°(X), H*(X) be defined as above. Then
(i) Ha(X) is a homogeneous subspace of H(X);
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(ii) H*(X) C H°(X) € H*(X);
(iii) H°(X) and H*(X) are dense in H(X).

11.2 Admissibility

Let’s turn attention to (11.1) now. If A € LY(Ry;B(Y, X)) and u € BM°(Y)
then A x u is well-defined, belongs to BM%(X), and |A * ul} < |A|1|ul®. For
many applications, however, integrability of A(t) is too stringent, but then the
convolution A * u over R is in general not defined. For this reason we restrict
attention to kernels A(¢) of the form

A(t) = Ao(t) + Ax(t), t>0, where (11.2)
Ap € LY(R;B(Y, X)) and A, € BV(R,;B(Y, X)),

and consider the differentiated version of (11.1):

u(t) = /000 Ao(T)u(t — T)dT + /000 dA (T)u(t — 1)+ f(t), teR. (11.3)

In the sequel we always assume (11.2) and confine our study to (11.3). Remarks
on (11.1) with A € L*(R4;B(Y, X)) and on the second order case where (11.1) is
differentiated twice will be given in Section 11.7.

Definition 11.2 Let f € BM°(X). Then

(a) u € BM°(X) is called strong solution of (11.3) ifu € BM°(Y), u— Ag*u €
BMY(X), and (u— Ag *u) = dA; xu+ f a.e. onR.

(b) u € BM°(X) is called mild solution of (11.3) if there are f, € BM°(X),
fn — f in BM°(X), and strong solutions u, € BM°(Y) of (11.3) with f replaced
by fn, such that u, — u in BM°(X).

The solvability behaviour of (11.3) is described in terms of admissibility of homo-
geneous spaces which we introduce next.

Definition 11.3 Let b € W(R) be given. A homogeneous space H(X) is called
b-admissible for equation (11.3), if for each f € H*(X) there is a unique strong
solution u € H(X) N BM°(Y) of (11.3), and (f,) C H*(X), fn — 0 in H(X),
implies up, — 0 in H(X). H(X) is called O-admissible if it is do-admissible.

Thus the kernel b € W(R) measures the amount of regularity in time of an inhomo-
geneity f needed to allow for a strong solution. Suppose the homogeneous space
H(X) is b-admissible. Then we may define the solution operator G : H*(X) —
H(X) N BM°(Y) by means of Gf = u, where u € H(X) N BM°(Y) denotes the
unique solution of (11.3) with f € H?(X). By definition of b-admissibility, G ad-
mits a unique bounded linear extension to G € B(H(X)) since H*(X) is dense
in H(X) by Proposition 11.1. Moreover, the closed graph theorem implies also
bx G € B(H(X), BM°(Y)), where we deliberately use the notation b * G for the
operator G(b * f). Therefore, Gf is a mild solution of (11.3), for each f € H(X).
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Translation invariance and uniqueness of strong solutions for f € H®(X) then
imply that G commutes with the group of translations, hence also with its gener-
ator D, in particular G € B(H™ (X)) for each m > 0, as well as bxG € B(H™(X),
BM™(Y)). Observe also the relation

Glp*f)=¢*Gf, feH(X), peLl'(R), (11.4)

which follows again from translation invariance and Proposition 11.1. These ob-
servations are collected in

Proposition 11.3 Suppose the homogeneous space H(X) is b-admissible, and let
the solution operator G be defined as above. Then

(i) G € B(H™(X)), and b+ G € B(H™(X), BM™(Y)) for each m > 0;

(i) G commutes with the translation group, i.e. T,G = GT}, for all h € R;

(i) G commutes with D;

(v) G(o* f) =@ Gf for all f € H(X), ¢ € L}(R).

Next we draw a connection between integrability properties of the resolvent S(t)
for the local version (6.1) of (11.1) and admissibility.

Proposition 11.4 Suppose (6.1) admits a resolvent S(t), which is integrable in
B(X) and such that b S is integrable in B(X,Y), for some b € W(R;). Then
each homogeneous space H(X) is b-admissible.

Proof: We will show the representation
(Gf)(t) = / S(r)f(t—r)dr, teR. (11.5)
0

Since S(t) is integrable in B(X) by assumption, Proposition 11.1 shows G €
B(H(X)) for each homogeneous space. On the other hand, since b * S is inte-
grable in B(X,Y) we obtain bx G € B(H(X), BM°(Y)). From the first resolvent
equation (6.2) we obtain with R =5bx* 5

(R—Ao*R):b+dA1*R, t € R,

hence u = bxGg = Gbx g = R+ g with g € H(X) is a strong solution of (11.3) for
f = bxg. Conversely, if u is a strong solution of (11.3), by the second resolvent
equation (6.3),

(S*S*AQ) :(50+S*dA1,

we obtain © = S * f, hence uniqueness. 0O
To obtain conditions necessary for admissibility, suppose A(X) is b-admissible.
For p € A, the function f(t) = e?’x, x € X, belongs to A%(X), hence there is a

unique strong solution u € A(X) N BM%(Y) of (11.3). Translation invariance, i.e.
Proposition 11.3 then yields

W= DGf =Gf =ipGf = ipu,



11. Limiting Equations 289

hence u(t) = ety for some unique y € Y. (11.3) now implies
(ip — ipAo(ip) — dAy (ip))y = ,

hence the operators ip — Ao (ip) — dA, (ip) = ip(I — A(ip)) € B(Y, X) are invertible
for each p € A. Moreover, boundedness of G in A(X), and of b x G from A(X) to
BM°(Y) yield the estimates

lylx = [ulax) < |Gl flacx) < czlx,
b(P)l|yly = b+ ulpaoyy < b Glaacx),Baoylflacx) < czlx.

With the notation

HOY = 1= AQN)™ = A= Mo) ~ZH ()™, (116)

which was used before, this implies
|H (ip)|5x) + [b(p)I[H (ip) sx vy < M, p€A.
Defining the real spectrum of (11.3) by
Ao ={peR:ip—ipAy(ip) — dA(ip) € B(Y,X) is not invertible},  (11.7)
we have proved

Proposition 11.5 Suppose A(X) is b-admissible, A C R closed. Then ANAg =0,
and there is a constant M > 0 such that

H(ip)sce) + B Hlsoy) < M. forallpe A, (118)
where H(N) is defined by (11.6).

The converse of Proposition 11.5 is in general false, even in the semigroup case
A(t) = A; see Section 12.7 for further remarks in the semigroup case. However, for
large classes of equations or closed sets A C R characterization of admissibility in
terms of the spectral condition ANAg = () and uniform bounds on H (ip) like (11.8)
is possible. The next subsection and all of Section 12 deal with this question.

11.3 A-Kernels for Compact A
A main tool in the sequel will be the following

Lemma 11.1 Suppose ¢ € L*(R) is such that $ € C§°(R) and supp @ N Ag = 0.
Then there is G, € W (R; B(X,Y)) such that

GSO:AO*GW—i—dAl*Gw—i-go:Gw*Ao—i—Gw*dAl—Ho. (11.9)

Moreover, G, admits extension to an entire function G (z) with values in B(X,Y)
of exponential growth.
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Proof: Since ¢ has compact support and supp @ N Ag = @, H(ip) is bounded in
B(X,Y) on supp ¢, and therefore G,(z) defined by

1 > : N\ ipz
Gy(z) = %/ H(ip)p(p)e*dp, =z € C, (11.10)

is an entire function with values in B(X,Y). Clearly G, and all its derivatives
are bounded on R and of exponential growth on C, and it is easily verified that
(11.9) holds. Thus it remains to prove Gg,n) € LY(R; B(X,Y)) for each n € Np.
Replacing @ by @- (ip)", i.e. ¢ by (™ it is enough to show G, € L'(R; B(X,Y))
since G = G on -

(i) Suppose first that in addition to (11.2) we have

o0

/ |A0(t)|B(Y,X)(1 + tz)dt < o0, and / |dA1(t)|B(Y,X)(]- + t2)dt < 0.
0 0

Then ipA(ip) is twice continuously differentiable on R, hence ®(p) = H(ip)p(p)
is so as well. Integrating by parts twice, (11.10) becomes

1 [ ,
Go(t) = / " (p)e'dp,

2mt? J_

and so we obtain |G, (t)|px,y) < C(1 +t*)71, ie. G, € L' (R; B(X,Y)).
(ii) To remove the moment conditions, consider A,,(t) given by

Ap(t) = Aom (t) + A1 (t), £ > 0, where
Aom(t) = Ao(t) for t < m, Aom,(t) =0 fort> m,

A (t) = A1(t) for t <m, A1 (t) = A1(m) for t>m.

Then M, (A) — AA()\) in B(Y, X) as m — oo, uniformly on compact subsets of
Cy, and Agm, dA1;, have moments of any order. The relation

ip(I — A (ip)) = ip(I — A(ip))(I — H(ip)ip(Am(ip) — A(ip))) ~ (11.11)

therefore shows that H,,(ip) = (ip — ipAm(ip)) " exists on a neighborhood U of
supp ¢ and |Hp,(ip)|p(x,yy < M < oo on supp @, provided m is large enough.
(11.11) then yields

H(ip)@(p) = Hum(ip)@(p) + H(ip)@(p)ip[A(ip) — Am(ip)|Hnm (ip)#1(p), (11.12)

where p1 € C§° is such that ¢ = 1 on supp ¢, 0 < ¢ < 1, and supp ¢1 C U. By
step (i) of this proof there are G, Gjn, € L' (R; B(X,Y)) such that G, = @H,,,

Gjm = (ip)* =7 @1 H,yp. Let

K = (AO - AOm) * GOm + (dAl - dAlm) * Glma
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which belongs to L!(R; B(X)); then (11.12) becomes the convolution equation
Gy =G+ Gy# K. (11.13)
Since
I—K=1—ip(A— Ap)Hp@1 = (ip — ipAn(1 — @1) — ipA@, ) H,

is invertible on R by the choice of ¢1, if m is large enough, by Theorem 0.6 there
is a resolvent kernel R € L'(R; B(X)) for (11.13), and so the representation

Go=Gn+Gnx*R

shows G, € L'(R; B(X,Y)). The proof is complete. O

By means of Lemma 11.1 we can now prove the converse of Proposition 11.5 for
compact A.

Theorem 11.1 Suppose A C R is compact, AN Ag = 0, and let H(X) be homo-
geneous. Then Hp(X) is 0-admissible and there is Gy € W1 (R; B(X,Y)) such
that the solution operator G for Ha(X) is represented by

/ Ga(n)f(t —7)dr, teR, feHANX). (11.14)

GA(t) extends to an entire B(X,Y)-valued function of exponential growth.

Proof: Since A C R is compact and A N Ay = (), there is a neighborhood As. =
A + B3.(0) of A such that Az. N Ag = (); observe that Ay is closed. Choose
o € LY(R) such that pg € C°(R), pg=1on A., o =0o0n R\ Ay, 0< @ < 1,
and let Gy € W (R; B(X,Y)) denote the function G, from Lemma 11.1 with
@ = @o. If f € HA(X), then o(f) C A hence pg * f = f by Proposition 0.6,
and so u = G * f is a strong solution of (11.3), by (11.9). On the other hand, if
u € Ha(X) is a strong solution of (11.3) then (11.9) yields Ga * f = g *u = u by
Proposition 0.6 again, hence uniqueness. Since G, € L'(R; B(X,Y)), we finally
obtain boundedness of the solution operator G in Ha(X), as well as from Ha (X)
to BM°(Y), and so Hx(X) is O-admissible. O

A kernel G representing the solution operator G of a homogeneous space Ha (X)
via (11.14) will be called a A-kernel in the sequel. Observe that 0-admissible
implies b-admissible for any b € W(R). Lemma 11.1 also yields dense solvability
and uniqueness in Hx (X) whenever A N Ay = (), as we show next.

Proposition 11.6 Let H(X) be homogeneous and suppose AN Ag =0. Then
(i) o(u) C Ag for each strong solution of (11.3) with f = 0;
(i) for each f € Ha(X) there is at most one strong solution u € Hp(X);
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(i) for each f € H{(X) there is a strong solution u € Ha(X);
() if f € HA(X), and u € Ha(X) is a strong solution, then o(u) = o(f).

Proof: (i) Since o(u) = supp D,, where D,, denotes the distribution generated by
u € BM®(Y) C BM°(X), in virtue of Proposition 0.5, we have to show

[Du, @] = [Du, @] = (¢ *u)(0) =0

for each ¢ € C§°(R) with supp ¢ N Ay = (). But given such ¢, let G, denote the
kernel from Lemma 11.1; (11.9) and (11.3) then imply ¢ * u = 0, in particular
(pxu)(0) =0.

(i) follows from (i), since o(u) C AgNA = @) implies u = 0, by Proposition 0.5.

(iii) If f € HE(X) then o(f) C A is compact and does not intersect Ag.
Applying Theorem 11.1 to the set o( f) we obtain a strong solution u € H, () (X) C
Ha(X) of (11.3).
(iv) Suppose u € Ha(X) is a strong solution of (11.3), and let ¢ € C§°(R) be such
that supp @ No(u) = . Then o(p *u) = 0, hence ¢ * u = 0 by Proposition 0.5,
and so (11.3) implies also ¢ * f = 0. But this implies as above [Dy, 3] = 0, i.e.
o(f) Co(u).

Conversely, let ¢ € C§°(R) satisfy supp @ No(f) = 0. Then ¢ * f = 0, hence
@ *u is a strong solution of (11.3) with f = 0. Since o(p *u) C supp @, but also
o(p*u) C Ag by (i) of this proposition, we obtain o(p * u) = (), hence p *xu =10
by Proposition 0.5 again; this implies o(u) = o(f). O

A reasoning similar to that of the last step in the proof of Proposition 11.6 yields

Corollary 11.1 Suppose H(X) is a homogeneous space which is b-admissible,
and let G denote the solution operator. Then

o(Gf)=0o(f) foreach f € H(X).

Proof: Consider first f € H*(X) and let u = G f. Then as in (iv) of the proof of
Proposition 11.6 we have o(f) C o(u). Conversely, let ¢ € C§°(R) satisfy supp
eNao(f)=0,1ie pxf=0 by Proposition 0.6. Then ¢ * u belongs to H(X) and
is a strong solution of (11.3) with f = 0, hence by admissibility ¢ * © = 0. With
[5;, @] = (¢ *u)(0) this then implies o(u) = o(f), i.e. we have o(Gf) = o(f) for
each f € H*(X).

For the general case consider ¢ € C§°(R) such that 0 < ¢ < 1, ¢(p) = 1 for
lpl <1, ¢(p) =0 for |p| > 2, and let p,(t) = np(nt). @, is then an approximation
of the identity, i.e.

oo

n x f 2/_ on(T)T_7 fdr z/ o(T)T—ryn fdr — f  in H(X)

— 00

since the translation group is strongly continuous in H(X). But o (@, * f) C o(f)N
supp @n C o(f) N Bayp(0) is compact, i.e. ¢, * f € H°(X). From Proposition
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11.3 we obtain ¢, * Gf = Gy, * f, hence these are strong solutions, and so
o(on * Gf) = o(pyn * ). But with Theorem 0.8 we obtain

U(Gf) = mleuana(Wn * Gf) = mmzluanU((pn * f) = U(f) O

From Proposition 11.6 it is evident, that the main part in proving admissibility of
Ha(X), where AN Ay = 0, consists in establishing a bound M such that

[ulr(xy < M| flnxy and [bx*ulpaoryy < M|flnex)

holds for each f € Hx(X). This question is studied for unbounded sets A C R in
Section 12. Here we discuss next further consequences of admissibility.

11.4 Almost Periodic Solutions

Recall that a function f € Cy(X) is called almost periodic (a.p.) if {Trf: 7 € R}
is relatively compact in C,(X). Since almost periodic functions are uniformly
continuous, the space AP(X) of all a.p. functions is a closed translation invariant
subspace of Cyp(X), which is also homogeneous. Note that periodic functions are
characterized among a.p. functions by the stronger property that {T.f : 7 € R}
is compact in Cp(X).

The Bohr transform given by

N
olpf) = Jim N7 [T e pem, ;e aP(Y),

is well-defined and continuous from AP(X) to X. For f € AP(X) its exponent
set

exp(f) ={p e R:alp, f) # 0}

is at most countable, and o(f) = exp(f). This can be proved by means of
Bochner’s approximation theorem, which states that, given a fixed countable sub-
set {p;}1°, there are convergence factors 7,; € R with 7,,; — 1 as n — oo such
that the trigonometric polynomials

an = Z’Ynja(pja f)eipjta ne N7

Jj=1

converge to f uniformly on R, provided exp(f) C {p;}5°. By virtue of this result,
it is also clear that f € AP(X) is uniquely determined by its Bohr transform.

All of these results and many others can be found in the monograph of Amerio
and Prouse [9].

Recall also that a function f € Cyp(X) is called asymptotically almost periodic
(a.a.p.) (to the right) if {77 f[[0,00) }r>0 C Cp(Ry; X) is relatively compact. It can
be shown (see e.g. Fréchet [119]) that then there is an a.p. function f, such that
fo(t) = f(t) — fa(t) = 0 ast — oo, ie. fo € Cf (X), where

CH(X)={fe€eCuw(X): f(t) >0 ast— oo}



294 Chapter III. Equations on the Line

is another closed subspace of Cy(X). The a.p. function f, is necessarily unique,
since

alp, fo) = alp, f), peR,

and the Bohr transform is unique. Moreover, |fq|co < |f|oo, and therefore we have
the direct sum decomposition of the space AAP(X) of a.a.p. functions

AAPT(X) = AP(X) @ CJ (X).

The space
G (X) = {J € Cu(X) : Jim f(8) = f(o0) exists }

is a closed subspace of AAPT(X). It is easy to see that Cf (X), C;"(X), and
AAPT(X) are homogeneous.

After these preparations we are ready to prove the following result on a.p. and
a.a.p. solutions of (11.3).

Theorem 11.2 Suppose A(X) is b-admissible, where A C R is closed, and let G
denote the corresponding solution operator. Then
(i) f € AP(X), exp(f) C A, imply Gf € AP(X), exp(Gf) = exp(f), and

alp,Gf) = H(ip)a(p, f), p € exp(f). (11.15)

(i) f € AAPT(X), o(f) C A, imply Gf € AAPT(X), (Gf)o = Gfo, (Gf)a =
Gfa and also (11.15) holds;
(iii) 0 € A, f € C;"(X), o(f) C A imply Gf € C;"(X) and

(Gf)(o0) = H(0)f(c0). (11.16)

Proof: (i) Suppose A(X) is b-admissible. Then if p € A, as in the discussion
before Proposition 11.5 we obtain G(ze®') = H(ip)ze'’; note that A N Ay =
(. Hence if f(t) = 22721 fnetPnt is a trigonometric polynomial with exp(f) =
{pn}¥ C A we obtain by linearity (Gf)(t) = 22]21 H(ipn) fnert, ie. (i) of
Theorem 11.2 holds for trigonometric polynomials. The general case then follows
by Bochner’s approximation theorem mentioned above since G is bounded and the
Bohr transform is continuous.

(i) If f = fo + fo € AAPT(X)NA(X), then T,, f — f, uniformly on compact
subsets of R, for some sequence 7, — oo. Hence by Theorem 0.8 we obtain
o(fa) Co(f) CA,and so o(fo) =o(f — fa) Co(f)Ua(fa) C o(f) as well. Since
A(X) is b-admissible we therefore have Gf = Gf, + Gfy, where Gf, € AP(X)
by step (i) of this proof, and (11.15) holds again. Thus it remains to show G fy €
Ci(X), ie. (Gfo)(t) — 0 ast — oo. By Proposition 11.2 it is enough to assume
o(fo) compact, i.e. w.lo.g. A compact. Let Gy € W>(R; B(X,Y)) denote a
A-kernel for (11.3) which exists by Theorem 11.1. Then G fy = G * fo and since
Gr € LYR; B(X,Y)), (Gfo)(t) — 0 as t — oo follows from fo(t) — 0 as t — oo.

(iii) This is a consequence of (i) with f,(t) = f(c0). O
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Observe that in case f = bx g, with g € A(X) N AP(X) and A(X) is b-admissible
then u € BM°(Y) is a.p. in the sense of Stepanov in Y, i.e. {Tyu : t € R} C
BMPO(Y) is relatively compact.

If f e Cup(X) is w-periodic, then exp(f) C (2n/w)Z and

amnfu,f) = fo == [ e, nez.

0

are the Fourier coefficients of f. Then with A = (27/w)Z we have A(X) = P, (X),
and Theorem 11.2 yields the following

Corollary 11.2 Suppose A = (27 /w)Z and A(X) is b-admissible. Then for every
f € P,(X) there is a unique mild solution v € P,(X) of (11.3) and for their
Fourier coefficients we have

u, = H2min/w)f,, n€Z. (11.17)

In passing we note the following result for a.p. solutions, without assuming any
admissibility.

Proposition 11.7 Let f € AP(X) and suppose u € BM°(Y') is a strong solution
of (11.8) which is a.p. in'Y in the sense of Stepanov. Then

(ip — ipAo(ip) — dA1(ip))alp,u) = alp, f)  for all p € R. (11.18)

In particular, the condition

olp, f) € R(ip —ipAo(ip) — dAi(ip)), pe€R,

s mecessary for existence of u.

This follows from direct computation on the Fourier coefficients of w by using
(11.3).

Another concept of almost periodicity was introduced by Eberlein [107] and
is defined as follows. A function f € Cy(X) is called weakly almost periodic
(w.a.p.) in the sense of Eberlein, if {Tf : 7 € R} is weakly relatively compact
in Cp(X). The space W(X) of all w.a.p. functions can be shown to be a closed
translation invariant subspace of Cy;(X) which is also homogeneous. The inclusion
AP(X) C W(X) is obvious. According to the decomposition theorem of Jacobs,
Glicksberg, Deleeuw (see e.g. Krengel [201], Sect. 2.4),

W(X) = AP(X) & Wo(X),
where the homogeneous space Wy(X) C W(X) is given by
Wo(X)={fewWX) : w—lim T, f=w-— lim T, f=0,
n—oo

n—oo

for some sequences 1,, — 00, 0, — —00}.
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Similarly, a function f € Cyuu(X) is called weakly asymptotically almost periodic
(w.a.a.p.) if {Tr f|[0,00) }r>0 C Cp(Ry; X) is weakly relatively compact. The space
of all w.a.a.p. functions is also a closed translation invariant subspace of Ci;(X)
which will be denoted by W (X). There is again a decomposition following from
the Jacobs-Glicksberg-Deleeuw theorem.

WH(X) = AP(X) & Wy (X),
where W, (X) is definded according to
Wo(X)={feW"(X) : w— lim T, floec)=0in Cp(Ry; X),
for some sequence 7, — cc};

both spaces W+ (X) and W (X) are easily seen to be homogeneous and clearly
For f € WT(X) the Bohr transform of f is still well-defined and with f =
fa + fo, where f, € AP(X), fo € Wy (X), we have

N
alp.f) = Jim N[ e (tde = alpif). peR (11.19)
—00 0

This is implied by the general mean ergodic theorem for bounded Cy-semigroups;
see e.g. Hille and Phillips [180], Chap. XVIII, and Ruess and Summers [298].
Furthermore, as in the case of AAPT(X) we have the relation

o(f) =o(fa) Ualfo), feWT(X). (11.20)

In fact, the inclusion C is obvious by Proposition 0.4; the converse follows from
Proposition 0.7 and (11.19), since p & o(f) implies a(p, f) = 0, hence a(p, f,) = 0,
which in turn yields p & exp(fa), i.e. o(f) D exp(f,). Closedness of o(f) then
gives o(f) = exp(fa) C o), but also o(fo) = o(f — fu) C o(f) Uo(fa) C a(f),
by Proposition 0.4.

These arguments show that the second part of Theorem 11.2 remains valid if
AAPT(X) is replaced by W+ (X) and by W(X), thanks to Proposition 11.1 and
to homogeneity of the spaces W, (X) and by Wp(X).

Corollary 11.3 Suppose A(X) is b-admissible for some b € W(R), where A C R
is closed, and let G denote the corresponding solution operator. Then f € WT(X)
and o(f) C A imply Gf € WH(X), (Gf)a = Gfa, (Gf)o = Gfo, and (11.15)
holds. The same assertions are true for W(X) instead of W (X).

11.5 Nonresonant Problems
Consider (6.1) in differentiated form, i.e.

.
—~
~
~—

/t A (m)u(t — 7)dr + /t dAs(T)u(t —7) + f(t), teR4,
0 0
u(0) = o, (11.21)
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as well as its limiting equation

o(t) = /OOO Al(T)O(tT)dTJr/OOO dAy (Tt — 1) + f(t), teR.  (11.22)

The purpose of this and the next subsection is the study of the relations between
the solutions of (11.21) and (11.22). For this we need the (complex) spectrum of
(11.21).

So={Ae€Cp: A= AA;(\) — dAy(\) € B(Y,X) is not invertible}.  (11.23)

A standing assumption will be the well-posedness of (11.21), i.e. we take for
granted the existence of an exponentially bounded weak resolvent S(t) for (11.21).

Concerning (11.22) suppose the (real) spectrum Ag of (11.22) satisfies Ag = 0)
and there is an R-kernel G(t) for (11.22); recall that G : R — B(X) satisfies at
least

(G1) G(")z € LY(Ry; X) for each = € X;
(G2) G(p) = H(ip) for each p € R.
Here as before we use the notation
H\) = (A= AA1 (M) — dA,(\) 7Y, A ¢ . (11.24)

To draw the connection between S(t) and G(t) we need in addition compactness
of ¥y and a uniform bound on H(\) in B(X) away from 3y. Let Iy C C4 denote
some Jordan curve surrounding ¥y counter-clockwise, and define

1
So(z) = — / e H(NdN, zeC; (11.25)
211 Ty
clearly, Sp : C — B(X,Y) is an entire function of exponential growth, and
1So(t)|B(x,v) < Me™?, ¢ <0, (11.26)

where n = dist (X¢,¢ R) = inf Re Xy. Sy satisfies the equations

So(t) = /OOO Ar(F)So(t — 7)dr + /Ooo dAs(T)Solt—7), teR,  (11.27)
and

So(t) = /OOO So(t — ) Ay (r)dr + /Ooo So(t—7)dAs(r), teR,  (11.28)

as a simple computation shows.

Let c(t) = e~teg(t), and define S(t) = 0 for ¢ < 0; then for w > wy(9), the
growth bound of S(¢), the inversion formula (0.9) for the vector-valued Laplace
transform yields

w+iN

IR A At
(c+S)(1) = Jim /w ANHW teR (11.29)
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Similarly, the inversion formula of the Fourier transform gives

I ,
_ . ~f . . ipt .
(cxG)(t) = J\}E)Iéo " /_N ¢(ip)H (ip)e**dp, teR; (11.30)

(11.29) and (11.30) have to be understood in the strong sense in X. By means of
Cauchy’s theorem we then obtain the identity

(cxS)(t) = (c*So)(t) + (cxG)(t), teR,
which after a differentation becomes
S(t) = So(t) +G(t), telR. (11.31)

From (11.31) further properties of the R-kernel G(t) can be deduced.
(G3) G(-)x is continuous on R\ {0}, for each z € X;

(G4) The limits G(0+) = lim;_,04+ G(t) and G(0—) = lim;_,o— G(t) exist strongly,
and the jump relation G(0+) — G(0—) = I is satisfied.

Moreover, G(t) also fulfills the second resolvent equation on the line, i.e.

Gy = /_ G(T)A(t — T)ydr +eo(t)y, t€R\{0}, y€Y, (11.32)

which follows from (G1), (G2) and (11.26), (11.31). Note that G(t) = —Sp(t)
for t < 0, hence G(t) behaves very nicely for negative t. On the other hand, for
t > 0, G(t) enjoys the same regularity properties as S(t), in particular if S(¢) is a
resolvent, the first resolvent equation on the line is valid too, i.e.

Gty = /t At — 1)G(r)ydr + eolt)y, teR\{0}, yeY.  (11.33)

— 00

However, this way it is not possible to obtain more information about the asymp-
totic behaviour of G(t), like boundedness as t — oo, or lim;_, G(t)z = 0 for each
x € X. Here the relation G(p) = H(ip) must be employed.

Let us summarize the above discussion.

Theorem 11.3 Suppose A(t) is of the form (11.2), let 3¢ be defined by (11.23)
and H(X) by (11.24); assume in addition
(i) Lo NiR =0, 3y is compact and

By oo | H (V)| 5(x) < 00 (11.34)
(i) there is a weak resolvent S(t) for (11.21) with growth bound wy(S) < oo; set

S() =0 fort<0;
(i) there is an R-kernel G(t) for (11.22) satisfying (G1) and (G2).
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Then So(t) = S(t) — G(t), t € R, belongs to C*°(R; B(X,Y)), and satisfies
(11.26), (11.27) and (11.28); So(t) admits extension to an entire function of ex-
ponential growth. In particular, if Yo = 0, then S(t) is strongly integrable.

Observe that Theorem 11.3 yields further results on integrability of resolvents,
whenever ¥y = 0, H()\) is bounded on C4, once there is a weak resolvent for
(11.21) of subexponential growth, and there is an R-kernel for (11.22) satisfying
(G1) and (G2). For the latter consult Section 12.

A remark about compactness of Ay seems to be necessary. In hyperbolic sit-
uations one cannot expect that Ag is compact, in general, hence assumption (i)
of Theorem 11.3 is a serious restriction. But even in the parabolic case there are
examples showing that Ay need not be compact.

Example 11.1 Let Ag be a selfadjoint negative definite unbounded linear operator
in the Hilbert space X, Y = X 4,, and consider the problem

w(t) = Agu(t) + BAou(t — 1) + f(t), tEeR,

where 8 € R. This problem is clearly of the form (11.22) with A4;(¢) = 0 and
As(t) = Apeo(t) + BAoeo(t — 1). We obtain by a simple computation

Yo ={A€Ci: N(1+Be ™) € 0(Ag) U{oo}}.

For || < 1 we have 1 + Be™* # 0 on C; and p(\) = A(1 — e~ *)~! stays within
the sector (0, 7/2 + arcsin |3]), hence 3¢9 = 0. But for 8 = —1 say, zeros of
1—e  pop up at A = 27in, n € Z, and so Ag = 27Z, in particular ¥ is no longer
compact. If 8 decreases below —1 then these zeros are shifted to the right by the
amount log|3]. These are poles for ¢()), hence they are limit points of sequences
(M) € Cy such that o(A,) € 0(Ap), i.e. the structure of ¥y becomes quite
complicated, although A can be even empty, and |H (ip)| + |AoH (ip)|(1 + |p|)~*
bounded on R. O

Observe that the resolvent S(¢) for Example 11.1 was shown to exists in Example
1.1. From the explicit formula given there one can see that S(t) is uniformly
integrable provided |G| < 1.

11.6 Asymptotic Equivalence

Suppose S(t) is a weak resolvent for (11.21) with finite growth bound wq(5), let
Yo be compact, assume (11.34) holds, and let G(t) be an R-kernel for (11.22)
which satisfies (G1) and (G2), hence also (G3) and (G4) as shown in Section 11.5.
Assume in addition that G(t) is also subject to

(G5) limy|—oc G(t)z =0 for each z € X,

this is the case in all of those results in Section 12 claiming the existence of an
R-kernel. Last but not least let Cyp(X) be b-admissible for some b € W(R).
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We want to consider the relations between the solutions u(t) and v(¢) of (11.21)
and (11.22). So let ug € X and f € Cyp(X); then

u(t) = S(t)uo + /0 t S(t —7)f(r)dr, t>0, (11.35)

and

o(t) = /jo Gt — 1) f(r)dr, teR. (11.36)

Subtracting these equations and using the decomposition (11.31) we obtain

u(t) — v(t) t)ug — / G(r)f(0)dr — / Gt —71)[f(r) = f(0)]dT + w(t),
(11.37)
where -
w(t) = So(t)uog —|—/ So(t —7)f(r)dr, teR. (11.38)

By (G5), G(t)up — 0, and [~ G(7)f(0)dr — 0 as t — oo by (G1); since Cj (X)
is also b-admissable there follows

‘[ G(t —T)f(r) — F(O))dr = Gf_(t) — 0 ast— oo,

with f_(t) = (f(t) — f(0))(1 — eg(t)). Thus if we can show w(t) — 0 as t — oo,
then the solutions u(t) of (11.21) and v(t) of (11.22) are asymptotic to each other.
Since Sy(t) is exponentially growing when nontrivial, it is not at all clear whether
w € Cp(R4; X), and in general this will not be true. However, if u(t) stays bounded
as t — oo, then it is, we prove below, even w(t) = 0.

This is the main result of this subsection, saying that for bounded solutions
(11.21) and (11.22) are asymptotically equivalent.

Theorem 11.4 Suppose A(t) is of the form (11.2), let 3¢ be defined by (11.23)
and H(X) by (11.24); assume in addition
(i) Lo Ni R =0, 3¢ is compact, and

Lim | oo [H(A) [5(x) < 003

(i) there is a weak resolvent S(t) for (11.21) with growth bound wy(S) < oo;
(i) the space Cyup(X) is b-admissible for (11.22), for some b € W(R);
(iv) there is an R-kernel G(t) for (11.22) satisfying (G1), (G2), (G5).

Letug € X, f € Coup(X), and let u(t) and v(t) be given by (11.35) and (11.56);
assume u(t) is bounded on Ry. Then u(t) — v(t) — 0 as t — oo. In particular,
(a) f € AAPT(X) implies u € AAPT(X), and

alp,w) = Hiip)alp, ), pe R (11.39)
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(b) f € WH(X) implies u € WH(X), and (11.39);
(c) f € CF(X) implies u € C;7 (X), and u(oo) = H(0) f(o0).

Proof: Assertions (a), (b) and (c) follow from Theorem 11.2 and Corollary 11.3,
once u(t) — v(t) — 0 as t — oo has been proved. This in turn is a consequence of
w(t) =0, as explained above.

So let u(t) be bounded and let w(t) be given by (11.38). Then (11.37) shows
that w(t) is also bounded, hence w(t) = 0 if we can show o(w) = (). The Fourier-
Carleman transform @(\) is defined for Re A # 0; however, (11.26) and (11.38)
yield

[w(B)] < Me™ (juo| + 2/l /), <0,

hence w(\) admits a holomorphic extension from the left halfplane Re A < 0 to
the halfplane Re A < 7. For 0 < Re A < 7, (11.38) leads to a representation for
this extension, namely

W(\)

— 0o

0 fe%e)
—/ e_M[S (t)uo+/ So(t — 1) f(7)dr]dt
0
0

0

So(ama— [ / Solt = 1)) (r)e
= SoWuo + S F) + [ ([ S ansryar

for all 0 < Re A < n; observe that all integrals are absolutely convergent.

On the other hand, for Re A > w = sup{ Re p : p € Tp} (cp. (11.25)) we
obtain by (11.38)

w(A) = /000 e M[So(t)ug + /000 So(t — 1) f(7)dr]dt

So(Nuo + /OOO< / e )So(t — 7)dr) f()e 7 dt

S0 (Mo + S0V f / / Solt — 7)eMdt) f(r)dr,

for all 0 < Re A < 1, where again all integrals are absolutely convergent. The last
term in this representation is holomorphic in Re A > 0, f (M) is so as the Laplace
transform of a bounded function, and the Fourier Carleman transform SO(/\) of
So(t) is holomorphic outside the Jordan curve I'y; in fact,

1
So(A) = i /. H(p)dp/(A—p), A outside of T'y.

Therefore the extension of w(A) to the halfplane Re A < n coincides with w(A) in
the strip 0 < Re A < 7, i.e. w(\) is entire. This implies o(w) = 0, hence w(t) = 0,
by Proposition 0.5. O
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Let us briefly discuss the question when w(t) will be bounded. From the decom-
position S = Sy + G and from (11.35) it is clear that u(t) is bounded iff

z(t) = So(t)uo +/0 So(t —7)f(r)dr, t=>0, (11.40)

is bounded. Therefore a necessary condition for boundedness of u(t) is that

2(\) = So(N)(uo + f(N) (11.41)
is holomorphic in the right halfplane, i.e. uo + f (M) must ‘cancel’ the singularities
of SQ(/\)

In case 39 = {\1,...,An} finite we obtain even necessary and sufficient con-

ditions for boundedness of u(t). For this purpose consider the Laurent expansion
of H(A) at A =\, Le.

=D HjmA = X)) 7"+ H; (M), (11.42)
m=1
Then by residue calculus Sy (f) becomes
N > mfl
= Z Z H],m )' )7
j=1 m=1
hence
At s tl 1
-y 2 gyl
j=1
where
= —)x iT (7T)m7l
z(t Z Hjml J W f(m)dr + 01, muo],

m=l

01.m Kronecker’s delta. In case z(t) is bounded we must necessarily have z; ;(c0) =
0 for all 7,1, i.e.

> Hjml ),f“”*l)(Aj) + Oimug) =0 for all 1, j.

m=l
If all singularities of H(A) are simple poles these conditions reduce to
H]71(u0+f()\])):07 jzl,"'an
and in both cases they are necessary and sufficient.

Proposition 11.8 In addition to the assumptions of Theorem 11.4, suppose
Yo ={M,..., An}, and let H;,, denote the coefficients in the Laurent expansion
of H(A) at A= )\; in B(X).
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Then, given ug € X, f € Cyup(X), u(t) defined by (11.35) is bounded on Ry if
and only if the compatibility conditions

[e'e] 1 R .
> Hmﬂ[@f(m) (\j) +00muol =0 forall 1N, je{l,...,N}
m=0 ’

are satisfied, where 0y, =1 for l =m, 6;.m,m = 0 otherwise.

The proof of the sufficiency part follows by a direct estimation of z(t), where z;;(t)
can be replaced by z;;(t) — z;,(00), since the compatilibity condition is equivalent
to z;(00) = 0. The details are left to the reader.

11.7 Comments

a) The concept of homogeneous spaces as defined in Section 11.1 is the direct
extension of the definition given in Katznelson [194] to the vector-valued case.
The spaces A(X) have been employed in Priiss [271], [275] before.

b) Admissibility of function spaces is a familiar topic in the theory of Volterra equa-
tions in finite dimensions; see e.g. the monographs of Miller [242], Corduneanu
[60], and Gripenberg, Londen and Staffans [156]. In infinite dimensions, this con-
cept has been introduced for Volterra equations with main part A, a closed linear
operator in X with dense domain, and Y = X 4 in Priiss [271]; see also Priiss [275].

c¢) The results in Section 11.2, 11.3, and the first part of Section 11.4 are extensions
of Priiss [271], [275], as are Theorems 11.3 and 11.4; they have been published
recently in Priiss [280]. For the results on weakly almost periodic solutions see
Priiss and Ruess [282].

d) In Staffans [314], 27m-periodic L2-solutions of
daxi+db*xu+dex Au= f

in case X is a Hilbert space are studied, where a, b, ¢ are of bounded variation on R.
In our terminology, this paper contains the full characterization of admissability
of L3 (X), where A = Z, in terms of boundedness properties of H (ip) = (ipda(p)+
db(p) + de(p)A)~* on Z, like Proposition 11.5. In Da Prato and Lunardi [71]
periodic solutions of &« = Au+ B*u+ f are studied, where A generates an analytic
semigroup in X and B € L'(R.;B(Xa,X)) subject to very strong regularity
assumptions.

e) For the concept of scalar-valued almost periodic functions see the classical mono-
graph of Bohr [27]; the definition given in Section 11.4, however, is due to Bochner
who also extended this notion to the vector-valued case. The decomposition of
a.a.p. functions was first obtained by Fréchet [119]. As a general reference for
AP(X), we refer to Amerio and Prouse [9] and to Levitan and Zhikov [214].
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The notion of weakly almost periodic function was introduced by Eberlein [107].
It should be observed that the definition due to Eberlein is different from that
given in Amerio and Prouse. However, it seems that Eberlein’s concept is more
appropriate for evolutionary problems, as recent results about w.a.p. solutions and
ergodicity of nonlinear evolution equations show; see Ruess and Summers [294],
[295], [296], [297], [298] and the survey paper [293]. The paper of Rosenblatt,
Ruess and Sentilles [292] contains very interesting results about properties of WO+ .

f) Not much seems to be known about the structure of the solution set of the
homogeneous equation (11.3) with f = 0. In the simplest case Ag = {p1,...,0n},
the relation o(u) C Ag implies via Proposition 0.5 that u(t) is of the form

u(t) =Y ar(t)exp(ipy), tER,
k=1

where the ay(t) are X-valued polynomials. If in addition u belongs to any homoge-
neous space then the a; are constant, i.e. u(t) is a trigonometric polynomial with
coefficients a; € N (ip; (I — /T(zpj)) Much further study is necessary to extend the
results which are known in finite dimensions to the infinite dimensional case. The
same remark applies to problems with resonance, i.e. A N Ay # (). For the latter
the only reference is Miller and Wheeler [245] where for equations of scalar type in
a Hilbert space with negative definite operator results on existence of an R-kernel
G(t) are proved, when AN A consists of finitely many points and certain moment
conditions hold.

g) A theory similar to that presented here can be developed for equations of n-
order, i.e. for

u® — Ay s u™ = Z dAg « u™) 4 f, (11.43)
k=1

where Ag € LY (Ry;B(Y, X)), and Ay € BV(Ry;B(Y, X)), k = 1,...,n, and
n € Ny is arbitrary. We have restricted the exposition to n = 1 since this case
is most frequent in applications. The main difference consists in the behaviour
of H(ip) at p = 0, as the formal representation of the Fourier transform of the
solution of (11.43) shows.

U(p) = H(ip)(ip)' *f, peR. (11.44)

Note that 0 ¢ Ag for (11.43) iff (21\4"(0) = A, (c0) € B(Y, X) is invertible.

It is also possible to reduce a second order problem to a first order one, convolv-
ing the second order equation with e~teg(t) and integrating by parts. In Section
13 we shall apply this technique to the Timoshenko beam model.

h) If (11.3) is of scalar type then the approach via sums of commuting linear
operators is applicable, in particular the results of Da Prato and Grisvard [64],
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and Dore and Venni [101], Priiss and Sohr [283] are available; cp. Section 8. This
approach has been carried through in Clément and Da Prato [52] via Theorem
8.3 and its consequences for (11.43) with Ag(t) = c(t)A, where ¢ € LY (Ry) is
completely positive and A generates an analytic semigroup. In Clément and Priiss
[54] Theorem 8.4 has been applied to linear heat conduction with memory; see also
the survey papers of Clément [44], [45]. Another application of the sum method
for equations on the line is contained in Priiss [279]. In each of these papers it
turns out that Ay = 0.



12 Admissibility of Function Spaces

This section is concerned with sufficiency of the frequency domain conditions de-
rived in Proposition 11.5 for admissibility of evolutionary integral equations on
the line as well as on the existence of A-kernels and their properties. The main
results cover subordinated equations, hyperbolic problems in Hilbert spaces, and
parabolic problems in arbitrary spaces. The discussion includes also perturbation
problems and maximal regularity on the line for parabolic problems.

12.1 Perturbations: Hyperbolic Case

For A C R unbounded, admissibility of Hx(X) in the hyperbolic case is in general
quite difficult to prove. There are not many tools available for this at present, the
Paley-Wiener lemma, subordination and Parseval’s theorem in the Hilbert space
case are the almost only ones. The main difficulty is the lack of decay properties
of H(ip) as |p| — oo which is in contrast to the parabolic case, and for this reason
also multiplier theory does not work well, except for H(X) = L*(R; X), when X
and Y are Hilbert spaces.

In this section we consider again the problem

= Ag*xu+dA; xu+ f, (12.1)
on the line, where
Ao € LNR,;B(Y, X)), A, € BV(Ry;B(Y, X)), (12.2)

and A(t) = Ap(t) + A1(t), as in Section 11. The spectrum of (12.1) will be denoted
by Ag, as before.

We begin the discussion here with an application of the Paley-Wiener lemma
to the perturbed equation

where the unperturbed equation (12.1) has some admissibility properties at infin-
ity.

Theorem 12.1 Suppose the kernels Ao, Ay satisfy (12.2), let By € L' (R ; B(X)),
By € LYR4;B(Y, X)), and b € W(R). Let A C R be closed, H(X) homogeneous,
and assume

(i) there is R > 0 such that Hp,(X) is b-admissible for (12.1),

where Ap = {p € A: |p| > R};

(i1) the spectrum Ay of (12.8) satisfies AN Ay = 0.

Then Ha(X) = BMY(X) is b-admissible for (12.3) if H(X) = BM°(X). More-
over, if (12.1) admits a Ag-kernel Gr, integrable in B(X), b+ Gg integrable in
B(X,Y), then there is a A-kernel G for (12.3) such that Gy —Gr € L' (R; B(X)),
bx (Gpr — Gr) € LY(R; B(X,Y)). In this case Ha(X) is b-admissible, for any ho-
mogeneous space H(X).

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_12, 306
© Springer Basel 1993
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Proof: Choose N > R+ 1 and let Gy € Ny>oW™(R; B(X,Y)) be a kernel for
ANx = AN By, for (12.3), according to Theorem 11.1; observe that this theorem
applies by assumption (ii). Choose a cut-off function ¢ € C§°(R), 0 < ¢ < 1, such
that ¢ =1 for [p| < N+ 1, ¢ =0 for |p| > N + 2 and decompose any f € Hp(X)
as

f=exf+(f—exf)=fi+ [

Then o(f1) C Ay and o(fa) CAN{p e R : |p| > N+ 1} = A, by Proposition
0.6. By virtue of Theorem 11.1, the admissibility of H (X) is this way reduced to
admissibility of Ha__ (X); we may therefore assume Ay = (), where N > R+ 1 is
sufficiently large, specified later.

Let Gy denote the solution operator for (12.1) in H(X) = BM}(X) which
exists and belongs to BHA(X), with Ry = bx Gy € B(BMY(X), BMJ(Y)), by
assumption (i). Then (12.3) may be rewritten as the fixed point equation

u=Gof +GoBo *u+ GyBy xbxu (12.4)
or equivalently with u = Gyv,
v = f + By * Gov + By * Ryv. (12.5)
Thus the solution operators G and b * G for (12.3) are given by
G=Go(I—-By*Gy—B1+*Ry)™", R=Ry(I—ByxGy— By *Ry) ",
and to prove b-admissibility of Hx (X) it is therefore sufficient to show
|Bg * Go + By * Ro| < 1.

For this purpose consider the Fejer approximations

I - :
BN(t) = %/N(l — |pl/N)B;(ip)e**dp, teR, j=0,1;

since By € L*(R; B(X)) we have By — By in L}(R; B(X)), and similarly By —
By in LY(R; B(Y, X)). Now for f € BM}(X) we have

o(BY + ) C a(f) Nsupp BY € o(f) N B (0) € Ay =0,
hence BYY x f = 0, and similarly BY x g =0 for g € BM{(Y). This implies
|Bo * Go + By * Ro| < |Bo — B{|1|Go| + |B1 — BY¥|1|Ro| < 1,
provided N is sufficiently large. Note that the norms of Gy and Ry do not depend
on N>R+ 1.

If there exists a Agr-kernel Gg which is integrable in B(X), b x Gg integrable
in B(X,Y), then K = Bg x Gr + By * b * Gg belongs to L'(R; B(X)). By the
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Paley-Wiener lemma, Theorem 0.6, there is a resolvent kernel R € L'(R; B(X))
for K. Tt follows readily from (12.4) that then

Gr=Gr+Ggrx*R
is a A-kernel for (12.4) with the properties asserted in Theorem 12.1. O

Unfortunately, there are two shortcomings of Theorem 12.1 which limit its
applicability. The first one is only conceptual, and could be removed, however,
the second is of a more principal nature.

For the first defect, recall that b-admissibility of the perturbed equation is only
asserted in case H(X) = BM°(X). The reason for this is the fact that we do
not know whether B; % b x Gy leaves invariant H (X) whenever this space is b-
admissible for the unperturbed equation. This is due to our definition of a solution;
if a strong solution in H(X) would also require u € H(Y") this defect would not
occur. However, the problem is that there is no ‘natural’ map X — H(X), so
when considering a homogeneous space H(X), the ‘corresponding’ space H(Y') is
not at all clear to exist. If one restricts attention to such homogeneous spaces as
LP?(X) there would be no problem. Note that in case By = 0 the result is true for
any H(X).

The second shortcoming of Theorem 12.1 is the assumption of integrability of
Gr and b x G, rather than their strong integrability. The reason for this is that
it is not clear whether By * Gr and By % b * G are uniformly integrable which
is needed for the Paley-Wiener lemma. This can be easily shown in case Gr and
b * G are integrable rather than strongly integrable.

12.2 Subordinated Equations
Next consider the equation of scalar type

U =ap* At +daj * Au+ f, (12.6)

where ap € L'(R;), a1 € BV(R,) are subordinate to a completely positive func-
tion ¢(t) according to a(t) = ag(t) + a1(t), and

a(\) = b(1/é(\), A>0, (12.7)

where [ [b(t)|e~P*dt < oo for some § € R. Here the creep function k(t) associated
with ¢(t) is given by

t
k(t) = K+ wt +/ ki(r)dr, t>0. (12.8)
0

Let A be a closed linear operator in X with dense domain and let Sp(¢) denote
the resolvent of

v(t) = g(t) + /Ot b(t — 1)Av(r)dr, t >0, (12.9)
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and suppose o
wp = limy oot~ log | Sy ()] < 0.

According to Theorem 4.1, there is a resolvent S, (t) for the equation subordinate
to (12.9), and the growth bound for S, (¢) is not greater than w, defined by

Wa = ¢ (1 wy) ifwy > 1/w, w, =0 otherwise. (12.10)

We set again a = w + k1(0+), and as in Section 10.3 assume k; € W(0,0),
to be able to apply Proposition 4.9 and the structure theorem for subordinated
resolvents, Theorem 4.4. Observe that if o > w; then the spectrum Ag of (12.6) is
compact; in fact 1/b(z) € p(A) for Re z > wy, by Theorem 1.3’ and Re 1/é(ip) — a
as |p| — oo, hence 1/a(ip) € p(A) for |p| > R, say.

Theorem 12.2 Assume either of the following.

(i) 1/k+a = oco; the function g(z) = z(b(n+ 2)/b(z) — 1) is locally analytic at oo,
for some n > max{8,wy};

(ii) 1/k+a < 00, a > wy; the function g(z,w) = (b(z)/b(z+2w)—1) /w is analytic
at (00,0).

If A C R is closed such that AN Ay = 0, then there is a A-kernel Gx(t) for (12.6).
G is of the form

Ga(t) = Sy(t/r)e™ ¥ en(t) + Go(t), teR, (12.11)

where Go € LY(R; B(X)) N L*(R; B(X)) is B(X)-continuous on R\ {0}, even on
R in case (i), lim)y o0 |Ga(t)|p(x) = 0, and the jump relation

tli%l+ Ga(t)z — tli%l, Ga(t)r ==, foralxeX, (12.12)
is satisfied. Moreover, if r,, € L*(R) is such that

~ _af(ip)
Tulp) = T = T at) P € R, (12.13)

then Ha(X) is r,-admissible, for any homogeneous space H(X).

Proof: As in the proof of Theorem 12.1 we may assume A N Br(0) = ) where R
can be chosen arbitrarily large, thanks to Theorem 11.1. Since Ay C R is compact
as mentioned before, choose R so large that Ag C Bg_5(0), and then w.lo.g.
A = R\ Bg(0). Choose a cut-off function xo € C*°(R) such that yg = 1 for
ol > R—1, xo=0for |p| < R—2,0 < x <1 elsewhere; then xo =1 — o, where
1o € L*(R). Choose another cut-off function x; € C°°(R) such that x; = 1 on
lpl > R—3,x1 =0for [p| < R—4,0< x; <1 elsewhere; we have y; = 1 — 1)
for some 1 € L1(R).

G (t) will be constructed as in the proofs of Theorems 10.3 and 10.4 via the
Paley-Wiener lemma applied to the convolution equations

XoH = XxopyHy — (X1¢nHy)xoH, (12.14)
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corresponding to (10.21) in case (i), respectively,

xoHo = Xo(p1 + ¢oH1)Hi + (x1p0H1)x0Ho, (12.15)

which is the equivalent of (10.23) here in case (ii). The same notation employed
there is deliberately also used here. The Paley-Wiener conditions are satisfied
since |H,(ip)|px) — 0 in case (i), and ¢o(ip) = bo(ip) — 0 in case (ii), as
|p| — oo, provided R has been chosen large enough. Then in case (i), G is given
by Ga = xoH, and Gy = xoHo+¢oH; in case (ii). The remaining properties of Go
follow easily from the properties of H,, resp. Hy. Finally, to prove r,-admissibility
of Ha(X), observe that G, is integrable in B(X), and
Ar Gy = (14 pa) " xoaAH = (1 — piy)xo(H — 1/ip)
= (1 - l“:u)GA - (1 - /“zu)XO/iP = R;u
for some integrable function R, (t). O

Observe that G (t) satisfies
Gar = Alax Gaz) + egr — 1 x oz, =€ X, (12.16)

by uniqueness of the Fourier transform and closedness of A. Ga(t) evidently
commutes with A, and (12.16) implies

%(GAx — hox — Aag * Gaz) = day * AGpax — pox, x € D(A). (12.17)

Combining Theorem 12.2 with the perturbation result Theorem 12.1 now leads to
sufficient conditions for admissibility of equations with main part. We leave the
formulation of such a result to the reader.

12.3 Admissibility in Hilbert Spaces
If X and Y are both Hilbert spaces one may use Parseval’s theorem to obtain ad-
missibility of homogeneous spaces. The simplest result in this direction is certainly

the following which concerns admissibility of L3 (X).

Proposition 12.1 Suppose X,Y are Hilbert spaces, A C R is closed, and b €
W(R). Then L3 (X) is b-admissible if AN Ao =0 and

(H(ip)lax) + B I H P sper) < M. pe A, (1218)
for some constant M > 1.

This is an easy consequence of the representation

a(p) = H(ip)f(p), p €A,
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of the solution of (12.1) for f € L3 (X) with o(f) compact, and Parseval’s theorem;
cp. Proposition 11.6. The details are left to the reader.

If one imposes mild regularity restrictions on A(t) and the function b(t), and
assumes existence of an exponentially bounded b-regular resolvent S(t), the full
converse of Proposition 11.5 can be obtained. The resulting theorem contains as
a special case Gearhart’s characterization of the spectrum of Cy-semigroups in
Hilbert spaces.

Theorem 12.3 Suppose X,Y are Hilbert spaces, A C R is closed, and let b €
LY(R,) be 1-reqular and such that b(0) # 0. Assume that (6.1) admits a b-regular
pseudo-resolvent, exponentially bounded, and in addition

A Nlserx) < CA),  Re A >0, |\ > R, (12.19)

for some constants R,C > 0. Then A(X) is b-admissible if and only if AN Ag =0
and (12.18) holds. In this case, for each x € X there is h, € L*(X)NL?(X) such
that bx h, € LY(Y)NL*(Y) and E;(p) = H(ip)x for all p € A. Moreover, if Ag is
compact, then there is a A-kernel Gy : R — B(X), strongly continuous for t # 0,
such that Ga(-)z € LY(R)NL>(R), GA(0+)z — GA(0—)z = z, limpy oo Ga(t)z =
0, and G’A(p)x = H(ip)x on A, for each z € X.

Proof: The necessity part follows from Proposition 11.5. To prove the sufficiency
of (12.18) we may assume, as in the proof of Theorem 12.1, AN By (0) = (), where
N > 0 can be arbitrarily large.

(a) First we show that (12.18) holds also on A. = A + B.(0) with M replaced by
4M , provided € > 0 is chosen small enough. For this purpose consider the identity

1-Alip) = [+ ipo(Alins) — Alip) H(ipo))(I — Alino))
= [I+K(p,po)l(I — A(ipo)), po €A, |p—po| <&

we show |K(p,po)| < 1/2 whenever pg € A, |p — po| < €, provided € > 0 is
sufficiently small. This then implies Ag N A. = ) and (12.18) with M replaced by
4M.

From 1-regularity of b(t) we obtain the estimate

R R 2N . c pote
i) < lition)| + [ ¥ Gim)ldr < o) + == [ fimlar
-

Po 0—¢&

hence
pote 2ce | _q13,. .
[ lbtis)ids < 260 = 25 i) < 4elblipo)]
po—¢e |p0| — €
if po € A and € < N/(1 + 4c). This yields with (12.19)

p N . .
lpo| [ |dA(is)| sy, x) - [H(ipo)|B(x,v)

Po

CM pote
7ol |_p05| |b(is)|ds < 8C'Me,
pPo—¢€

IA

[K (p, po)lB(x)
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for each po € A, |p — po| < &, provided e > 0 is small enough; recall |pg| > N.
(b) By assumption, (6.1) admits a resolvent S(t) such that

1S()]50x) + (b S) ()| 5x,vy < Moe!™ Dt ¢ >0,

for some constants My, w > 0. But then the function u(t) = e™“*S(t)zeo(t) belongs
to L2(X) for each z € X, and similarly v(t) = e=“!(bxS)(¢)zeo(t) belongs to L*(Y)
for each x € X. By Parseval’s theorem therefore @(p) = S(w +ip)r = Hw+ip)x
belongs to L2(X) as well, and similarly ©(p) = b(w + ip)H (w + ip)z is in L2(Y)
for every = € X.

(¢) Choose a function ¢ € C*°(R) such that 0 < ¢ < 1, |¢'|oc < 00, ¢ =1 on
A./3, v =0 on R\Ay. /3, and consider the identity

H(ip)x = (14 %)H(w +ip)x 4+ H(ip)(w +ip)[A(ip) — A(w +ip)|H(w + ip)z,
which after multiplication with ¢(p) yields

[A(ip) — Alw +ip)]D(p).

(12.20)
Since @ € L*(X), o € L*(Y) and 0 ¢ supp ¢ there follows ¢(p)H (ip)x € L?*(X) and
similarly o(p)b(ip)H (ip)z € L2(Y), provided b(ip)/b(w 4 ip) and (w +ip)[A(ip) —
Alw + zp)]/l;(w + ip) are bounded for p € A.. To prove this we employ again
1-regularity of b(¢) and (12.19). The identity

Plp)H(ip)e = (14 2)p(p)i(p) + o) H(ip) 2L
P b(w +1ip)

blip + 5) = blip + w) — / V' (ip + 7)dr
yields with 1-regularity
tip+ )1 < fiip+) + 5 [ blip+ )l 0 <5<,
0

hence

@ Nw
b(t dr <
| o+ miar <

provided N > cw; in particular b(ip)/b(w + ip) is bounded on A.. On the other
hand, (12.19) and (12.21) yield

—[b(ip+w)l, o] > N, (12.21)

AGip) - A(w+ip)lserx) < / As+ip)lds < / (s + ip)lds
C Nw .
< m'm\b(wJﬂp)L pE A,

hence (w + ip)[A(ip) — A(w + ip)]/b(w + ip) is bounded on A, as well. Thus, by
Parseval’s theorem, for each x € X there is h, € L?(X) such that b* h, € L?(Y)
and hy(p) = ¢(p)H (ip)x, in particular h,(p) = H(ip)x for p € A..
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(d) Next we show h, € LY(X) and bx* h, € L'(Y) for each z € X. For this
observe first that in virtue of (12.19), A(zp) is not only Lipschitz on A, but also
strongly differentiable a.e., since X and Y are Hilbert spaces, which enjoy the
Radon-Nikodym property. Differentation of h, therefore yields

he (p) = @' (p)H(ip)x +ip(p)H' (ip)x )
¢ (p)H (ip)x — p(p)H(ip)z/p + ip(p)H (ip)ipA (ip) H (ip)z;

since 0 & supp ¢, ¢’ is bounded and supp ¢’ C A, by (12.19) we see that

}L\;/ € L?(X), hence th, € L*(X) by Parseval’s theorem. Similarly, employing
1-regularity of b(¢) once more we obtain also ¢ - b x h, € L?(Y)). But then

1
|h$|1:/ |hw(t)dt+/ e (O)t]dt /18] < V2(hals + [thels) < oo,
-1 t|>1

i.e. hy € LY(X); similarly b h, € L'(Y) for each x € X.
(e) Next we apply a duality argument to obtain h* € L'(X) N L*(X) such that
hi(=p) = p(p)H(ip)*x for each € X. For this purpose observe that S*(t)z
is weakly continuous and strongly measurable on Ry; the latter follows again
from the Radon-Nikodym property. Therefore H(w + ip)*x belongs to L?(X) for
each z € X, and by boundedness of (w 4 ip)(A(ip) — A(w + ip))/b(ip), as above
we obtain also p(p)H (ip)*x € L*(X), for each z € X. Also by duality we get
(p(p)H (ip)*z) € L*(X), hence as in (c) and (d) there is h% € L'(X) N L?*(X)
such that hX(—p) = @(p)H(ip)*z, p € R, z € X.

By similar arguments, for each y € Y there is g5 € L'(X) N L*(X) such that

9y(=p) = @(p)(b(ip)H (ip))"y.
(f) The mappings x + h,, z +— h’ from X to L'(X) are linear and closed; hence
by the closed graph theorem, there is a constant C' > 0 such that

|hel1 + |hEL < Clz|lx, z€X.
Similarly,
lgylt < Clyly, y €Y, and [bxhy|pi(y) < Clo)x, v € X.

To prove boundedness of the solution operator G from A(X) to Cyup(X) and of
b* G from A(X) to Cyup(Y) it is enough to verify the relations

@GIO)x = [ (a=m) S teR (12.22)
and -
(s GiO) = [ gyt =) fr)xdr, teR (1229

for each f € A(X) such that o(f) is compact. In fact, (12.22) and (12.23) yield
the estimates

|G floex)| < Clflrex)y and [b* Gflpe )| < Clflre(x),



314 Chapter III. Equations on the Line

for each f € A(X) with compact spectrum, which by Proposition 11.5 is sufficient
for b-admissibility of A(X).

So let such f be given, choose another cutoff function ¢y € C§°(R), which
is real and symmetric, such that ¢o = 1 on a neighborhood of o(f), and let
Go € W(R; B(X,Y)) denote the kernel from Lemma 11.1 such that Go(p) =

Q(p)H(ip)go(p), p € R. Then with ¢ * f = f and évﬁ(p)x = Go(—p)z =

Po(p)hi(p), i.e. Gix = o * h’, we obtain

@GIO)x = @ (Gox HO)x = [ (Gt =)o f(r))xr
= [Tt Dxdr = [ -, S

i.e. (12.22) holds. Similarly, one also obtains (12.23).

(g) Finally, suppose Ag is compact; w.o.l.g. we then may choose ¢(p) = 1 for |p|
sufficiently large, say |p| > No. Then 1 — ¢ € C°(R), ©(0) = 0, hence 1 — ¢ = 1)
for some 1) € W1(R) with [*°_1(t)dt = 1. Then the decomposition of the first
term in (12.20),

w . . 7 . .
PO+ ) H @ +ipe = Hw +ipe = S H + i+ 50 Hw +ipla
shows that this term is the Fourier transform of a bounded function ws (¢) which is
continuous for t # 0, satisfies the jump relation lim;_,4 w1 (t) — limg_o— wy (¢) =
w1(0+) —w1(0—) = x as well as lim;_,,cwi(t) = 0. On the other hand, the
second term in (12.20) can be written in the form

Hiw + p)wb(+p)p> [Aip) - Alw + ip)o(p)b(in) H(ip)z = H(w + ip)ioa(p),

where wy € L?(X), hence is the Fourier transform of Se™*"eg * wy, which belongs
to Co(R; X). The proof is complete. O

From the proof of Theorem 12.3 it follows that in case A(t) decomposes as A(t) =
B(t) + C(t), where B € L} (Ry;B(Y,X)) and C € L}, (Ry;B(X)), only B(t)

loc loc

need be subject to (12.19). For C(t) the weaker condition
A"V <M, ReA>0, |\ >R, (12.24)

is sufficient. Observe that (12.24) is implied by

/ tldC(t)|p(x) < oo,
0
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whenever C' € BVj,c((0,00); B(X)). This remark will turn out to be quite useful
in Section 13.

By an interpolation argument the admissibility assertion in Theorem 12.3 can
be extended to L% (X), for all 1 < p < ooc.

Corollary 12.1 Let the assumptions of Theorem 12.3 be satisfied and let (12.18)
be fullfilled. Then L} (X) is b-admissible, 1 < p < co.

Proof: For a simple function f = >""" | z;X;, where z; € X and x; are character-
istic functions of disjoint measurable sets of finite measure, we define

Gf = Z ha; * Xi-
i=1
We then have obviously the estimate |G f|1 < C|f]1; cp. the first step in (f) of the
proof of Theorem 12.4. On the other hand, as there we also have |G f|x < C|f]|so,
hence by the vector-valued Riesz-Thorin interpolation theorem (see e.g. Bergh
and Lofstrom [22]) G € B(LP(X)) for each 1 < p < oo. Similarly, b« G €
B(LP(X),LP(Y)), and therefore L (X) is b-admissible for every p € [1,00). DO

Since for hyperbolic problems Ay need not be compact in general, it remains open
whether in the situation of Theorem 12.3 a A-kernel G always exists. Even if so,
it seems to be very difficult to obtain pointwise estimates of G (t), in particular
to prove the integrability of Gx. For this reason it also seems to be quite unclear
whether Corollary 12.1 can be extended to homogeneous spaces other than L} (X),
e.g. it is not known whether BMY{(X) is b-admissible, in this situation.

Let us conclude this section with an illustrative application of Theorem 12.3 to
obtain the characterization of the spectrum of a Cy-semigroup in a Hilbert space,
i.e. Gearharts theorem mentioned above; see Section 12.7 for further comments.

Example 12.1 Let A generate a Cy-semigroup e in the Hilbert space X. Choose
Y = Xa, b(t) = e teg(t), A = (2r/7)Z. With A(t) = A the assumptions of
Theorem 12.3 are easily seen to be true; the resolvent S(t) is of course the Cp-
semigroup eA*. A moment of reflection shows also that A(X) is b-admissible if and
only if the evolution equation

u=Au+f (12.25)

admits a mild 7-periodic solution u, for each f € C,;(X) 7-periodic. Via the
variation of parameters formula the latter is equivalent to 1 € p(e47). Theorem
12.3 characterizes this property by

{2mni/7T :n € Z} C p(A), sup{|(2mni/T — A)7Y :n € Z} < oo, (12.26)
which is precisely Gearhart’s condition.

12.4 A-kernels for Parabolic Problems
Consider again (12.1) assuming the decomposition (12.2). In Section 11.3 we have
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seen that for compact A C R, the spectral condition A N Ay = 0 is sufficient for b-
admissibility of Ha (X), for any homogeneous space H(X) and any b € W(R). For
problems of parabolic type this result can be extended to noncompact A, however,
b will no longer be arbitrary then. We begin with the case when (7.1) admits an
analytic resolvent.

Theorem 12.4 Suppose (7.1) admits a weak analytic resolvent S(t) of type
(wo,00), and let (AN4) with a = b € W(Ry) be satisfied; cp. Corollary 7.2. Let
H(X) be homogeneous, and assume A C R is closed and such that AN Ay =
(). Then Ha(X) is b-admissible, and there is a A-kernel G, € LY'(R;B(X)),
bx Gy € LYR; B(X,Y)) for Ha(X). Moreover, Go(t) = Ga(t) — S(t)eo(t) ad-
mits extension to an entire function with values in B(X,Y) of exponential growth,
and |Go(t)|(x,y) < C-max(1,e=0 ) ¢ € R. There is oo € C§°(R) such that

Go— o = Agx Go+ dAy * Gy = Gy * Ay + Gy xdA;  on R. (12.27)

Proof: Corollaries 7.1 and 7.2 imply that the family H(\) = S () is holomorphic
on X(wy, O + 7/2) with values in B(X,Y") and for each w > wy, 8 < y there is a
constant C' = C(w, ) such that

HN 5o + BOVHN sy < C/N—wl, AeSw,0+7/2).  (12.28)

Therefore, A is compact, Ag C [— Ny, Ny, where Ny = w cot 6y, and so d(Ag, A) >
0. As in the proof of Theorem 12.1 we may assume that A N By,+3(0) = 0.
Choose a cut-off function 1 (ip) of class C* such that ¢¥(ip) = 1 for |p| > No + 2,
P(ip) = 0 for |p| < Nog+ 1, and 0 < ¢p < 1. Then 9(ip) — 1 is of class CF°(R)
hence ¥ (ip) — 1 = @o(p), for some g € C°(R) N L1(R).

Set ¥(A) = 1 for Re A # 0, and choose a smooth curve I'y C X(wp, 8 +
7/2) N{A € C: Re A < w} running from i(Ny + 3) to —i(Np + 3), w > wy, let
Ty =T4 U[—i(Ng + 3), i(Ng + 3)], and define

7

1
27m

Go(z2) = w( YH(N)eMd), zeC. (12.29)

Then Gy : C — B(X,Y) is entire, |Go(2)|g(x,y) < C..e?l?! for some C,, > 0, and
|G™ (#)|5(x,y) < Cp for t <0, n € Ng. A direct computation shows that

GO—Ao*Go—dAl*GQZGO—Go*Ao—Go*dAl

oo

[wopear= g [ o) -1 = aule), 1R

—00

1
2m

i.e. (12.27) holds. Define G (t) according to

Ga(t) = Go(t) + S(t)eo(t), teR; (12.30)
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then by boundedness of S(t), Ga(t) is bounded in B(X), uniformly on each inter-
val of the form (—oo,tp]. Cauchy’s theorem and (12.28) show that we have the
representation

27 N—oo

Ga(t) = — lim / Y(ip)H (ip)ePtdp, t+#0. (12.31)

To prove integrability of G we integrate twice by parts. Since v vanishes on
[-No — 1, Ng + 1], the function ®(ip) = ¥ (ip)H (ip) is of class C*° on R, and by
Cauchy’s theorem we have

|29 (p)| < M;/(1+ [p]) T, forall peR, jeNy. (12.32)
Integrating twice by parts we obtain

1

/ " (p)e'ftdp, teER,
hence Gy € L'(R; B(X)). Replacing H(\) by b(A\)H()) in these arguments, we
also obtain bx Gy € LY(R; B(X,Y)).

Finally, we show that the kernel G represents the solution operator G by
(11.14); b-admissibility of any Ha (X) is then an easy consequence of the integra-
bility properties of Gx and of Proposition 11.6. From the first resolvent equation
S =14 AxS and b-regularity of S(¢) there follows by (12.27) an identity for
R=0+Gp in B(X),

R=Agx R+ dA, « R+bx gy +b.

Hence uw = R f is a solution of (12.1) with inhomogeneity b * f 4+ @q * b * f, for
each f € Ha(X). However, since ¢o(p) = 9(ip) — 1 = 0 for p € o(f), we have
(o * f) Calpo) No(f) =0, hence pg * f =0. Thusu=R* f =Gp*bx fisa
strong solution of (12.1) with inhomogeneity b x f, and so (11.14) is valid. O

The main property of H(ip) which was used in the proof of Theorem 12.4 is
the estimate (12.32). This decay property is also present in the case of weakly
parabolic equations with weakly 2-regular kernels satisfying (NP4); see Section
7.2. Somewhat more generally we have

Corollary 12.2 Suppose b € L*(R,.) is 2-regular, Z(O) # 0, and let the following
conditions hold. R

(i) For each Re A > 0, |A| > R, I — A € B(Y,X) is bijective and H(\) =
(I — A(N)"1/X satisfies for some R > 0

[HN)|s0x) + POVH N 5x,vy < for all Re A >0, |\ > R.

<M
Al
(i) There is a constant C' > 0 such that

M (N)sev.x) + IN2A (V) svixy < BN, for all Re X >0, |A| > R.
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Let H(X) be homogeneous, and assume A C R is closed and such that AN Ay = 0.
Then the assertions of Theorem 12.4 are valid.

For the proof observe only that H(\) satisfies by (i) and (ii) the crucial estimate
(12.32) and that after an exponential shift of size w > R the assumptions of
Corollary 7.4 are satisfied, hence there is a b-regular weak resolvent S(t). Therefore
the proof of Theorem 12.4 carries over.

12.5 Maximal Regularity on the Line

As one might expect, for parabolic equations there are also maximal regularity
results on the line. We again employ the notation introduced in Section 7.4, with
J=R; for a € (0,1), p € [1,00), q € [1,00] we let

B1(X) = (LP(X), W (X)),

denote the real interpolation space between LP(X) and W!P(X) of order o and
power ¢, and similarly for p = oo

BL(X) = (Cup(X), Cp(X))a g5

see Section 7.4 for the definition of the norms. These spaces are easily seen to be
homogeneous.

Theorem 12.5 Let the assumptions of Theorem 12.4 or Corollary 12.2 be fulfilled.
Then for a € (0,1), p,q € [1,00], the spaces B {(X) are spaces of mazimal
regularity for (12.1), i.e. if f € By4(X), o(f) C A, then the solution u = Gf =
Ga * [ of (12.1) satisfies u,u € By?(X) and bxu, b1 € By4(Y).

Proof: (a) Suppose the assumptions of Theorem 12.4 or Corollary 12.2 are fulfilled,
and let G, (t) denote the corresponding A-kernel for the closed set A C R; w.l.o.g.
we may assume A = {p € R : |p| > R}, for R > 0 sufficiently large. Also, with
some fixed w > R+ 1 we let S, (t) = e “'eg(t)S(t), t € R, where S(t) denotes the
weak resolvent, which exists as was observed before. Then the results of Section
7.1 and 7.2 show that S, satisfies

S () Bx) + 690 (t)]sx) < Ne™", ¢ >0,
. . t— t
cp. (7.29). With b, (t) = e “'b(t), T,, = b, * S,, is also subject to (12.33), where
B(X) can be replaced by B(X,Y).

(b) Define G1(t) by
Gi(t) = Ga(t) — Su(t), telR; (12.34)

then (12.33) and uniform integrability of G (t) yield G; € L'(B(X)). We show
that G; € WH1(B(X)). For this purpose consider ipG1(p) and decompose as
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follows
ipGr(p) = (ip)ipH (ip) — ipH(w + ip)
= (ip)(ipH (ip) — (w +ip)H(w + ip)) + wi(ip)H (w + ip)
+  (¥(ip) — 1)ipH(w +ip) (12.35)

= ®2(p) + w(l + Go(p))Su(p) + 2o(p)Su(p),

where 1 and g are as in the proof of Theorem 12.4. If the assumptions of Corollary
12.2 are satisfied we may apply the arguments following (12.21) in the proof of
Theorem 12.3 to the result that

s (p) = w(ip)(I — A(ip)) " (A(ip) — Aw +ip))(I — A(w +ip))~*
is twice differentiable and subject to
1©2(0)] + (1+ [p) (1240 + 94 (0)) < Mo(1+ o)™, peR.  (12.36)

In the situation of Theorem 12.4, Cauchy type estimates lead to (12.36) as well.
Integrating by parts, (12.35) gives

N—oo 27

-1 [ , _1 [ 4
= —/ @é(p)(etpt_l)dp:_/ ‘I’IQ/(p)eZptdp,

2mit 272

1y ,
Golt) = lim — / B(p)ei™ dp
N

where the last integrals are absolutely convergent; observe that ffooo DL (p)dp =0
by (12.36). Thus G2(t) is well-defined for ¢ # 0, and direct estimates yield

|Go(t)] < Mymin{1/t*,1+log(1 +1/|t])}, t#0,

hence Gy € L'(B(X)). But since the last two terms of (12.35) are the Fourier
transforms of w(S, + ¢o * S.) and g * S, respectively, we have obtained G‘l S
LY(B(X)) by uniqueness of the Fourier transform. Similarly one also proves bxG €
LY(B(X,Y)).

(c) Now let f € Byi(X), o(f) C A, where a € (0,1), p,q € [1,00], and let
u=Gf=Gprxf=Gyxf+ 5, = [ denote the solution of (12.1). It is then not
difficult to show by a limiting argument that « is differentiable a.e. and

- /_OO Ch(r)f(t — 7)dr + /OOO Su(M)(f(t—7) — f(£)dr, for aa. t € R,

(12.37)
holds. Since G; € L'(B(X)) the first term leaves every homogeneous H (X ) invari-
ant, in particular the spaces By?(X). On the other hand, by means of (12.33) a
minor modification of the proof of Theorem 7.5 shows that the last term has this
property too. Therefore u,% € Bg»9(X). Since T, is subject to (12.33) with B(X)
replaced by B(X,Y) we obtain b*u,b* i € By»9(Y). The proof is complete. O
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12.6 Perturbations: Parabolic Case
Via the usual fixed point argument, Theorem 12.5 can be extended to the per-
turbed problem

U—Agxtu—dAyxu=DByxu+dByxu+bx(Coxu+dCy+u)+ f (12.38)
where By € LY(Ry;B(X)), By € BV(Ry;B(X)), Co € LY(R4;B(Y, X)), and
Cy € BV(R4;B(Y, X)).

Corollary 12.3 Let the assumptions of Theorem 12.4 or Corollary 12.2 be sat-
isfied, where Ao is replaced by the spectrum Ay of the perturbed problem (12.38).
Then for each a € (0,1), p,q € [1,00], the spaces B;’AQ(X) are spaces of mazximal
reqularity for (12.38).

Proof: W.olg. A ={p e R:|p| > R}, where R is sufficiently large. Let B} (t)
denote the Fejer approximation of By, i.e.

BN = L Nl—@]? int g R;
o ()= N( n ) Bolp)e™dp, teR;

B{V , CF, C{V are defined similarly. Then by choosing N large enough
|B(I)V — B0|L1(B(X)) + |67t * (dBl — B{V)|L1(B(X))
+|C3 = Colprsr.xy + le™" * (dCr = CY) L svixy) < n(IV),

where n(N) — 0 as N — oo. Since supp é\oﬁ C By (0) we may replace By by
By — BY¥ in (12.38) and similarly Cy by Cy — C{', in case o(f) N By1+1(0) = 0.
On the other hand, we may write

dBy xu = (dBy — BY) xu=e""% (dB; — BY) * (u + 1),

and similarly the term dC1 b+ is treated. These considerations show that (12.38)
can be transformed into the problem

—Agxu—dA; xu=Byxti+ Bgxu+bx (Caxt+ Cs*xu)+ f, (12.39)

where the L'-norms of B; and C; are as small as we please, provided o(f) N
Bn+1(0) = 0 for a sufficiently large N. This means that we have the fixed point
problem

u=Gf+G(Byxt+ Bsg*u)+ G(Cyxbxu+ Cs*bxu),

which by the contraction mapping principle in virtue of Theorem 12.5 is uniquely
aq

solvable in each of the spaces Bp7 V(X), provided R is large enough. O

To construct a A-kernel G for (12.38) consider the convolution equation

Gy = G9\+%G9\*(Bg*GA—|—C’2*b*GA)+G9\*(33*GA+C'3*Z)*GA); (12.40)
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since (12.39) is equivalent to (12.38) for A = {p € R : |p| > R}, R sufficiently large.
Here G} denotes the A-kernel for (12.1) according to Theorem 12.4 or Corollary
12.2. We are now looking for a solution G5 € L' (B(X)) with bxG, € L*(B(X,Y)).
Note that the Paley-Wiener lemma Theorem 0.6 cannot be applied here, since
there is no chance to prove that the involved kernel is L', without imposing extra
assumptions at least.

However, estimates (12.33) for S, (¢) and the estimate for Gy derived in (b) of
the proof of Theorem 12.5 show

Ghe [ BY/»=B)N () BI*(BX));

p€E(1,00) a<l

similarly we also have

bxGl e [ BYP™(B(X,Y))n () BI (B(X,Y)).

p€E(1,00) a<l

Therefore by Theorem 12.5 and the contraction mapping principle, there is a
unique solution G € B&™(B(X))NBy/P>(B(X)), with bxGy € B (B(X,Y))N
By/P>®(B(X,Y)), whenever o < 1 and p € (1,00) are fixed. This is the A-kernel
for (12.38).

Corollary 12.4 Let the assumptions of Theorem 12.4 or Corollary 12.2 be satis-
fied, where Ao is replaced by the spectrum Ay of the perturbed problem (12.38).
Then each space Hp(X) is b-admissable for (12.38), and there is a A-kernel
G € LYB(X)) such that bx Gy € L*(B(X,Y)).

Actually one can show even the decomposition
Ga(t) = S,(t)+ G,(t), teR,

where G, € Co(B(X)) and b* G, € Co(B(X,Y)). This can be achieved by using
the L*°-bounds derived in Section 7.5 and 7.6, but we do not want to repeat this
procedure here.

We conclude this section with a remark on the bounded case where ¥ = X,
which of course contains the case dim X < co. In this case it is enough to consider
(12.38) with Ag = A1 = Cy=C1 =0 and b= € W(R,), i.e. the equation

i — Boxu=dB; xu-+ f, (12.41)

where By € L'(Ry;B(X)) and B; € BV (R4;X). Corollary 12.4 yields for this
case the following result.

Corollary 12.5 Let H(X) be homogeneous and A C R closed such that ANAy = (),
where Ay denotes the spectrum of (12.41). Then Ha(X) is 0-admissable and there
is a A-kernel Gy € LY(B(X)).
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Better results on properties of G for equation (12.41) can be proved like G =
e~teo(t) + Go, where Gy € CH(B(X)) N WH(B(X)). However, the bounded case
is not the subject of this book, and so we conclude here.

12.7 Comments

a) Theorem 12.3 extends Theorem 3 of Priiss [275]; see also Priiss [271]. There
the case A(t) = Ap + B(t) was studied, where Ay generates a Cp-semigroup
in the Hilbert space X, Y = Xa,, and B € WL (Ry;B(Y, X)), B(0) = 0,
B € BV(Ry;B(Y, X)) N L'(Ry;B(Y, X)), and B as well as dB have first mo-
ments. However, (12.19) is already implied by fooo[‘B|B(y7x)dt+t|dB‘B(Y7x)] < 0.
Observe that it remains an open question whether a A-kernel exists if Ag is non-
compact. It is also unclear whether Corollary 12.1 holds for any homogeneous
space even in case Ag is compact. The reason for this is that the A-kernel if it
exists at all is not known to be integrable rather than strongly integrable.

b) Theorem 12.4 and Corollary 12.2 are extensions of results of Da Prato and
Lunardi [73] who consider equations with main part A, a generator of an analytic
semigroup (however, in this paper it is not assumed that D(A) is dense in X).
In this situation Theorem 12.5 is proved there for p = ¢ = oo, A = R and
A = 2nZ/7, ie. the T—periodic case. A simple resonance case is treated as
well, where A = (2n/7)Z, AN Ay = 2n/7){k1,... . kn}, and each ¢; = 27k, /7 is
a simple pole of H()). Corollary 12.4 extends Theorem 2 of Priiss [275].

¢) It has been known for a long time that the spectral mapping theorem o(e4?) =
et is in general false for Cy-semigroups, the spectrum of et may be strictly
larger than e¢”(4)t; see Hille and Phillips [180], Chapter XVI. Zabczyk [348] was
the first to give a counterexample even in the Hilbert space case. The spectral
mapping theorem, however, is true in a general Banach space if the semigroup is
eventually norm-continuous, i.e. if e’ is B(X)-continuous for t > t, > 0. For
Cy-semigroups of contractions in a Hilbert space, Gearhart [127] was the first who
obtained a complete characterization of o(e?) in terms of the spectrum of A and
boundedness properties of (A — A)~!; see Example 12.1. His result was later
extended to general Cy-semigroups in Hilbert spaces independently by Herbst
[179], Howland [184], and Priiss [272]; the simplest proof is now contained in
Greiner [136], see also Greiner and Schwarz [137]. Gearhart’s theorem does not
extend to Banach spaces, as a counterexample due to Greiner, Voigt and Wolff
[138] even for positive semigroups shows. We refer to the textbooks of semigroup
theory mentioned in the Introduction for further information.



13 Further Applications and Complements

The first three subsections are devoted to applications of the results of Sections
10, 11, and 12 to some of the problems introduced in Sections 5 and 9. These
include the hyperbolic viscoelastic Timoshenko beam, heat conduction in isotropic
materials with memory, and boundary value problems for electrodynamics with
memory.

In the remaining part of this section, discussions of several problems are pre-
sented which are strongly related to the contents of this book but out of its scope
due to space considerations. One interesting subject which so far has only been
studied in the scalar case is the ergodic theory for evolutionary integral equa-
tions which is strongly connected with the Tauberian theory of the vector-valued
Laplace transform. By means of the variation of parameters formula and fixed
point theorems, semilinear equations can be handled by the usual perturbation
method. An outline of the many different semigroup approaches is given in Sec-
tion 13.6. The section is concluded with the subordination principle, which allows
for a considerable extension in the first order case, by admitting A to be nonlinear
and multivalued but m-accretive.

13.1 Viscoelastic Timoshenko Beams
Consider the viscoelastic Timoshenko beam model introduced in Section 9.1.

W = da‘l*(wLL+¢.L)+fé7

¢ = dey* ¢y —ydag * (wy + @) + [, (13.1)
where we have assumed for simplicity that the density pg = 1, the shear correction
coefficient k = 1, and the length of the beam | = 1. We want to consider (13.1)

on the line, for the case when one end is clamped and the other is free, i.e. w.r.t.
the boundary conditions

w(t,0) = ¢(t,0) =0, ¢u(t,1) = wy(t,1) + ¢(t,1) = 0. (13.2)

Shear and tensile moduli a;(¢) and e;(¢) will be assumed to be those of a rigid
solid, which means

a1 (t), e1(t) are nonnegative, nonincreasing, convex;
a1(0+), e1(0+) < 00; €00 = €1(00), oo = a1(c0) > 0. (13.3)
Thus (13.1) is of hyperbolic type and almost synchronous, since

dAel()\) _ 61(0+)+51(>‘) :c/lE()\) AS 0
dan(n)  a(04) +aN) ’ ’

for some k € BVj,.(R) with k(0+) = limy . @(/\) = e1(0+)/a1(0+) > 0. Let
X =L?%0,1) x L*(0,1) and

Y = {(w,¢) € W22([0,1]) x W>2([0,1]) : w(0) = ¢(0) = ¢'(1) = w'(1) +(1) = 0}

J. Priiss, Evolutionary Integral Equations and Applications, DOI 10.1007/978-3-0348-0499-8_13, 323
© Springer Basel 1993
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be equipped with their natural norms, and define A;(¢) € B(Y, X) by means of

. al(t)ai, al(t)ax
Art) = < vy (D0ss €1 ()02 — ~ar (1) ) tERy.

Then with u = (w,¢)?, (13.1) can be rewritten as
i=dAixu+f, teR, (13.4)

a second order problem. Apparently, (13.4) is not of the form (11.3), however,
convolving (13.4) with ¢(t) = e ‘eo(t), eo the Heaviside function, it becomes

t=cxu+cxdAdyxu+g, teR, (13.5)

where g = ¢ * f, which is of the form (11.3). Since ¢ € W(R4) it is easily seen
that (13.4) and (13.5) are equivalent.

We want to apply Theorem 12.3 to obtain admissibility of A(X), as well as
Corollary 12.1 for L (X), 1 < p < oo, where A C R closed is such that ANAg = 0.
For this purpose recall first from Section 9.1 that there is a b-regular exponentially
bounded resolvent S(t) for the local versions of (13.4) and (13.5), where e.g. b(t) =
te(t) is a possible choice. Obviously b € L'(R,) is 1-regular and such that b(0) # 0.

To verify (12.19) for (13.5), observe that we have to show

AeA] (Vs x) < ClbN)|,  Re A>0, [A >R,
and
NN <M, Rel>0, N>R,
by the remark following the proof of Theorem 12.3. The second of these inequalities
is obvious, while the first follows from

Ny (A)] + [N*€) (M) < Mo,

as an easy calculation shows; but the latter is a consequence of (13.3), since e.g.
A28, (V)] = [fdaa (A) + 281 (V)] < / tan (1) — 2 / a1 (£)dt < 3ar(04),
0 0

by convexity of as (t).

Thus the assumptions of Theorem 12.3 are satisfied and it remains to compute
Ao and to show boundedness of H(ip) and b(ip)H (ip) in B(X) resp. in B(X,Y).
This means that we have to study the invertibility properties of A% — 31\41(/\) on
the imaginary axis, i.e. for A = ip, p € R. So let u = (w, )", f = (g,%)" and
consider the equation (p? + cﬁl(zp))u = f, ie.

pPw +  day(ip)w” + day(ip)d' = g,
Jr

pro de1(ip)¢" — vyday (ip)(w' + ) = ¢, (13.6)
w(0) = ¢(0) =0, ¢(1) =w'(1) + (1) = 0.
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Taking the inner product in L2(0,1) of the first equation with w, integrating by
parts and employing the boundary conditions we obtain the identity

PPlwf? = dax(ip) w2 + (¢, w)] + (g, w); (13.7)

similarly, the second equation yields after multiplication with ¢

Lo = der(ip)|¢' +dar (ip)[(w', 0) +16P] + (.0).  (138)
Here we used the notation (-,-) for the inner product and | - | for the norm in

L?(0,1). Multiplying (13.7) with v and adding the result to (13.8) leads to

P2 (vw]? +6[2) = de(ip)|¢' |* + ~vdai (ip)|w' + 62 + (g, w) + (4, 4), (13.9)

and taking real and imaginary parts in this identity we finally obtain

PP(vw? +162) = Redei(ip)|d'|> + 7 Re das(ip)|w’ + ¢|?
+7 Re (9,w) + Re (¥, ¢), (13.10)

and
0= Tm de1(ip)|¢' |2 + v Im day (ip)|w’ + ¢|> +~ Im (g,w) + Im (i, ¢). (13.11)
The properties (13.3) of e; and aq imply

Re cfeﬂip) >e >0 , Re @1(1'/)) > ao > 0.
pIm dei(ip) >0 , plIm @1(2'/)) >0,
lim de(ip) = e1(04) ‘ 1|im day (ip) = a1 (0+),
pl—o0

|p|—o0

as is easily verified. Moreover, for p > 0, Im de;(ip) = 0 if and only if e (t) is
piecewise linear, with nodes only at t € (2m/p)N. If e;1(t) # e, then there is a
smallest such p, say p. > 0, and then Im cﬂal(ip) = 0 if and only if p € p.Z. The
same is true of course for a;, with a smallest p, > 0, in case a1 (t) # doo-

To compute Ag observe that either p? + cﬁl(zp) is invertible in B(X,Y) or 0 is
an eigenvalue of p? + cﬁl(ip); the latter is equivalent to p € Ag. Let g =9 =0
and assume Im de; (ip) # 0; then (13.11) implies ¢’ = 0, hence ¢ = 0 by (13.6),
and then day(ip)(w’ + ¢) = 0, hence p*w = 0, by (13.6) again. Therefore Im
c/l\el(ip) # 0 implies p € Ag. Similarly, if g = ¢ = 0 and Im @ﬂip) # 0, (13.11)
yields w’ + ¢ = 0, and then by (13.6) again p?w = 0, i.e. w =0 and ¢ = 0, i.e.
p & Ao. R e

Thus p € Ao implies Im de; (ip) = Im daq(ip) = 0, i.e. since 0 € A, e1(t) and
a1 (t) must be of the special form explained above. In particular, if e; or a; is
log-convex, or —é; or —aj is convex, then Ag = 0.
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Now let A C R be closed such that Im UZel(z'p) #0, Im @1(ip) #0forallpe A
and
Re dei(ip)  Re daq(ip)
pIm dei(ip)” pIm @1(2‘/))
Then (13.10) and (13.11) yield for |p| > 1

P2(vlw|* +[¢*) < 7 Re(g,w)+ Re (¢,¢) — Np(y Im (g,w) + Im (¢, ¢))
< Cilpl(vlg| lw| + [2[]9]),

:pEA}=N <. (13.12)

sup{

hence
P (Ywl® +161*) < CE(vlgl* + [W[*),  peA, [pl > 1. (13.13)
With (13.10) this implies by Re cie1(ip) > es >0, Re @1 (ip) > as > 0,
ecold'|? + yasow' + ¢* < C3(vlgl* + [¥I?), (13.14)
and (13.6) gives
[ ? +1¢" 7 < C3 (g + [¥1%)p%, peA, ol = 1. (13.15)
Estimates (13.13) and (13.15) yield
lp(p* + dAy(ip))  |s(x) + ﬁw +dA(ip) ey < Ca pEA, Ip| > 1,
which implies
IH(ip) ) + 6| [HGo)sxy) < Cs, p € A, (13.16)

for (13.5) . Invoking Theorem 12.3 then yields b-admissibility of A(X), and Corol-
lary 12.1 that of L} (X). We may now apply Theorem 11.2 or Corollary 11.2 and
11.3 to deduce results on periodic or almost periodic solutions of (13.1); the details
of this, however, are left to the reader.

Concluding we refer to the recent paper Desch and Grimmer [85] where a
detailed analysis of the spectrum of the viscoelastic Timoshenko beam has been
performed in case the relaxation moduli are completely monotonic. Under certain
assumptions on the behaviour of their Laplace transforms for large frequencies it
is shown that the spectrum of the viscoelastic Timoshenko beam asymptotically
decomposes into the spectra of the two decoupled viscoelastic wave equations
arising from (13.1) by neglecting the lower order terms da * ¢, and vyda * (w, + ¢).

13.2 Heat Conduction in Materials with Memory

Consider the problem of heat conduction in materials with memory described in
Section 5.3, where the rigid body €2 is assumed to be homogeneous, isotropic and
bounded. The dynamic equations on the line are then given by

dm=0 = dexAO+f, teR, zeq,
0 = 0, teR, zeTly, (13.17)
o0

— =0, teR, zeTly,
on o f
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where I'y, Ty C 0 are closed, I'y N Ty = 0, and I', UT; = 9Q. Concerning the
heat capacity function m(t) we require

t
m(t) =mo +/ mi(r)dr, teR, (13.18)
0

where mg > 0 and m; € L'(R;); cp. the discussion in Section 5.3. We are
here interested in the parabolic case, hence the heat conduction function c(t) is
supposed to be of the form

t
c(t) =co +/ a(r)dr, teR, (13.19)
0

where ¢p > 0 and ¢; € L'(R). By a proper rescaling of the time variable we may
then assume w.l.o.g. mg =cy = 1.

Let X, = LI(Q), 1 < ¢ < 00, Xog = Cr,(Q) = {6 € C(Q) : Or, = 0} be
equipped with their natural norms and define A, by means of

(Ag0)(x) = Ab(x), z€Q,

with domains

-~ 00
D(Ag) = {0€W**(Q):0lr, =0, 7-Ir, =0}, 1<g<o0,
D(Ao) = {9 S ﬁq>1D(Aq) : Aoe S CF;, (Q)},

and in X; define A; as the closure of e.g. A,. Let © C RV be bounded and 99
smooth; then it is well known that A, generates a Cp-semigroup which is analytic in
C; and bounded on each sector 3(0, @), ¢ < 7/2. In the Hilbert space case ¢ = 2,
the operator As is even selfadjoint and negative semidefinite. The spectrum o(A4,)
is discrete and independent of g, it consists only of simple eigenvalues, (1 — A,) ™!
is compact in X, for each p € p(A4,). Let

o(A) = {-p;}j20, 0<po<pun<..., (13.20)

and observe that pg > 0, unless I'y, = (3, i.e. for the pure Neumann problem.
With these notations and with b(t) = e~ teg(t), (13.17) can be rewritten as

0— A =—my*0+bx(c1 % Ag0 + c1 x Agv) + f, (13.21)

where v(t) = 6(t,-). This problem is of the perturbation form (12.38), with Ag = 0,
Ay = Ay, Bo = —my, Br =0, Cp = 14y, C1 = eg x 1Ay, With Yy = Xy,
therefore all the assumptions of Corollaries 12.3 and 12.4 are satisfied, and it
remains to compute the spectra of (13.21), Ap and .

For this purpose define the functions

Xi(A) = A4 mi(A) + (L + (M), J € No,
Xo(A) = 1+é&(N), ReA>0; (13.22)
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since A € 3o iff A(1+mq1 (X)) — (14 ¢é1(N))A, is not invertible in B(Y,, X,), we see
that
Yo={AeCy:x;(\) =0 for some j € NyU{oco}} (13.23)

and
Ao ={peR:x;(ip) =0 for some j & NgU{oo}}. (13.24)

Since my,¢; € L'(R)4 by assumption, we have é;(X), mi(A) — 0 as [A| — oo,
A € Cy4, hence X as well as Ag are compact, and Hy(\) satisfies

INH(N)|sx,) + [Ho(NlB(x,v,) <M, AeCy, [N >R, (13.25)

where R is sufficiently large. Furthermore, ¥y N C, is at most countable, Ag
has Lebesgue measure 0, and A\g € Xg, Re Ay > 0, is a cluster point of Xy iff
Xoo ()‘0) =0. _

Next we observe that Xoo(A) # 0 on Cy if either |¢1] < 1 or ¢; is of positive
type; cp. Section 5.3. If this is the case and if m () is nonnegative, nonincreasing,
then also x;(A) # 0 on C for j € N, and xo(\) # 0 on C; \ {0}. Thus except
for the pure Neumann case I';, = (3, in the physically interesting situation we have
Y9 = 0, hence also Ag = ). On the other hand, if I, = ) then g = 0, and so
Ao =% ={0}.

In the latter situation we have X, = N (A4,) ® R(A,), hence (13.21) splits into
an infinite dimensional problem on R(A4,) with ¥y = 0, and into a one-dimensional
equation for (¢ fQ (t, z)dx, the mean temperature, which reads

p+mixp=1, teR, (13.26)

where () = [, 7(t, z)dz.

Returning to the general case, the results of Section 11 and 12 yield e.g. the
following properties of (13.21), i.e. (13. 17)
(a) If AN Ag = 0, then the spaces B 1 (X,) are spaces of maximal regularity for
(13.21), where o € (0,1), p,r € [1, oo] (Corollary 12.3).
(b) If ANAy = 0, b(t) = e teo(t), H(X,) homogeneous, then Ha(X,) is b-
admissable for (13.21), and there is a A-kernel G € L'(B(X,)) such that bx G, €
LY(B(X,,Y,)) (Corollary 12.4).
() IEANAy =0, f € Wi(X), then v = Gy * f € Wi (X), o(v) = o(f),
exp(v) = exp(f), and

a(p;v) = H(ip)a(p; f)  for all p € exp(f).

The same assertions hold for AAP) (X) instead of Wi (X). If 0 € A, f € C/F(X)
and o(f) C A imply v = G * f € C; (X)), o(v) = o(f), and

v(00) = H(0)f(o0)

(Corollary 11.3 and Theorem 11.2).

(d) There is a b-regular resolvent S(t) for the local version of (13.21), and it has
the maximal regularity property of type B;"T(J; X,), and in case 1 < p,¢ < 0o
also of type LP(J; Xq) (Theorems 7.6, 7.5, and 8.7).
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(e) If Ag = 0, then S(t) = Sp(t) + G(t), (13.21) and its local version are asymp-
totically equivalent w.r.t. bounded solutions (Theorems 11.3 and 11.4).

(f) If X9 = 0, then S is uniformly integrable, and in case 1 < g < oo, the local
version of (13.21) is strongly LP-stable on the halfline (Theorems 11.3 and 8.8).

13.3 Electrodynamics with Memory

Let Q C R?® be domain with smooth boundary 9, which forms a rigid linear
isotropic and homogeneous medium. Then Maxwell’s equation are (cp. Section
9.5)

Bi+ curlE =K., divB=pn,
Di— cwtl H+J =J., divD =p, (13.27)
for t € R, x € Q; here K, J. denote the impressed magnetic and electric currents

(Ke = 0 in reality), and pe, pp, the free electric resp. magnetic charges (p,, = 0 in
reality). As a boundary condition we impose

nx&=0, teR, xze€d, (13.28)

where n(z) denotes the outer normal of  at 2z € 9. Other boundary conditions
are of course also of interest, like n x H = 0, but the latter can be treated similar
to the approach given below. According to Section 9.5 the constitutive laws are

B=duxH, D=dex&, J=dox€, (13.29)

where the material functions p(t), £(t), o(t) are of the form
t t
WO =po+ [ mer 0 =co+ [ aran
0 0
t
o(t) = oo +/ oi(r)dr, t>0, (13.30)
0

with 1, €1, o1 € LY(Ry) of positive type, op > 0, and po > 0, g9 > 0 the
fundamental constant of the vacuum, ¢y = (€op0) /2 the speed of light in vacuum.

In rewriting this equation in the standard form of Section 11, we proceed
slightly different from Sections 9.5 or 9.6. Since pg, g9 > 0, Re fi1(A\), Re &1(A\) >0
on Cy, and u1, &1 € LY(R,), by the Wiener-Levy theorem, there are functions
nt, ™, vT, v~ € BV(R,) such that

dn (V) = (W2, a0 () = [dp)]F2, Re A>0; (13.31)

observe that n*(0+) = 53[1/2, vE(0) = ,uoﬂ/z, nt, vt e Wllo"cl([R+) and 7 = 7F,
vi =% € L'(R,). The transformations

v=dnt*& , w=dvTxH (13.32)

then induce isomorphisms on any homogeous space, and lead to a particularly nice
form of the dynamic equations.
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In fact, let X = L2(Q;R3)x L2(Q;R?), u = (v, w)T, and define a linear operator
Ap in X by means of

Agu = Ag (Z) = ( Ecurl guﬂ ) (Z) u € D(A), (13.33)

with domain
D(Ag) ={u= (Z) cv,w € WA R?), nox v)ag = 0}

and let Y = X4, where A = Ay. It is well-known that A is skewadjoint, hence
generates a Cy-group of unitary operators in X. The direct sum decomposition

X = R(A) & N(A)

which is also orthogonal, holds, and o(A) C iR. If Q is an exterior domain then
op(A) = {0}, and o.(A) = iR\ {0}. For a bounded domain €, the range of A
is closed and A|7E%A) is compact, hence o(A) = 0,(A) and o,(A) \ {0} consists
of eigenvalues +i£,, 0 < &, — oo, as n — 0o, with corresponding eigenvectors
forming an orthonormal base of R(A). For a proof of these facts see e.g. the
monograph Leis [208], Chap. 8.

Ignoring the equations div B = p,,, and div D = p. (these can be considered
as the definitions of pp,, pe), we obtain by simple manipulations the following
reformulation of (13.27), (13.28) and (13.29).

tw=dax Au+dBxu+ f, teR, (13.34)

where da = dn~ *dv—, f = (dn~ * J.,dv™ * K.)T, and the operator-valued kernel
B e BV(R4; B(X)NB(Y)) is given by

B(t) = ( —dn” Cgf #o(t) 8 ) . (13.35)

Along with the problem (13.34) on the line we also consider the corresponding
problem on the halfline

z=daxAz+dB*z+ f, t>0, 2(0) = 2. (13.36)

We are now in position to apply the theory developed in this book to the study of
(13.34) and (13.36); observe that these problems are of hyperbolic type.

There are different lines of approach to the problem in question; we use here
that based on subordination and perturbation, which yields the strongest result.
However, we have to assume that u,e are bounded Bernstein functions.

(a) As in Section 9.5, a(t) is completely monotonic by Lemma 4.3. The character-
istic numbers , a, w for a(t) are

1
k=1/co, w=0, a==(u(0+)]=+e(0+),/E2), (13.37)
2 Ho €o
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and for the case 0 = 0, by Theorem 4.2 and 4.4, the resolvent Sy(t) for (13.36)
with 0 =0 is
So(t) = ecoAtemac0t L G (1), >0, (13.38)

where e? denotes the Cp-group generated by A and S; € C((0,00); B(X)) is
bounded, S; is also B(X)-continuous at ¢ = 0 and S1(0) = 0 in case a < o0.
Observe that So(t) is B(X)-continuous on Ry iff @ = oo, i.e. if p1(0+) = co or
61(0+) = 0.

The general case is now a consequence of Theorem 6.1 in the form of Corol-
lary 6.2, to the result that (13.36) admits an exponentially bounded e~ *-regular
resolvent S(t).

(b) Next we may apply Theorem 12.2; assuming again o = 0 first. With b(¢) =1,
wp = [ = 0, this result yields a A-kernel G (t) for (13.34) whenever a > 0 and
ANAy=0. Ga(t) is of the form

Ga(t) = e0ftemleq (1) + Go(t), tER, (13.39)

with Gp € LY(Ry;B(X)) N L*®(R; B(X)) B(X)-continuous on R, GA(t) — 0 in
B(X) as |t| — oo, and the jump relation

[, Galt) = lip Oa(t) =1,

holds in the strong sense. Moreover, each homogeneous space Hy(X) is e ‘-

admissable if A N Ay = 0. Observe that Ay is compact anyway, and that G
is integrable, not just strongly integrable, and even uniformly integrable in case
o = 00.

Via perturbation results these properties remain valid for o # 0; this is clear
for og = 0, by Theorem 12.1, but also true in case og > 0. For the latter one
has to modify A by incorporating the damping term —og+/€¢/ o in the left upper
corner of A defined by (13.33). e”? is then no longer unitary, but is still a bounded
Co-semigroup, which respects the decomposition X = R(A4) ® N (A).

(c) It remains to compute the spectra Ag and 3¢ of (13.34) and (13.36). For this
purpose observe that the equation

(A —da(\)A — dB(\))u = f

with u = (v,w)T and f = (g, h)T reduces to the boundary value problem

oMy — curl w = @()\)g in Q,
nxv = 0 on 0§, (13.40)
YANw+ curl v = @(A)h in

where dk = 1/@ = cfs@, Y = )\EI;, and p = ¢ + c/iEEE/CiAE Taking the inner
product with v in the first equation of (13.40), with w in the third, addition and
an integration by parts yield

plvf3 +|w]3 = dk(g,v) + dk(h,w). (13.41)
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Since k € BV (R.), this identity implies an estimate of the form
[0f3 + [wl3 < COV(lgl3 + |hI3)
for all v,w € L?(€;R?), provided @1 & (—o0,0]. Therefore we obtain
S0 C {A € Ci : p(N)D(N) € (=00, 0}
However, the definitions of ¢ and ¢ imply
o = (Adp)(Ade + do);

since ¢, ;i are Bernstein functions we have Re ()\C/l,l\l,) > 0 and Re (/\dAa) > 0 for
Re A > 0, and so the assumption that o; is of positive type shows ¥¢ = iAg, i.e.
@1 € (—o0,0] can only happen for A € iR. But then for A = ip # 0 we must have

—p Im ui(ip) =0, —p Im &1(ip) =0, 00 =0, Reoi(ip) =0;

since 1,e1 are completely monotonic this is only possible in case 3 = ¢1 = 0,
which contradicts the assumption o > 0 made above. Thus we conclude ¥y =
Ag C {0}

(d) Let us consider the point A = 0 separately. If the domain  is not bounded
then R(A) will in general not be closed, hence there is no hope for Ay = (§, without
changing the topology, at least. On the other hand, if Q is bounded then R(A) is
closed; hence we may split the problem into one in R(A) and one in N (A), since
B(t) respects the orthogonal decomposition X = R(A) & N (A).

In A (A) we obtain an ordinary system of Volterra equations given by

O+dn xdn xdoxv=g, w=Mh (13.42)

if 0(00) > 0 the first of these equations can be solved in any homogeneous function
space H(C?), while the second (both if o(c0) = 0) depends on the invariance of
H(C3) w.r.t. integration.

The problem restricted to R(A) has the property Ag = Xg = 0; recall we
are assuming ) bounded, here. In fact, since A\a 4) is compact, either (A +
B(00))|r(a) is invertible, i.e. 0 ¢ Ag, or 0 is an eigenvalue of (A + B(oo))\R(A%;
To exclude the latter assume v € R(A) and Au + B(oo)u = 0; with u = (v, w)
this implies

culw=~v, curlv=0, nXxv|pg=0,

where v = 0(00)/p(00)/e(c0). If v = 0 then obviously u € N(A), hence u = 0.
If v > 0 then
0= (curl v,w) = (v, curl w) = v[v|?,

i.e. v =0, and therefore curl w = 0 which means u € N(A) and so again u = 0.
This shows 0 € Ag, hence Ag = 3¢ = ), when (13.34) and (13.36) are restricted
to R(A).

(e) To conclude the discussion, let € be bounded (hence R(A) closed) and simply
connected, a > 0 (which excludes €(t) = g, u(t) = po). Then the resolvent
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S(t) is integrable on R(A), even uniformly if &« = —oo, every homogeneous space
H(R(A)) is e~ *-admissible for (13.34), and (13.34) and (13.36) are asymptotically
equivalent, by Theorems 11.3 and 11.4. If in addition o(c0) > 0, the first equation
in (13.42) admits also an integrable resolvent. Since there are no magnetic currents
in reality, we actually have h = 0, and so the resolvent S(t) is even integrable on
Xo={ue X :divw=0,w-nlgg = 0} the space of physical interest.

Thus the presence of a memory in at least one of the material functions u(t) or
e(t) stabilizes the high frequencies; while for low frequencies a stationary resistance
1/0(00) < oo does this job no matter how large €1, 11 and o are.

13.4 Ergodic Theory
A question very much related to the subject of integrability of resolvents S(t) for

u(t) = f(t) + /0 t a(t — 1) Au(r)dr, t>0, (13.43)

or

u(t) = f(t) +/OtA(tT)u(T)dT, t>0, (13.44)

is that of existence of P = lim;_,, S(t) in various senses, and what the nature of
this limit will be. More precisely, the resolvent S(t) and (13.43) resp. (13.44) are
called uniformly resp. strongly resp. weakly ergodic if P = lim;_,, S(t) exists in
the uniform resp. strong resp. weak operator topology. This type of ergodicity
will be denoted by (j, E)-ergodicity, where j denotes any of the symbols u, s, w
representing uniformly, strongly, weakly, respectively. If instead only the Cesaro-
means ¢! fot S(7)dr converge to P in one of these operator topologies, then S(t)
and (13.43) resp. (13.44) will be called uniformly resp. strongly resp. weakly
Cesaro ergodic, and this type will be denoted by (j, C)-ergodicity. If merely the
Abel-means AH(A) = [;°[A\e™**]S(t)dt converge as A — 0 then the term Abel-
ergodicity or more precisely (j, A)-ergodicity will be used. Observe that the limit
P is unique and the following implication scheme is valid

(v, E) = (s,E) = (w,E)

g I J
(u,C) = (5,C) = (w,0)
i3 N3 N3

(u,A) = (s,4) = (w,A).

Here the horizontal implications are obvious, while the vertical arrows are implied
by so-called Abelian theorems. In general, none of these implications can be re-
versed; a result asserting the converse of a vertical arrow is called a Tauberian
theorem, in honour of A. Tauber who was the first to use this type of argument in
the case of numerical power series; see Tauber [323]. The recent paper by Arendt
and Priiss [14] contains an account of the Tauberian theory for the vector-valued
Laplace transform; see also Hille and Phillips [180], Chapter XVIII, Arendt and
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Batty [11], [12], and Batty [20]. For the classical Tauberian theory we refer to the
monographs of Doetsch [100] and Widder [339], [340].

Let us briefly discuss ergodic theory in the semigroup case a(t) = 1; see Hille
and Phillips [180]. If wo(A) < 0 (the type of e?) then (j, A)-ergodicity can be
completely characterized. e“? is (w, A)-ergodic iff it is (s, A)-ergodic iff NH ()
is bounded as A — 0+, and N(A)* NN (4*) = {0}; et is (u, A)-ergodic iff
it is (w, A)-ergodic and R(A) is closed. Note that N (A)* NN (A*) = {0} is
automatically satisfied in case X is sun-reflexive w.r.t. e?’, in particular if X
itself is reflexive, in virtue of de Pagter’s characterization of sun-reflexivity; see de
Pagter [80]. The Abelian ergodic limit P if it exists has a very simple structure,
namely it is the projection onto N (A) along R(A). By means of vector-valued
real Tauberian theorems, e4? is (s, C)-ergodic if it is (w, A)-ergodic and et is
bounded, and it is (u,C)-ergodic if it is (u, A)-ergodic and e“* is bounded and
eventually B(X)-continuous. Furthermore, (j, A)-ergodicity and boundedness of
leAt| + t|Aet| imply (j, F)-ergodicity, since in this case eA? is feebly oscillating;
note that bounded analytic semigroups are covered by this result. Another very
interesting theorem was recently discovered independently by Arendt and Batty
[11] and Lyubich and Phong [229]; it states that (s, A)-ergodicity, boundedness of
e, o(A) countable, and o, (A*)NiR C {0} imply (s, E)-ergodicity. This result has
been used e.g. by Wyler [341] to obtain asymptotic stability of several classes of
dissipative wave equations. To conclude this discussion, observe that integrability
of et is equivalent to wy(A) < 0, in which case e? is (u, E)-ergodic with ergodic
limit P = 0. In the Hilbert space case, by Gearhart’s theorem the same result is
valid for strongly integrable semigroups; cp. Section 12.7.

Returning to evolutionary integral equations, let us first observe that in any of
the integrability results for the resolvent proved in Sections 10 and 12, S(¢) — 0 in
B(X), except for Section 10.4 where the convergence still takes place in the strong
operator topology. But although, contrary to the semigroup case, integrability
of S(t) can in general not be expected to imply (s, E)-ergodicity, the situation is
much more interesting if the resolvent is not integrable. To understand this, let us
consider linear isotropic incompressible viscoelasticity once more. If as in Section
5.6, A denotes the Stokes operator in L3(Q;R3) and a(t) is a creep function with
log a;(t) convex, then Corollary 10.3 states that S(t) is integrable iff a(t) Z aoot
and 0 € p(A). The latter is the case if the underlying domain Q C R? is bounded,
and it is also true for some types of unbounded domains, however, not for all. In
Arendt and Priiss [14] it has been shown that one always has S(t) — 0 as t — oo
in the strong sense, provided a(t) # axt, i.e. the material is not purely elastic.
This result as well as others follow from the main result of the paper just quoted,
which applies to (13.43).

Theorem 13.1 Suppose (15.43) admits a resolvent S(t), bounded on Ry, let
a(t) be of subexponential growth and such that a(\) admits continuous extension
in CU {oo} to Ci; assume that P = limyx_,04 AH(X) exists in the strong sense,
and define

pla,A) = {in € iR : there is ¢ > 0 such that [(1 —a(M\)A)~" — P]/\ (13.45)
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admits a strongly continuous extension to CL Ui[n —e,n+ €]}

In addition suppose the following conditions are satisfied.

(E1) The singular set iE := iR\ p(a; A) is countable, and
0£ueB, aip) 40,00 = RO—aGA) = X.
0#p€E, alip) =00 = N(A)TNNAY) ={0}.

(E2) For all 4 € E there exists a constant C(u) > 0 such that for all x € D(A)

|/0 e "5 (ax S(s) —a(ip)S(s)Ax)ds| < C(u)|x|a if a(ip) € C, and

/t e S(s)Awds| < C(p)lxla if @lin) = oo.
0

(E3) There exist 7 > 0, M > 0 such that |S(t)x| < M|z|a, for all x € D(A),
t>T.

Then limg o S(t)x = Px for all x € X, where P = (1 —a(0)A)~! if a(0) € C,
and P is the projection onto N'(A) along R(A) if a(0) = co.

This result contains as a special case the convergence theorem due to Arendt
and Batty, and Lyubich and Phong which was mentioned above; take a(t) = 1.
Although the conditions seem to be difficult, a check can be made in many specific
instances, including the application to viscoelasticity discussed above; see Arendt
and Priiss [14].

As an illustrative example, suppose that A is an m-dissipative operator in a
Hilbert space X such that p(A4) D iR, and consider a(t) = cost; then Theorem
13.1 implies S(t) — I strongly as t — oo.

In the paper just quoted one also finds complete characterizations of Abel
ergodicity of S(t) for equations of scalar type. Together with boundedness of
S(t) on Ry these imply Cesaro ergodicity, i.e. yield the mean ergodic theorem
for resolvents. A different mean ergodic theorem has been recently obtained in
Lizama [217]. There are yet no such studies for nonscalar problems (13.44), nor
are there results on asymptotic almost periodicity of resolvents like the theorem
of Jacobs, Glicksberg and Deleuuw for Cy-semigroups; cp. Section 11.4.

13.5 Semilinear Equations
For about three decades semilinear abstract Cauchy problems of the form

a(t) = Au(t) + F(t,u(t)), u(0) = ug, t>0, (13.46)

in a Banach space X have been studied in many different settings. Here A denotes
the generator of a Cy-semigroup 7'(¢) in X and F' a nonlinear function which is
considered as a perturbation of the main term Au. We refer to the monographs
Friedman [122], Goldstein [133], Haraux [172], Henry [178], Martin [235], Pazy
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[267], Reed [287], Tanabe [319], and Webb [338] for details of the approaches
explained briefly below, as well as for the original literature.
The basic idea for this type of approach is to consider the integral equation

u(t) = T(t)uo + /Ot T(t —s)F(s,u(s))ds, t>0, (13.47)

which follows from the variation of parameters formula for the linear Cauchy prob-
lem @ = Au + f, u(0) = ug. In this formulation the unbounded operator A does
only appear in terms of the semigroup 7'(t), which makes e.g. the application of
fixed point theorems for the solution of the integral equation possible.

A typical argument uses the contraction mapping principle in the space Z =
C(J; X), where J = [0, 7]. Suppose the nonlinearity F': J x X — X is continuous
and globally Lipschitz, i.e.

|F(t,u) — F(t,v)] < Llu —v|, forallu,ve X, teJ;

then the map K : Z — Z defined by the right hand side of (13.47) is well-defined
and easily seen to be a contraction w.r.t the norm

|[u|| = sup{|u(t)le™*" :t € J}, wu€EZ,

provided w is chosen large enough. Consequently, (13.47) has a unique continuous
solution wu(t), for every ug € X, and the map up — w(-) is Lipschitz from X to
Z. Solutions of the integral equation (13.47) are called mild solutions of (13.46).
This argument has been refined in many directions, e.g. localizing the Lipschitz
condition, or replacing it by compactness assumptions involving measures of non-
compactness and applying fixed point theorems for set contractions, or by allowing
A to depend on t. This way also a qualitative theory for mild solutions of (13.46)
can be developed which to a large extent parallels that of ordinary differential
equations in finite dimensions.

If (13.46) is parabolic in the sense that the semigroup T'(t) generated by A
is analytic (and w.o.l.g. bounded on R ), the assumptions on F' can be relaxed
considerably, due to the regularizing effect of the convolution with 7'(¢). In this
situation it is enough to assume that F' : Ry x X, — X is continuous and e.g.
Lipschitz in its second argument, where X, = D((—A)®) equipped with its graph
norm, and « € [0, 1).

In the parabolic case one can go a step further, utilizing the available maximal
regularity results. In fact, by means of maximal regularity of type C%, the choice
«a =1 is possible, if in addition F' is Holder continuous of degree § > 0 w.r.t. its
first argument, the compatibility condition Aug+ F(0,ug) € D4(3, 00) is satisfied,
and F,(0,up) = 0 holds for the Fréchet-derivative F,, of F w.r.t. u. The solutions
obtained this way will even be strong solutions and enjoy the extra regularity
u € CP(J; Xa),ueCP(J; X).

Being only based on the variation of parameters formula, this approach can
almost directly be generalized to semilinear evolutionary integral equations of the
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form

a(t) = /0 dA(TYu(t —7) + V(@)(®), u(0) = up, £ >0, (13.48)

where A € BVjo.(R4; B(Y, X)) is such that the corresponding linear problem u =
Axu+ f admits a weak resolvent S(¢) in X, and V : C(Ry; X) — X is a Volterra
operator on the halfline in the sense that V(u)(t) depends only on the values
{u(s) : s € [0,]}, and satisfies appropriate smoothness or compactness conditions.
The integral equation corresponding to (13.48) is of course

u(t) = S(tyuo + /0 St — )WV (u)(r)ds, >0, (13.49)

Examples for possible nonlinearities V' which fit into this framework are e.g.
Volterra operators like

V(u)(t) = F(t,u(t),/o k(t, s, u(s))ds).

Depending on the regularity properties of the resolvent S(t) for the linear part

of (13.48) and those of V, the solvability behaviour of (13.48) can be studied as

indicated above for the pure abstract semilinear Cauchy problem (13.46).
Similarly, the equation on the line

at) = /0 T dATult -7+ V@)@, teR, (13.50)

can be treated, where now A € BV (R, ;B(Y, X)), the corresponding linear equa-
tion on the line @ = dA xu + f admits a R-kernel in the sense of Section 11.5, and
V is a nonlinear Volterra operator on the line, i.e. V(u)(¢) depends only on the
values {u(s) : s < t}, the history of u at time ¢t. The equivalent integral equation
is then given by

u(t):/_t Gt — 1)V (u)()ds, teR. (13.51)

By means of this reformulation, based on the theory of reolvents presented in
this book, also a qualitative theory for (13.48) and (13.50) can be developed, in
particular stability results, saddle point properties, Hopf bifurcation, etc. can be
obtained as in the case of (13.46).

There is a already a number of papers available where these ideas have been
carried out in various settings, hyperbolic as well as parabolic. Mostly the cases
A(t) = A, i.e. the resolvent is a Cy-semigroup, and A(t) = tA, i.e. S(t) is a cosine
family have been treated so far; see e.g. Aizicovici [4], Da Prato and Lunardi [72],
Engler [109], [111], Heard [174], [175], [176], Heard and Rankin [177], Lunardi [224],
Lunardi and Sinestrari [228], [227], Milota [247], [248], Milota and Petzeltova [250],
[249], Petzeltova [268], Sinestrari [306], Tesei [324], Travis and Webb [327], Webb
[336], [337], Yamada [344], Yamada and Niikura [345], Yoshida [346]. For the
general case, however, much work is left to be done.
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13.6 Semigroup Approaches

In this subsection some of the meanwhile numerous different semigroup approaches
to evolutionary integral equations will be presented and discussed. Since the work
of Hale [160] on functional differential equations in finite dimensions these meth-
ods have become quite popular and have been employed by many people; see
Gripenberg, Londen and Staffans [156] for the finite-dimensional case. For evolu-
tionary integral equations they go back to Miller [243], Grimmer and Miller [142],
[143], Miller and Wheeler [245], and have been further developed and extended
by Chen and Grimmer [40], [41], Desch and Grimmer [82], [83], Desch, Grimmer
and Schappacher [86], Desch and Schappacher [92], [93], Di Blasio, Kunisch and
Sinestrari [96], [97], Grimmer [139], Grimmer and Schappacher [147], Grimmer and
Zeman [148], Kunisch and Schappacher [202], Jeong [186], Nakagiri [256], Navarro
[257], Sinestrari [307], Slemrod [308], [309], Staffans [315], and Tanabe [322]; see
also Renardy, Hrusa, and Nohel [289], Chapter V. This list does not claim any
completeness.

a) To illustrate the basic ideas, let us consider an equation with main part of the
form

a(t) = Au(t) + /0 "Blt— s)u(s)ds + f(1), u(0) =z, 30, (13.52)

in a Banach space X, where A is a closed linear densely defined operator in X,
and B € L], (Ry; B(X 4, X)); the data should satisfy z € X and f € L}, .(Ry; X)
for the moment. We want to rewrite (13.52) as an abstract Cauchy problem of the

form
2(t) = Az(t), 2(0) = z9, t>0, (13.53)

in an appropriate Banach space Z. There are many different ways how this can
be done. The so-called forcing function approach proceeds as follows. Choose a
function space F(R4; X) where the forcing functions f one is interested in should
belong to, e.g. F = Cyp, or F = LP, etec., and let Z = X x F(R,; X). For a given
strong solution u(t) of (13.52) define

z(t) = (u(t),g(t)), g(t)(r) = f(t+1) +/O B(t+r—s)u(s)ds, t,r>0; (13.54)

in particular, z(0) = zp = (u(0),9(0)) = (z, f). It is then straight forward to
compute that, formally, z(t) satisfies (13.53), with A defined by

A= ( Bf(l-) ‘E >, (13.55)

where 6o f = f(0), B(-)x(r) = B(r)z, and Df(r) = f'(r). The natural domain of
definition for A is of course

D(A) = D(A) x D(D),
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as soon as B()x € F(Ry; X) for each « € D(A). For the solutions u(t) of (13.52)
we have the representation via the variation of parameters formula

¢
u(t) = S(t)x —|—/ St —7)f(r)dr, t>0,
0
where S(t) denotes the resolvent of (13.52). On the other hand, the solution of
(13.53) is given by

2(t) = etz t>0;

this leads to the following formal representation of e** in terms of S(t) and B(t).

e 5(t) 1S41(0)
(féB(t—r+~>S<T>dr Tt+[R<->*]<t>)’ 20 (356)

Here (T3 f)(r) = f(t+7) denotes the translation semigroup, [S*](¢)f = (S* f)(t) is
a funny notation for the convolution, and R(r)(t) = fot B(r +t—7)S(r)dr. Thus
the first component of z(t) = ez is nothing else than the variation of parameters
formula.

Since S(t) appears in the left upper corner of e*) well-posedness of (13.53)
implies existence of the resolvent S(t) for (13.52), no matter which function space
F has been chosen. Therefore whenever it can be proved that A generates a Cy-
semigroup in Z then well-posedness of (13.52) follows, a very appealing aspect of
this approach. The converse of this, however, is in general not true since it is a
priori not clear that the entries in the second row of e are well-defined; note that
B(t) is only defined on X 4. For the same reason A need not even be closable, at
least without further assumptions, which is clearly a drawback of this method.

In general, it also seems to be very difficult to apply directly the Hille-Yosida
theorem on generation of Cp-semigroups, well-posedness of (13.53) is usually ob-
tained via perturbation methods. A typical result requires A to be a generator;
then the operator Ay defined by the diagonal part of A is again a generator -
at least if the translation semigroup is strongly continuous in F. Therefore it is
natural to consider the off-diagonal part of A as a perturbation B of Ag, and to
apply one of the many perturbation results for semigroups. This works e.g. in
case F(R4+; X)) € C(R4;X) and B(-)x € D(D) for all x € D(A).

Another possibility is to consider the case B = 0 first; the representation
(13.56) shows that then A is a generator in Z whenever A is a generator in X,
the translation semigroup is strongly continuous in F(Ry; X), and this space is
continuously embedded into L}, .(Ry; X). A perturbation result due to Desch and

loc
Schappacher [92] then implies that (13.53) is well-posed if B(-)z € D(D), for each
2 € D(A); here D(D) denotes the generalized domain of D.

Note, however, that the semigroups obtained via these methods will never be
analytic nor compact, this has nothing to do with the corresponding properties
of S(t). Therefore maximal regularity results for (13.52) cannot be proved this
way. The same remark applies to stability questions; even if S(t) is integrable, the
type of et cannot be negative unless the type of S(t) already is; this implies that
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it is not possible to obtain sharp integrability results for the resolvent like those
obtained in Section 10 by means of this approach.

b) Another semigroup formulation which has been developed, in particular for
the parabolic case is the history function approach. To explain it in some detail,
consider the problem

u(t) = Au(t) + /t B(t — s)u(s)ds, t>0, (13.57)

— 00

u(0) =z, u(t) = ¢(t), t<O0,

where X, A, and B are as before. Fix a function space F(R_; X) serving as the
space where the history functions ¢ belong to, and let Z = X x F(R_; X); the
initial value for the Cauchy problem will be zg = (z,¢). If u(t), t € R, denotes
the solutions of (13.57) then z(t) = (u(t),u(t + -)) € Z should be the solution
of (13.53), where A still has to be determined. For the infinite memory problem
(13.57) the variation of parameters formula becomes

0
—0o0

t
u(t) = S(t)z +/ S(t— 7")/ B(r —71)¢(r)drdr, t>0;
0
therefore a formal computation shows that A is given by

,4:<6‘ <B(b>">>, (13.58)

where < B(:),¢ >= [;* B(s)¢(—s)ds. Here, however, the domain of A is re-
stricted by the requirement ¢(0) = z.

Proceeding as before, consider the case B = 0 first, and let Ay denote the
corresponding operator in Z; if A is a generator in X and F is such that the
translation semigroup is strongly continuous then Ag is a generator on D(Ap),
where

D(Ag) = {z = (z,¢) € D(A) x D(D) : $(0) = x}.

In fact, the action of the semigroup is given by

Alt+s)y for t +5> 0
Aot _ At (& I 1I0r S
™, 0) = (7a, { ot +s) fort+s<0 ) (13.59)

But now there is a problem with the perturbation term < B(-), ¢ >; namely this
term is not defined at all unless B(s) is bounded in X, the trivial case. One might
think that a way out would be to consider history functions ¢ with values in X 4
only; but then the problem with B = 0 is not well-posed, as the representation
(13.59) shows.

One possibilty to overcome these difficulties is to consider kernels B(t) of the
form

B(t) = AL(t) + K(t), t >0, with L(t), K(t) € B(X).



13. Applications and Complements 341

Then the perturbation term coming from K leads to a bounded perturbation of
Ay -at least under appropriate regularity assumptions- hence causes no problems;
so we may assume K = 0 for simplicity. But then A is of the form A = Ay(Z+ L),
where 7 denotes the identity in Z, and

oo = ([ T L(s)(—s)ds,0), (2.6) € Z

Tt is easy to check that Z + L is invertible, therefore A is a generator iff (Z + £).Ag
is such; but

Aoz, 8) = ( / " L(s)¢ (—s)ds.0) = (L) + / " L (s)6(—5)ds, 0),

for all (z,¢) € D(Ap), shows that LA is a bounded perturbation, provided L
satisfies appropriate regularity assumptions. The domain of A will then be

DA = (2= (@) € Z: at / " L(s)é(—s)ds € D(A), ¢ € D(D), $(0) = 2.}

Observe that strong solutions of (13.53) will only be mild solutions of (13.52), in
general, since the first component of z(t) does not necessarily belong to D(A).

¢) Since many people still believe that it is useful to have a semigroup formulation
of evolutionary integral equations let us show by means of results proved in this
book, how semigroups can be constructed. For this purpose consider the infinite
memory problem

u(t) = Au(t) + /t dB(t — s)u(s)ds, t >0, (13.60)

— 00

U(O) =, u(t) = ¢(t), t <0,

where A generates an analytic Cp-semigroup in X, and B € BV (Ry;B(X4, X))
with B(0) = B(0+) = 0. As a phase space we choose e.g.

Z = {(2,6) € Xa x C*(Rs; X4) : (3, 6) € Daa, ), 6(0) = z},
where
o) = Azt [ dB()o(-s)ds.

Then for this situation the maximal regularity result Theorem 7.4 with Sy(t) = e“*

shows that the solution u(t) of (13.60) belongs to C*(—o0,T]; X4), whenever
(x,¢) € Z. For this one has to observe that u(t) can be written as

u=z+1xSy+ S« f, forsome feCyR:;X),

and 1% Sy € C§(R4; X4) by the compatibility condition. It is not difficult to see
that the latter, which may be written as @(t) € Da(«a, ), is also preserved, and
therefore the map (z, ¢) — (u(t),u(t+-)) is a strongly continuous semigroup in Z.
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The maximal regularity results from Sections 7 and 8 yield many other choices
of phase spaces Z for which the semigroup can be constructed.

d) Besides the semigroup approaches discussed above there are many other pos-
sibilities, especially for concrete partial differential-integral equations like those
arising in viscoelasticity, for example. This is of course due to the additional
structure such problems enjoy, and which to a large part is abandoned when for-
mulating them abstractly. For semigroups constructed in this spirit the interested
reader is referred to the papers of Slemrod [308], [309], Navarro [257], and to the
more recent ones of Desch and Grimmer [83], Desch and Miller [90], Leugering
[212], and Staffans [315].

13.7 Nonlinear Equations with Accretive Operators
Since the early 1970s Volterra equations of scalar type have been under consider-
ation also in the nonlinear case. More precisely, equations of the form

u(t) + /Ot a(t — s)Au(s)ds > f(t), t>0, (13.61)

have been studied in general Banach spaces, where a € L}, (Ry), f € L}, .(Ry; X),
and A is a possibly nonlinear multivalued m-accretive operator in X.

Recall that an operator A : X — 2% is called accretive if
|z1 — zo| < |1 — 22 + p(y1 —y2)|, forall y; € Az, pu >0, (13.62)

is satisfied; A is called m-accretive if it is accretive and in addition R(I +pAd) = X
holds for some g > 0. The latter means that for each y € X there is x € D(A) =
{r € X : Az # 0} such that p~!(y — ) € Az. For the theory of accretive
and m-accretive operators and nonlinear semigroup theory we refer e.g. to the
monograph Deimling [81]; note that ‘m-accretive’ is called ‘hyperaccretive’ there.

A function v € L}, (Ry; X) is called a strong solution of (13.61) if u(t) € D(A)

loc

for a.a. ¢t > 0, and there is a function w € Lj (Ri; X) with w(t) € Au(t) ae.,
and u+axw = f ae. onRy. ue L} (Ry;X) is called a mild solution of (13.61)
if there are functions f,, — f in L} (Ry;X), and strong solutions u,, of (13.61)

loc
with f replaced by f,, such that u,, — u in L}, .(Ry; X).

Beginning with the papers McCamy [230], Barbu [17], and Londen [218],
(13.61) for nonlinear A has been studied in many different settings under vari-
ous assumptions by means of different techniques. The main emphasis has been
on existence of solutions and well-posedness questions, and on the asymptotic
behaviour of the solutions. In the papers Barbu [17] and Londen [218] it is as-
sumed that X is a Hilbert space, and that A = 0¢ is the subdifferential of a lower
semi-continuous (l.s.c.) proper convex functional; see e.g. Deimling [81] for the
definition and properties of such functionals. The nonlinear operator A was then
replaced by its Yosida approximation A, defined by

A# = (I - JH)/M) JH = (I + A)ila H > Oa (1363)
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which is globally Lipschitz; hence there are unique solutions w, of the approxi-
mating equations

u,(t) + /Ot a(t —s)Auu,(s)ds > f(t), t>0. (13.64)

For 0 # a € BV(R4) 1-monotone and of positive type, Barbu obtained bounds on
u,, and A,u, which allowed for passing to the limit x — 0+, thus obtaining strong
solutions, and some further asymptotic properties in case a(co) > 0. Instead,
Londen assumed a,d@ € BVi,.(Ry) and a(0) > 0 to obtain essentially the same
conclusion; Gripenberg [150] extended these results to general maximal monotone
operators A in a Hilbert space X; see also Londen [219]. For a further development
of the asymptotic theory of (13.61) in this setting we refer to Clément, McCamy,
and Nohel [48].

An essential step forward was made in the paper by Crandall and Nohel [62].
They consider the perturbed nonlinear Cauchy problem

i+ Au > G(u), uw(0) =z, teJ=][0,T], (13.65)

where A is m-accretive in the Banach space X and G : C(J;D(A)) — L'(J; X) is
a functional operator subject to the Lipschitz estimate

t
G () — (o)l o) < / ()]t — vl (omyxyds, £ € T,
0

They show the existence, uniqueness and continuous dependence of (continuous)
integral solutions for (13.65), which are even strong solutions if x € D(4), X
is reflexive, and R(G) C BV(J;X). Their method is basically a perturbation
argument, it relies on the Crandall-Liggett theorem of nonlinear semigroup theory
(see e.g. Deimling [81]) and on the contraction mapping principle. Observe that
(13.61) can be reduced to (13.65) by inverting the convolution with a, provided
there are kg > 0, ky € BV(J) such that kga + k1 * @ = 1, which means that
a,a € BV(J), a(0+) > 0, i.e. Londen’s condition. Even more, the approximate
solutions wu,, converge uniformly in X to u as y — 04. Observe that all results
mentioned so far require 0 < a(0+) < .

Clément and Nohel [50] discovered that kernels a(t) which later on have been
called completely positive play an important role also in the nonlinear case. Specif-
ically they proved the positivity (w.r.t. a cone P) of mild solutions of (13.61) which
are obtained as weak limits of the w,, whenever (I +uA)~'P C P for each yu > 0,
a(t) is a completely positive function, and f is of the form f = x + a * g, with
x € P and ¢(t) € P for a.a. t. In Clément [43] the important inequality

s (£) — us(8)] < |ary — o] + / alt = 8)lg1(s) — gals)lds, >0,  (13.66)

is proved for mild solutions u; of (13.61) with f replaced by f; = x; +a*g;, which
are limits of the approximate solutions wu, ;. This estimate is the basis on the
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results on asymptotic behaviour of mild solutions obtained in Clément [43], and
Clément and Nohel [51]. The asymptotic theory was carried on by Aizicovici [5],
Baillon and Clément [15], N. Hirano [181], N. Kato, K. Kobayasi, and I. Miyadera
[192], and N. Kato [190], [191]. See also Clément and Mitidieri [49] for other
qualitative properties of (13.61) like invariance, monotonicity, and comparison
principles, whenever a is completely positive and A m-accretive.

Let a(t) be completely positive and k(t) the creep function associated with a,
as in Section 4. If f is of the form f =z +axg,z € X and g € L}, .(Ry; X), then
(13.61) is equivalent to

%[kou(t) + /0 k1(t — s)u(s)ds] + koou(t) + Au(t) 3 (k1(t) + koo )z + g(¢),
kQU(O) + (kl * U)(O) =kox, t€ R+. (1367)

Since the linear Volterra operator L defined by

(Lu)(t) = k:ou /k:lt—s 5)ds] + kwoult), te Ry,

is m-accretive in LP(Ry; X) (see also Clément and Mitidieri [49] and Clément and
Priiss [54]), the idea in Gripenberg [153] was to approximate L by means of its
Yosida approximation, rather than A. This has the advantage that much more
structural information is available for L,, than for A,,, since L is linear, m-accretive,
and the semigroups generated by —L are positive in any space LP(J; X) (w.r.t.
the standard cone generated by a cone P in X), where J = [0,7] or J = R;. The
paper Gripenberg [153] contains the most comprehensive treatment of (13.67),
hence also of (13.61). He does not need to assume kg > 0 nor is k1(0+) < oo
required, in particular a(04) = oo is admitted. By means of the inequality (13.66)
the perturbation argument involving the contraction mapping principle allows also
nonlinear functional right hand sides G(u)(t) instead of ¢g(¢) in (13.67). Thus these
results extend those of Crandall and Nohel [62] considerably.

Another recent approach taken in Egberts [108] (see also Clément and Egberts
[46]) follows the route taken in Section 8 for the linear case, i.e. uses the sum
approach writing (13.67) in abstract form as Lu + Au = h. This approach yields
better results if X is a Hilbert space and either A = 9¢ and k(t) is a creep
function, or if A is m-accretive and kg = 0, |argki(N)| < 6 < 7/2 on Cy, ie. if
a(t) is B-sectorial; cp. Section 8.

There are many papers that consider equations which generalize (13.61) in one
way or another, and it would be too much here to list all references. We only
mention the following.

In the papers of Barbu and Malik [19], Crandall, Londen, and Nohel [61],
Engler [110], Londen and Nohel [220], Staffans [312], the problem

u(t) + Bu(t) + /Ot a(t — s)Au(s)ds > f(t), u(0) =z, t>0, (13.68)
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is studied in a Hilbert space X, where A and B are both subdifferentials of proper
l.s.c. convex functionals which are related by an angle condition and subject to
some compactness assumptions.

Perturbation results for (13.61) of various kinds have been obtained in Aiz-
icovici [3], [5], [6], Aizicovici, Londen, and Reich [7], Gripenberg [151], [149], Kiffe
[195], Mitidieri [251], Mitidieri and Tosques [252].

The kernel a(t) is allowed to take values in B(X), X a Hilbert space, in the
papers McCamy [230], McCamy and Mizel [231], McCamy and Wong [232], and
Staffans [312], [313].

For references concerning concrete partial integro-differential problems of the
forms (13.61) or (13.68) with A and B nonlinear partial differential operators and
X being an appropriate function space we refer to the monograph Renardy, Hrusa,
and Nohel [289].
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